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Abstrakt: V této praci se zabyvame Aronszajnovymi a specialnimi Aronszajnovymi
stromy, jejich existenci a neexistenci. Zavadime dnes nejbéznéji uzivanou definici
specidlniho Aronszajnova stromu a nékolik zobecnéni této definice a zkoumame vz-
tahy mezi nimi. Dale se vénujeme stromové a slabé stromové vlastnosti, coz je
tvrzeni, ze na daném regularnim kardinalu x neexistuje zadny Aronszajnuv strom,
respektive zadny specidlni Aronszajnuv strom. Definujeme a srovnavame dva forc-
ingy, Mitchelluv a Gregorieffiiv, a nasledné je pouzivame k ziskani modelu, ve kterém
méame (slabou) stromovou vlastnost na daném kardindlu. Nakonec ukazeme jak
pouzit Mitchelluv forcing ke konstrukci modelu, ve kterém méame (slabou) stro-

movou vlastnost na vice kardinalech.

Klicova slova: stromova vlastnost, slaba stromova vlastnost, Mahluv kardinél, slabé
kompaktni kardinal, métitelny kardinal, Aronszajnuv strom, specialni Aronszajnuv

strom,

Abstract: In this thesis we study the Aronszajn and special Aronszajn trees, their
existence and nonexistence. We introduce the most common definition of special
Aronszajn tree and some of its generalizations and we examine the relations between
them. Next we study the notions of the tree property and the weak tree property
at a given regular cardinal k. The tree property means that there are no Aronszajn
trees at k and the weak tree property means that there are no special Aronszajn trees
at k. We define and compare two forcings, the Mitchell forcing and the Grigorieff
forcing, and we use them to obtain a model in which the (weak) tree property holds
at a given cardinal. At the end, we show how to use the Mitchell forcing to construct

a model in which the (weak) tree property holds at more than one cardinal.

Keywords: the tree property, the weak tree property, Mahlo cardinal, weakly com-

pact cardinal, measurable cardinal, Aronszajn tree, special Aronszajn tree
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1 Introduction

We say that a regular cardinal x has the (weak) tree property if there are no (special)
Aronszajn trees at x.! In 1930’s, Nachman Aronszajn proved in ZFC that there is a
special Aronszajn tree at wy. Therefore w; does not have the (weak) tree property.
In 1949, Ernst Specker [Spe49] generalized Aronszajn’s original result under an
additional cardinality assumption. He proved that if k<" = k then there exists a
special Aronszajn tree at k7. Hence if we want the (weak) tree property to hold at
successor cardinal we need to violate GCH. On the other hand, if x is strong limit
and regular then x has the tree property if and only if s is weakly compact.

In any case, the tree property is connected with the existence of a weakly compact
cardinal. In 1972, William Mitchell and Jack Silver [Mit72] proved that the tree
property at ws is consistent under the assumption that a weakly compact cardinal
exists and the weak tree property at ws is consistent under the assumption that a
Mahlo cardinal exists. In the same paper they also proved that these large cardinals
assumptions are necessary. In fact they proved it for an arbitrary cardinal <™,
where & is regular. In 1979, James Baumgartner and Richard Laver [BL79] showed
that the tree property at ws can be achieved by iterating the Sacks forcing for w up
to a weakly compact cardinal and in 1980, Akihiro Kanamori [Kan80] generalized
this result to arbitrary ™", where & is a regular cardinal. The method of Mitchell
and Silver uses the fact that the Mitchell forcing is a projection of the product of
a kT-Knaster forcing and a k'-closed forcing. On the other hand the method of
Baumgartner and Laver uses the fact that the Sacks forcing has the fusion property.
Actually only this property is crucial for the proof. Other forcings with the fusion
property can be used the same way. In Chapter 4 we present both methods, the
second modified for the Grigorieff forcing.

The Mitchell forcing can be used to get the tree property at two non-successive
cardinals under the assumption of two weakly compact cardinals and to get the
weak tree property at two successive cardinals under the assumption of two Mahlo
cardinals. This can be generalized to obtain the tree property at every ws,, 0 <
n < w, under the assumption of w-many weakly compact cardinals and the weak
tree property at every w1, 0 < n < w, under the assumption of w-many Mahlo
cardinals. We present this result in Chapter 5. However, Menachem Magidor showed
that to get the tree property at two successive cardinals, at least a measurable
cardinal is required, see [Abr83]. In 1983, Uri Abraham [Abr83] showed that this

situation is consistent under the assumption of a supercompact cardinal and a weakly

INote that the definition of the weak tree property make sense only for successor cardinals, see
Definition 3.21.



compact cardinal above it. In 1998, James Cummings and Matthew Foreman [CF9§]
generalized Abraham’s result and showed that if we assume w-many supercompact
cardinals then the tree property at every cardinal w,, 1 < n < w, is consistent.
The situation is much more complicated if we consider successor or even double
successor of a singular strong limit cardinal x. In 1996, Menachem Magidor and
Saharon Shelah [MS96] proved under large cardinal assumptions that it is consistent
that the tree property holds at ™. In 1998, James Cummings and Matthew Foreman
[CF98] showed that the tree property can hold at x*+. Recently Itay Neeman [Nee]
showed, again under large cardinal assumption, that it is consistent to have the tree
property at every w,, 1 <n < w plus at N,,;. The question whether one can have

the tree property at ¥ and k™" at the same time is still open.



2 Preliminaries

In this thesis we assume a general knowledge of the set theory, especially of forcing,
large cardinals, elementary embeddings and trees.

Our notation is more or less standard. However, we use some concepts for which
the notation has not been settled yet. Therefore we present our notation here and

we give reference to the definitions where we first introduce these concepts.

* R, Definition 2.16
* M-special wi-Aronszajn tree  Definition 3.7

» S-special wi-Aronszajn tree Definition 3.11
* Non-Suslin w;-Aronszajn tree  Definition 3.15
* The weak tree property Definition 3.22
» M-special k*-Aronszajn tree  Definition 3.26
+ S-special kT-Aronszajn tree Definition 3.31

 Non-Suslin x*-Aronszajn tree Definition 3.34

The notation of S-special wi-Aronszajn tree is motivated by the notation in
[She98] and the notation of Non-Suslin wi-Aronszajn tree is taken from [Han81].

The following lemmas are used very often throughout the entire thesis.

Lemma 2.1 (Easton’s Lemma). Assume P, Q € V' are forcing notions, P is k-cc
and Q s k-closed. Then the following holds:

(i) 1g IF P is &-cc,
(i) 1p IF Q is k-distributive.

Lemma 2.2. Suppose P and Q are forcing notions, G C P and H C Q. Then the

following are equivalent:
1. G x H is P x Q-generic over V,
2. G is P-generic over V and H is Q-generic over V[G],
3. H is Q-generic over V and G is P-generic over V[H].
Furthermore, if these conditions hold, then V|G x H| = V[G][H]| = V[H][G].

Lemma 2.3 (Silver’s lifting lemma). Let j : M — N be an elementary embed-
ding between transitive models of ZFC. Let P € M be a notion of forcing and G
a P-generic filter over M. Let H be j(IP)-generic over N. Then the following are

equivalent:



(i) Vp € G j(p) € H.
(i1) There ezists an elementary embedding j* : M|G] — N|[H|, such that j* | M =
j and j*(G) = H.

2.1 Trees

As we are interested in the weak tree property and the tree property we present
here some common definitions and basic lemmas about trees. These definitions and

lemmas can be found in [Jec03].

Definition 2.4. We say that (7, <) is a tree if (T, <) is a partial order such that
for each t € T, the set {s € T'|s < t} is wellordered by <.

Definition 2.5. We say that S C T is a subtree of (T, <) in the induced ordering <
ifVse SVteT(t<s—tes).

Definition 2.6. Let T" be a tree
(i) If t € T, then ht(t,T) = ot({s € T'|s < t}) is height of t in T
(ii) For each ordinal «, we define the a-th level of T as T, = {t € T|ht(t) = a};
(iii) The height of T, ht(T), is the least « such that T,, = 0;
(iv) T'I o = Ugo T is a subtree of T' of height a.

Definition 2.7. For a regular x > w, T is called a k-tree if T" has height x, and
|T.| < K for each a < k.

Very often, k-tree is isomorphic to a subtree of the full tree (<*k,C). More

precisely, this is the case whenever the x-tree is normal. See the definition below.
Definition 2.8. A normal k-tree is a tree T such that:
(i) ht(T) = &;
(ii) |T4| < K, for every o < k;
(i) [To] = 1

(iv) If ht(s, T) = ht(t,T) is alimit ordinal, then s = ¢ if and only if {r € T|r < s} =
{reT|r<t}.

Note that the conditions (i) and (ii) ensure that a normal k-tree is a k-tree.



Lemma 2.9. Let k be a reqular cardinal. Then every normal k-tree is isomorphic
to a subtree T" of the full tree (<"k, C).

Proof. We define by induction on o < x isomorphisms i, : T [ a — T" | o where
T' |« is a subtree of <"k [ a.. Since |T,| < k for each o < k by (ii) of Definition
2.8, there is a 1-1 function g, : T, — k.

Set Ty = {0}, by (iii) of Definition 2.8, i;(r) = () is an isomorphism between T;
and T§, where r is the unique root of 7.

Suppose ig : T' | B — T | B is constructed for each 8 < a. First, if « is limit,
set ia = Ugenipand 1" [a =z T | B.

If « = v+ 1 and 7 is a successor, then we define ¢, by extending i., setting for
cach s € T}:

ia(s) = iy (1) U{{7,9,(s))}, (2.1)
where the node ¢ is the immediate predecessor of s. Let T" [ o =T" [ yUT, where
T = {ia(s)|s € T}

If « = v+ 1 and 7 is limit, then we define ¢, by extending i, setting for each
se T,
ia(s) = |J{i, (0]t < s} (2.2)
By (iv) of Definition 2.8, i, is 1-1 and clearly it is also an isomorphism. Let 7" |
a=T TyUT], where T! = {in(s)|s € T} }.
At theend, set 7" =J,_. T Taand i =J,_, 7 O

a<k a<k "

Note that if we consider a successor cardinal x* in the previous lemma, then the
levels of the k™-tree have size <x. Hence we can strengthen the formulation of the

previous lemma for successor cardinals in the following way.

Corollary 2.10. Let k be a cardinal. Every normal k" -tree is isomorphic to a
subtree T' of the full tree (<% K, C).

Proof. The proof is the same as before, the only difference is at successor ordinals.
Since each |T,| < k%, so |T,| < k and we can take g, to be a function from T, to x

instead of to k. O

Definition 2.11. Let T" be a tree. We say that B is a branch if it is a maximal

chain in T'.

Definition 2.12. Let s be a regular cardinal. We say that a k-tree T is a k-
Aronszagn tree if it has no branch of size k. We denote the class of all Aronszajn

trees at k as A(k).



By Konig’s Lemma, no w-Aronszajn trees exist. On the other hand, by result of
Aronszajn, there exists an wi-Aronszajn tree. Moreover, if we assume GCH, then
there exists a k*-Aronszajn tree for each regular cardinal k, by result of Specker
[Spe49]. Therefore it is natural to ask, whether there can be a regular cardinal A

such that there are no A-Aronszajn trees.

Definition 2.13. We say that a regular cardinal x has the tree property, if there

are no k-Aronszajn trees.

The following lemma tells us that if we want to get the tree property at x, it is

enough to kill all normal x-trees. The proof of the lemma is taken from [Jec03].

Lemma 2.14. Let k be a regular cardinal. If there exists a k-Aronszajn tree, then

there exists a normal k-Aronszajn tree.

Proof. Let T be a k-Aronszajn tree. T has height x and each level of T has size
less than x. We first choose one root t € Tj such that |{s € T|s > t}| = k. Let
T"={s e T|s>t}, then T" satisfies condition (iii) from Definition 2.8.

Now we guarantee the condition (iv). Let @ < k be a limit ordinal and ¢ be some
node in 7). For every chain C' = {s € T"|s < t} we add one extra node tc such that
s < tc for all s € C and to < r for each r such that r > s for all s € . Since for

every chain we add one extra node to limit level, this new tree satisfies (iv). 0

There are two common strengthening of the notion of an Aronszajn tree. The
first leads to a notion of a special Aronszajn tree, to which we dedicate an entire

chapter later. The second leads to a notion of a Suslin tree.

Definition 2.15. Let k be a regular cardinal. We say that k-Aronszajn tree is

Suslin, if it has no antichain of size k. We denote the class of all Suslin trees at s

as S(k).

The notion of an w;-Suslin tree first appeared in connection with the Suslin
problem of the characterization of the real line. Actually, in [Kur35] Kurepa showed
that the original Suslin hypothesis (SH) can be formulated as the claim that there
are no Suslin trees. For more details about Suslin hypothesis see [Jec03]. However,
we consider Suslin trees because they are the opposite of special Aronszajn trees in

the sense that no Aronszajn tree can be special and Suslin at the same time.

2.2 Dense Linear Order Without End Points

The structure of rational numbers Q is countable dense linear order without end

points. In this section we consider some common generalizations of Q at higher

10



cardinals. The following definitions of Q, and Q} are taken from [Tod84]. In
addition, we introduce our definition of a generalization of the real line for higher
cardinals, because we want to generalize the concept of an R-embeddable tree (see
Definition 3.2) to higher cardinals.

Definition 2.16. Let s be a regular cardinal. Then

Q. =({f € “r[{n < wl|f(n) # 0} is finite} \ {0}, <iex); (2.3)
Qw =({f € "2 [{or < &|f(a) # 0} | < £} \ {0}, <uex); (2.4)
R, =({f € "2|{a < k| f(a) = 0} is cofinal in k} \ {0}, <iex); (2.5)

where 0 denote the sequence from x to 2 such that 0(a) = 0 for each a < &
and <, is the lexicographical ordering. We sometimes write <q,, <q:, <g, for the

corresponding structure instead of <., or just < if it is not confusing.

Remark 2.17. Note that Q, = Q = Q. On the other hand, for k > w, Q, 2 Q7.
even if |Q,| = k. This holds, because Q* does not contain any decreasing sequence

of uncountable length. However, in QQ,, there are decreasing sequences of length x.

In this thesis we work mainly with Q. because we managed to prove that it has
some nice properties: we managed to generalize Kurepa’s Theorem for Q, and prove
Lemma 2.19, which is very useful and plays the key role in proving Lemma 3.25.
On the other hand, the main advantage of Q7 is that it always has size k. When we
work with Q,. we need to assume that x<* = k for this.

The following lemma tells us that Q. has the properties which we want from a

generalization of Q, with the exception that it does not have to have size k.
Lemma 2.18. The ordering Q, is linear, dense, without endpoints and |Q,| = K=*.

Proof. The ordering Q, is clearly linear, without endpoints and also |Q,| = K=*.
We verify just density.

Let f < gin Q, be given. Let « be the least ordinal such that 0 = f(a) < g(a) =
1. Since | {y < k|f(7) # 0} | < &, there is the least 5 > a such that f(8) = 0. Let
h=f1BU{B,1H}IUf(k\(B+1)). Obviously, h satisfies f < h < g. ]

Lemma 2.19. (i) Let A = (fua]ao < \) be a decreasing sequence in Q,, where X

18 a limit ordinal such that w < A\ < k. Then A does not have the infimum in

Qs

(11) Let B = (go|a < A) be an increasing sequence in Q, where X is a limit ordinal
such that w < A < k. Then B has the supremum in Q,.

11



Proof. Ad (i). Let A = (fa]a < A) be given. Assume for contradiction that there
is the infimum f € Q, of A. Since f € Q,, there is 5y < & such that for each
B > Bo f(B) = 0. Since A < k and k is regular, there is 79 < & such that for
each v > vy and for each @ < A fo(y) = 0. Let 6 = max{5y,7}. We define
ff=r16u{n}uU{(B0)]|5 >0} Clearly, f* > f. Since f < f, for every
a < A and since 0 = max {fo, Y0}, f* < fa for every a < A. This is a contradiction
because we assume that f is the infimum of A.

Ad (ii). Let B = (ga|ao < A) be given. We define supremum ¢ by induction on
B < K.

For = 0. Set

1 if Ja < A(ga(0) = 1);
0 otherwise.

9(0) =

Assume that g [ 5 is defined, then we define g(3) as follows:

1 if Ja < Asuch that go(f) =1land g, [ 5+1>¢g [ BU(B,0);

0 otherwise.

9(B) =

First note that g is in Q, since k is regular and \ < k.

Now, we show that ¢ is the supremum of B. It is obvious that g, < g for every
a < A. Hence it is enough to show that g is the least upper bound of B. Let h < g
be given. Then there is Sy < k such that h [ Sg =g | fo and 0 = h(By) < g(FBo) = 1.
By definition of g there is « such that g, [ So+1 > g [ BoU{Bo,0). Ash [ Bo=g | Po
and h(5y) =0, g | BoU(Bo,0) =h | fo+1and so g, [ fo+1 > h [ So+ 1. Therefore
Ja > h. O

Now, we present out generalization of Kurepa’s Theorem for Q,, but let us first

recall the formulation of the original Kurepa’s Theorem for w and Q.

Theorem 2.20. (Kurepa’s Theorem) Let (F, <) be a partially ordered set. Then

the following are equivalent:
(i) E is embeddable in Q;
(11) E is the union of at most w-many antichains.

Lemma 2.21. (Generalized Kurepa’s Theorem) Assume k<" = k. Let (E, <)

be a partially ordered set. Then the following are equivalent:

(i) E is embeddable in Q,;

12



(1) E is the union of at most k-many antichains.

Proof. (i) = (ii) Let f be the embedding. Let {g,|ov < K} be an enumeration of Q.
We define A, = f~1(q.) for each ¢, € Rng(f). Obviously, each A, is an antichain
since f is the embedding.

(ii) < (i) We assume that (J,_, Ao = E, where each A, is an antichain. Let
f : E — k be a function such that A, = f~'(«). For x € F define g(x) so that
g(z)(a) =1 if and only if « < f(z) and {y € Ely <z} N A, # 0.

Notice that Rng(g) is a subset of Q, because g(z)(«) = 1 implies that o < f(z),
where f(z) € k.

Now, we check that g is an embedding. Assume that x < y are in F and x € A,,
y € Ag for some [ # a. We distinguish two cases.

First suppose that o < 8. Then g(x)(a) = 1 and also g(y)(«) = 1 since x < y
and x € A,. And for all v < « if g(z)(vy) = 1 then g(y)(y) = 1 and so g(z) |
a <jex 9(y) T a. If g(z) | & <jex 9(y) | @, then g(x) < g(y) and we are finished.
If g(x) | @ = g(y) | «, then we can continue as follows: for all v > « it holds
that g(z)(y) = 0 since v > f(x). Hence g(x)(8) = 0 and g(y)(8) = 1; therefore
9(z) < g(y).

Next suppose that § < a. Again for all v < g, if g(z)(y) = 1 then g(y)(y) =1
and so g(x) | B <iex 9(y) | 5. Now, we show that g(z)(8) = 0 and g(y)(8) = 1.
Assume for contradiction that g(x)(5) = 1. Then by definition of the function g, we
know there exists z € Ag and z < z. Hence z < y and this is a contradiction since

there are two comparable elements in Ag. By the definition of g, g(y)(8) = 1 and
so g(x) < g(y). O

Remark 2.22. Note that the assumption k<" = k is necessary just in the proof
of (i) = (ii). Note also that the proof for the case k = w is the proof of Kurepa’s
Theorem.

Partials orders from Lemma 2.21 have another useful characterization.

Lemma 2.23. Let k be regular and let (E, <) be a partially ordered set. Then the

following are equivalent:
(i) E is the union of at most k-many antichains;
(i1) there is f : E — Kk such that if s,t are comparable in E, then f(s) # f(t).

Proof. (i) = (ii) Since E is the union of at most x-many antichains, F = (J,_, Aa,
where A, is an antichain for each A,. We define f : ' — & as follows: f(s) = a if

and only if s € A,. Clearly, if s < t then s and ¢ are in different antichains, hence

fs) # (1),

13



(i) = (i) Let f be the function from the definition. Then A, = f~!(«) is

antichain for each a < k. O]

Now, we focus on the partial order R,. We show that it has similar properties
as R.

Lemma 2.24. The partial order R, is
(i) linear, without endpoints;
(11) Q. is dense in R;

(11i) Dedekind complete.

Proof. 1t is easy to verify that R, satisfies (i).

Ad (ii). Let f <g, g in R, be given. Let o be the least ordinal such that
0 = f(a) < g(a) = 1. Since {a < k|f(a) = 0} is cofinal in x, there is the least
f > a such that f(8) = 0. Let h = f | pU{(B,1)} U{(7,0) |y > B}. Since
B() = f(a) < g(a), h <z, g and since f(8) < h(B), f <a, h.

Ad (iii). It is enough to show that each increasing sequence with upper bound
has the supremum. First note that each increasing sequence in R, has cardinality
at most k<" since QQ, is dense in R, as we proved in the previous paragraph. Let
A = (fo € Ri|a < A) for some ordinal A < k<% be given and let f € R, be the
upper bound of A. Let Fr be a choice function from P(Q,) to Q.. We define the

sequence Ag, in Q, as follows:

Ag, = (90 € Qulga = Fe({g € Qulfa <q¢ < faru}) and a < X).  (2.6)

We show that Ag, has the supremum g in R, and that g is also the supremum of A
in R,. We define a function ¢* : kK — 2 by induction on 3 < k.
For g = 0. Set

. 1 if Ja < A(go(0) = 1);
g°(0) = .
0 otherwise.

Let ¢* | B be defined, then we define ¢g*(5) as follows:

() 1 if Ja < A such that go(8) =1and g, [ B+ 1> g* | BU(B,0);
g =

0 otherwise.

Note that ¢* may not be in R,, but it holds that ¢* # {{(«, 1) |a < Kk} since the

sequence has an upper bound in R,.

14



Now, we need to show that ¢g* is the supremum of Ag, in (2", <jx). However, the
proof of this is the same as the proof of Lemma 2.19 (ii). Note that in the Lemma
2.19 (ii) we used the assumption that the sequence has length less than x just for
showing that the supremum is in Q,.

As we mentioned earlier, g* may not be in R, but note that ¢* # {(a, 1) |a < k}.
If g* is not in R, there is By < k such that ¢*(fy) = 0 and ¢g*(5) = 1 for every

B> B Let g =g* | BoU{(Bo, 1)} U{(B,0)|8 > Bo}. Clearly g € R, and there is
no function between g* and g in 2%. Now we define g € R, by

g- ifgt e Ry
g =
g  otherwise.

It is obvious that g € R, and since g* is the supremum of Ag,_ in 27, g is the
supremum of Ag,_ in R,.

To finish the proof of the theorem, it suffices to show that g is also the supremum
of A. The function g is clearly the upper bound of A. Now, we show that ¢ is the
least upper bound. Let h < g. Since g is the supremum of Ag,, there is ¢ € Ag,,
such that h < ¢. But ¢ < r for some r € A by the definition of Ag,. Hence
h <r. O]

2.3 Projection and Complete Embedding

In this section we define the concepts of projection and complete embedding, which
are very useful for comparing forcing notions. We also present several definitions
and facts concerning these concepts, which we will need in Chapter 4. For more

details about projection see [Abr10] and about complete embedding see [Kun80].

Definition 2.25. Let P = (P, <p) and Q = (Q, <) be two partial orders. We say

that a function 7 : P — Q is a projection if
(i) Vp,p' € P(p <pp' — 7(p) <q m(p));
(i) Vp € Pvq € Q(q <q m(p) = Fp' € P(p' <pp and 7(p) < q));
(iii) #”P is dense in Q.

Fact 2.26. Let P = (P, <p) and Q = (Q, <g) be two partial orders. If there is a
projection m: P — Q and D C Q is dense, then 7" D is dense in P. Hence if G is
a P-generic over V, then (7"G) = {q € Q|(3p € G)(n(p) < q)} is a Q-generic filter

over V.
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Definition 2.27. Let P = (P, <p) and Q = (Q, <g) be two partial orders and the
map 7 : P — Q be a projection. If H is a Q-generic filter over V', then we define in
V[H] the following partially ordered set

P/Q={p € Plr(p) € G} (2.7)
with the induced ordering.

Fact 2.28. Let P = (P, <p) and Q = (Q, <g) be two partial orders, the filter G be
a P-generic over V', the filter H be a Q-generic over V' and the map 7@ : P — @ be
a projection. Then filter G is also P/Q-generic over V[H|. The other direction is
also true, if Gy C P/Q is P/Q-generic over V[H], then Gy is P-generic over V.

Fact 2.29. Let P = (P,<p) and Q = (Q,<g) be two partial orders and the map

m: P — Q be a projection. Then P is forcing equivalent to the two-step iteration

Q+P/Q.

Definition 2.30. Let P = (P, <p) and Q = (Q, <g) be two partial orders. We say
that a function ¢ : P — Q is a complete embedding if

(i) Vp,p' € P (p<pp — 7(p) <q 7(p));
(ii) Vp,p' € P (p L p' <> w(p) L w(p"));
(ili) Vg € Q@ Ip € P V' < p (i(p') || q).

Fact 2.31. Let P = (P,<p) and Q = (Q, <q) be two partial orders, the filter H be
a Q-generic over V and the map 7 : P — Q be a complete embedding. Then i~ *"H
is P-generic over V and V[i~'"H| C V[H].
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3 Special Aronszajn Trees

Aronszajn tree was first constructed by Nachman Aronszajn and the construction
can be found in [Kur35]. The constructed tree was actually a special Aronszajn
tree. In this chapter we examine the definition of a special Aronszajn tree and its
generalizations since in the following chapter we destroy all special Aronszajn trees
at a given cardinal. Hence it is interesting to find out which other kinds of Aronszajn

tree will be destroyed as well.

3.1 Special Aronszajn Trees of Height w,

Special Aronszajn trees of height w; has more equivalent ways how to define them.
Some of them can be naturally generalized. In this section we investigate these
generalizations. In this section, when we talk about Aronszajn trees, we mean w;-

Aronszajn trees.

Definition 3.1. We say that an w;-Aronszajn tree T is special if T' is a union of
countable many antichains. We denote the class of all special Aronszajn trees at w;

as A*P(wy).

Definition 3.2. Let s be a regular cardinal, T" be a k-Aronszajn tree and P =
(P, <p) be a partially ordered set. We say that T is P-embeddable if there is a
function f : T'— P such that s <p t — f(s) <p f(t). We denote the class of all
P-embeddable trees at k as T(P)(k).

Lemma 3.3. The following are equivalent for an wy-Aronszajn tree T':

(i) T is special;

(ii) There is f : T — w such that if s,t are comparable in T, then f(s) # f(t);
(113) T is Q-embeddable.

Proof. (iii) = (ii). Let f be the embedding and let 7 is any bijection between Q and
w. Then g = f o4 is the desired function.

(ii) = (i). Let f be the function from the definition. Then A, = f~!(n) is an
antichain for each n < w.

(i) = (iil). This follows from Kurepa’s Theorem. O

When we work with Q-embeddable Aronszajn trees it is natural to consider also
R-embeddable Aronszajn trees and ask what is the connection between them. The
following lemma tells us how to characterize R-embeddable Aronszajn trees using Q-
embeddable Aronszajn trees. It was first proved in [Bau70], but the proof presented
here is taken from [She98].
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Lemma 3.4. Let T be an wy-tree. T is R-embeddable if and only if T* =, ., Tos1
is Q-embeddable.

Proof. (=) Let T' be R-embeddable and T* = J,,_,,, Tat1- Let f be the embedding,
t € T* and let s € T be the immediate predecessor of t. We define ' : T* — Q as
follows: f'(t) = q where ¢ € Q such that f(s) < g < f(t).

(<) Let T* = U<y, Tor1 be Q-embeddable and let f be the embedding. We
define function g : Q — Q x Q by induction on w such that for each ¢ < ¢ it holds
that g(q) and g(¢’) are disjoint open intervals. Moreover, for every p € g(q) it holds
that p < p’ for all p’ € g(¢). Let Q = {gn|n <w}. We construct by induction
embeddings g, : {gn|m <n} - QxQ and g =

We set go = {(q0, (¢}, ¢2))} where ¢} and ¢ are arbitrary elements of @ such

n<w In.-

that ¢} < ¢2. Suppose we have constructed g,, and let n =m + 1. If g, > g for all
k < n, then we set g, = gm U {{qn, (¢}, ¢))} where ¢}, ¢> > ¢, for all m < n and
qt < ¢2. If q, < g, for all m < n, the construction is analogous.

If there are k,l < n such that g, is between ¢; and ¢;, then we use the density of
Q. Since ¢ < g}, there is some 7y such that g7 < ry < ¢/. Again by density, there
is some ry between 7y and ¢f. We set g, = gim U {{(gn, (ro,m1))}. Let g = U, 9n-
Now, we define a function i : Q — Q by i(q) = r where r is some element of

9(q). We define an embedding f': T — R as follows:

f/(t) o Z(f(t)> ift e Tcx+1 for a < w1;
sup{i(f(s))|s <tand s € Tg;; and f < a} otherwise.

Now we need to check that the function f’ is the embedding of 7" to R. If s < ¢
and s, t € T™, then it is easy to see that f'(s) < f’(t) because i is order-preserving.
If t € T, for v limit, then f'(s) < f'(t) since f(t) is the supremum. The only

interesting case is s € T,, for « limit and ¢t € T,,;1. Then we need to show

(@) =i(f(t)) >sup {i(f(r))|r <sand r € Tpyy and 8 < a} = f/(s) (3.1)

This follows from the construction of g. For every r < s it holds that i(f(r)) < ¢ <
i(f(t)) where q is left boundary of g(f(t)). Hence

f'(s) =sup{i(f(r))|r < sand r € Tgy; and 8 < a} < g <i(f(t)) = f'(¢t). (3.2)
O

As we showed in Lemma 2.14, if there exists an Aronszajn tree, then there exists

a normal Aronszajn tree. The same holds for R-embeddable Aronszajn trees.
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Lemma 3.5. If there exists an R-embeddable w,-Aronszajn tree, then there exists a

normal R-embeddable wi-Aronszajn tree.

Proof. Let T be an R-embeddable wq-Aronszajn tree. Since T is a wi-Aronszajn
tree, T" has height w; and each level of T" has size less than w;. First, we choose one
root t € Ty such that |[{s € T|s >t} | = wy. Let T" = {s € T|s > t}. Since T" is a
subtree of T', T" is R-embeddable.

Now we guarantee the condition (iv) of Definition 2.8. Let S be equal to
{a < wi|a is an limit ordinal}. We define a relation of equivalence on 7" by s ~ t if
and only if {u € T"|u <pv s} = {v € T"|v <g t} and ht(s,T) € S. Let T" =T"/ ~.
The order in 7" is:[s] <p» [t] if 35" € [s] such that s < t.

It is immediate to verify that 7" is a normal Aronszajn tree. We show that 7"
is R-embeddable. Since T" is R-embeddable, there is an embedding f : 7" — R. We
define g : 7" — R by

£(0) it ht(t,T') ¢ S
sup{f(s)|s <t} otherwise.

It is easy to verify that ¢ is an embedding. O

Remark 3.6. Compare the previous proof with the proof of Lemma 2.14. Note that
the construction from Lemma 2.14 does not have to preserve R-embeddability since
we add new nodes to the tree and it can happen that it is impossible to extend the
original embedding to these new nodes. For instance: Let 7" be an R-emebeddable
wi-tree and f be the witnessing embedding. It can happen that there is a node
t such that sup({f(s)|s <t}) = f(t), hence if we add the new node t* between
{s €T|s <t} and t as in the proof of Lemma 2.14, then we can not extend the

original embedding to t*.

Now, we introduce the concept of an M-special Aronszajn tree. Even if it not
clear at first glance, this concept is related to the concept of R-embeddable Aron-
szajn trees. As we showed in Corollary 2.10, each normal w;-Aronszajn tree can be
represented as a subtree of (w<“!, C). Hence it is quite natural to ask what trees
can be represented as a subtree of ({f € w<“'|f is 1-1}, C).

Definition 3.7. We say that an wi-Aronszajn tree T' is M-special if T' is isomorphic
to the subtree of {s € <“'w|sis 1-1}. We denote the class of all M-special w-

Aronszajn trees as AM*P(w,).

Remark 3.8. We use the notation M-special to distinguish special Aronszajn trees
defined by Mitchell in [Mit72] from now more established Definition 3.1. Note that
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Mitchell’s definition includes just normal trees in contrast to Definition 3.1. In this
sense the notion of a special tree is more general than M-special. However, if we
consider just normal trees then each special tree can be represented by an M-special

tree.
The next lemma appears to be a part of the set-theoretic folklore.

Lemma 3.9. If T is a normal special wy-Aronszajn tree then T is M-special.

Proof. 1If T is special then T' =

Since |T,| < w for each a < wy, there is a 1-1 function g, : T, — w.

new An where A, is an antichain for each n < w.
We define by induction on « < wy isomorphisms i, : T [ o« — T" [ a where T" is
a subtree of {s € ““(w x w)|s is 1-1}.
Set T = {0} and i1(r) = (), where r is the root of T. As we assume that T is
normal, 47 is an isomorphism between 7" [ 1 and 7" | 1.
Suppose that we have constructed ig : T [ f — 1" | B for each f < «. First, if
o is limit, set i, = Uﬂ<a igand T [ o = Uﬁ@ T 1 B.
If « = v+ 1 and 7 is a successor, then we define ¢, by extending i., setting for
each s € T’:
ia() = iy(t) U ({3 {g2(), )} (3.3)
where the node t is the immediate predecessor of s and s € A,. Let T/ | o =
T" | yUT,, where T/ = {in(s)|s € T }. It is clear that each function in 77 is 1-1
since each two comparable nodes must be in different antichains.
If « = v+ 1 and 7 is limit, then we define i, by extending i, setting for each
sel,:
ia(s) = |J{i, (0]t < s} (3.4)
By (iv) of Definition 2.8, i, is 1-1 and clearly it is also an isomorphism. Let 7" |
a=T [yUT,, where T = {is(s)|s € T,}. Again it is obvious that each function
in 77 is 1-1 since it is a union of 1-1 functions with gradually increasing domains.
At the end, set 7" = | Tl awand i =

tree T" is isomorphic to a subtree of {s € <“'w|s is 1-1} by any bijection between

1o It is easy to see that the

a<wi a<wi

w X w and w. Hence T is M-special. ]

Note that at limit step we use just the assumption that the tree is normal. Hence
we can generalize this lemma to R-embeddable trees. The proof of the implication

from left to right can be found in [Dev72].

Lemma 3.10. Let T be an wy-Aronszajn tree. T is normal R-embeddable if and

only if T is M-special.
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Proof. (=) Let T be a normal R-embeddable. Then T = (J,_, Tot1 is Q-
embeddable and so T* = |, <o An where A, is an antichain for each n. The rest of
the proof is the same as the proof of Lemma 3.9 since we used the antichains only

in the successor step.

(<) Let T' be M-special. We define f : T'— R by setting f(t) = > -, XR%(?@,
where Xx is the characteristic function of set X. Since every node of T is a 1-1
function from some ordinal o < wy to w, if s < ¢ then Rng(s) C Rng(t) and so there
is n < w such that 0 = Xrng(s)(n) < Xrngr)(n) = 1 and Xpugs) [ 7 = Xgnge) | 1.

Hence f(s) < f(t). O

By Lemma 3.4, if the tree T' is R-embeddable then T' | S for S = {a + 1|a < wy}
is Q-embeddable. So it is natural to introduce the concept of S-special for arbitrary
unbounded subset of S C wy. The following definition is from [She98].

Definition 3.11. Let S be an unbounded subset of w;. We say that an w;-tree T’
is S-special if T | S is Q-embeddable, where T' [ S = {t € T'|ht(t,T) € S} with the
induced ordering. We say that an wi-tree T" is S-special if there is S, an unbounded
subset of wy, such that T is S-special. We denote the class of all S-special w;-

Aronszajn trees as AS*P(w;).

The following lemma from [DJ74] tells us that if we would consider S-special

trees only for S closed unbounded subset of w;, we would not get anything new.

Lemma 3.12. Let C be a closed unbounded subset of wy. If T is a C-special wy -

Aronszagn tree, then T is special.

Proof. Let T be a C-special w;-Aronszajn tree. Then T' | C' = J,,, An, where each
A, is an antichain. Let {al|o < w;} be an enumeration of A, for each n < w. Let
{¢a|lav < w1} be the monotone enumeration of C. For a < w; and for z € T, , we
define S, = {y € T' | cat1|r <r y}. Since each S, is countable, let {s,(x)|m < w}

be an enumeration of S,. Set
Ay = {sm(al)|a <wi}. (3.5)

Clearly, A, ., is an antichain of T" for each n, m < w. Since C'is closed unbounded,
T=U,, AnU Un,m<w A, . Hence T is special. O

The following result, which can be found in [She98], tells us that if we have a
model where all Aronszajn trees are S-special for some given unbounded subset of
w1, then in such model all Aronszajn trees are already special. As an easy corollary,
we have that there is no model where all Aronszajn trees are R-embeddable and

there is a tree which is not special.
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Lemma 3.13. Let S be an unbounded subset of wy. If every wy-Aronszajn tree is

S-special then every wi-Aronszajn tree is special.

Proof. Let S = {a,|p < w1} be an unbounded subset of w; and T" be a S-special w;
Aronszajn tree. We define a new tree

T = {(t,ﬁ> it € T and B < apye,r) and Vs < t(aps ) < ﬁ)} ) (3.6)

The tree T" is ordered by < as follows: (t,5) <7+ (s,7) if and only if t < s or
(t = s and B < 7). It is obvious that T satisfies our definition of Aronszajn tree.
Hence T" is S-special, i.e. T" | S is special. Since T is isomorphic to 17" | S =
{<t, aht(t7T)> |t € T}, T is special. O

Corollary 3.14. If each wi-Aronszajn tree is R-embeddable, then each wi-Aronszajn
tree is Q-embeddable.

Proof. Follows from previous lemma and Lemma 3.4. [

Note that S-special Aronszajn trees, including special, R-embeddable and M-
special Aronszajn trees, are not Suslin in a strong sense. This means that every
uncountable subset of such tree contains an uncountable antichain. See the following

definition and lemma.

Definition 3.15. We say that an w;-tree T is non-Suslin if every uncountable subset
U of T contains an uncountable antichain. We denote the class of all non-Suslin
Aronszajn trees at w; as ANS(wy).

The name of non-Suslin trees is inspired by the fact that every non-Suslin tree
is not Suslin. On the other hand, every tree that is not non-Suslin has a Suslin

subtree, as follows from the next lemma that can be found in [Han81].

Lemma 3.16. Let T be an wi-Aronszajn tree. If T' is not non-Suslin, then T has a

subtree which is Suslin.

Proof. Let T be an w;-Aronszajn tree, which is not non-Suslin. Then there is a
subset X of T such that | X| = w; and X does not contain antichain of size w;. Let
T'={seT|(FteX)(s<t)}

Now, we show that 7" is Suslin. Assume for contradiction that A C T is
an uncountable antichain. Then for any choice function f : P(X) — X, the set
{f({s € X|a < s})|a € A} has size w; and it is an antichain in X. O

Lemma 3.17. Let T be an wq-Aronszajn tree. If T is S-special, then T is non-

Suslin.
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Proof. Assume for contradiction that 7" is an S-special wi-Aronszajn tree which is
not non-Suslin. By the previous lemma T has subtree T” which is Suslin. Since
T is S-special, T" is S-special, too. Hence there is an unbounded subset S of w;
such that 7" | S = {J,,., An, Where A, is an antichain for each n. By pigeon-hole
principle, for some n < w the size of A, must be greater than w. This contradicts
the fact that 7" is Suslin. O

Now, we know that
A%P(w) CTR)(wy) C As's”(wl) C AN (wy). (3.7)

In the next section, we examine if these inclusions can be consistently proper.

3.1.1 The Existence of Special Aronszajn Trees of Height w;

The existence of special Aronszajn tree at w; can be proved in ZFC and by Baum-
gartner’s theorem published in [BMR70] it is consistent with ZFC that every Aron-
szajn tree at w; is special, so A*P(w;) = T(R)(w;) = AS*P(w;) = AV5(w,) is consis-
tent with ZFC. On the other hand, consistently, each inclusion can be proper.

The following theorem was first published in [Bau70] but the proof, which we
present here, is based on [Dev72]. This theorem tells us that it is consistent that
there is an Aronszajn tree which is M-special but not special. As a corollary we

obtain that the first inclusion in (3.7) can be consistently proper.

Theorem 3.18. Assume . Then there is a non-special Aronszajn tree which is a

subtree of {s € <“'w|s is 1-1}.

Proof. By ¢ there is a sequence (f,|a < wp) such that f, : @« — « for each a and
for any function f : w; — wy the set {a < wq|fs = f [ a} is stationary in w;. We
fix this sequence for the rest of the proof.

We construct the tree T and the function 7 : T" — wy, which will code the tree

in wy, by induction on a < w;. For each a we require the following conditions:
(T1) If s € T' | a then |w \ Rng(s)| = No.

(T2) If s € T' | @ and z € |[w \ Rng(s)]<* then there is s" O s on each higher level
of T'| a such that Rng(s") Nz = 0.

(m0) 74 is a 1-1 map from T | v to wy such that s C ¢ — 7,(s) < 74 (t).

Let To = {0}. It is clear that T} satisfies both conditions.
Let a = 8+ 1. Suppose T' [ 8+ 1 and mgy; are defined and they satisfy the

conditions mentioned above. We want to construct level T,,. For each s € T3 we add
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all one-point extensions s U («, n) of s such that n € w\ Rng(s). This is possible by
(T1), which guarantees the existence of Ry such extensions. Since we add all such
extensions of s, for each = € [w\ Rng(s)]<¥ we can always find ¢ € T, such that
s Ctand x NRng(s) =0 so T [ a+ 1 satisfies (T2). Since T' | § + 1 satisfies (T1),
T | a+ 1 satisfies (T1), too. To obtain 7,41, we extend mz; arbitrarily such that
it satisfies the condition (70).

Let a be limit. For each 8 < «, suppose T | 3 and 7g are defined and they
satisfy the conditions mentioned above. Let T, = Us., Tp and 7, = (s, 5. We
must decide which a-branches of 77, we put into 7,. We have to distinguish two
cases. First, if f, embeds 7T} to Q, and Dom(f,) = "7, then set

Xo={(s,2)[s €T, & z € [w]** & Rng(s) Nz =0}. (3.8)

For (s,x), (t,y) in X,, we define (s,z) <, (t,y) if and only if s C ¢ and = C y.
This is a partial order on X,. For each g € Q, set

AZ“ = {(s5,2) € Xal fa(m,(s)) >q q or
(V(t,y) € Xo)(t,y) 2a (5,2) = fo(mo(D) <o @)} (3.9)

It is easy to see that each AY is cofinal in X,. Let (s,7) € X, be given. If
fa(m,(s)) >q q then (s, ) isin AY. If fo(7,(s)) <q gand V(t,y) >4 (s, 2)(fa(m, (1))
<q ¢ then (s,z) is in AZ, too. The last option is that f.(7,(s)) <@ ¢ and there is
(t,y) 2a (s,2) such that fo(7,(t)) >q q. Then by the definition of A%, (¢,y) is in
Ag.

Let s € T/ and = € [w \ Rng(s)]<“. First, fix an increasing sequence (a,|n < w)
with limit o and with o = length(s). Let g : w — @ be a bijection. Let sj = s
and x, = z. By definition of X,, (s{,z) is in X,. As A;‘(O) is cofinal in X,, we
can find (so, Z0) Za (80, 25) in A By (T1) there is mo € w \ (Rng(s) Uxo). Let
ry = xogU{mp}. By (T2) we can find 5] € T/, such that s| D so, length(s}) > oy
and Rng(s}) N} = 0. By definition of X,, (s},2}) is in Xo. As AQ ) is cofinal in
Xa, hence we can find (s1,21) 2a (81, 27) in A, Pick m; € w\ (Rng(s) Uz1), set
xe = x1 U {my}, and proceed inductively.

In the other case, if f, does not embed 7.”T” to Q, then we continue similar
as before. Let s € T, and = € [w \ Rng(s)]=¥. First, fix an increasing sequence
(ap|n < w) with limit o and with ag = length(s). Let s = s and 2o = z. By (T1)
there is mg € w\ (Rng(s)Ux). Let 2y = xoU{my}. By (T2) we can find s; € T, such
that s; 2 sg, length(s;) > a1 and Rng(s;) Nxz; = 0. Pick my € w\ (Rng(s) Uxy),
set xo = x1 U {my}, and proceed inductively.

Let s, =, <o Sn- Then s, is an a sequence of natural numbers, which defines an
a branch of 7). Let T,, = {s,|s € T}, & © € [w \ Rng(s)|*“} and T [ a+1 =T, UT,.
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It holds that s, 2 s and Rng(s,) Nz = (). This guarantees that condition (T2) is
satisfied. Since {m,|n <w} N Rng(s,) = 0, condition (T1) is satisfied. We can
extend 7/, to ma41 on T' [ oo + 1 arbitrarily such that it satisfies the condition (70).
Finally, set T'= U,.,,, To and 7 = (J
such that s Ct — 7(s) <, 7(t).
For a contradiction, assume T is Q-embeddable. Then there is a function f
which embeds 7”7 in Q. Let

a<w, Mo Then 7 : T — wq is a 1-1 function

C = {a < wi|a is a limit ordinal and 7T, = «"T. and
f | a embeds 7."T! in Q and
(Vs € T7,) (Vo € [w \ Rng(s)]™) (Vg >g f(7(s)))
(Gt € T)(t 2 s & Rug(t) N = 0 & f(r(t)) >q a)
= 3 eT)(t' Ds&Rugt)Nae=0& f(n(t) >0 q@)}. (3.10)

It is easy to verify that C' is closed unbounded subset of w;. By ¢, the set
{a € wi|f | a= f,} is stationary so there is « € C such that f | @ = f,. Let
t € T,. Let ¢ = f(n(t)). By the construction of T', there is (s,z) € Ay such that
Rng(s)Nz =0 and s C t. Since f and 7 are order-preserving, f(n(s)) <g¢ f(7(t)) =
q.

Since f(m(s)) <g ¢ and f(7w(t)) >q ¢, by definition of C' there exists ¢ € T/
such that ¢ O s, Rng(t) Nz = 0 and f(w(t')) >¢ ¢. Note that (s,z) and (¢, z)
are in X, and (s,r) <, (¥,r). Since (s,z) is in Af, by (3.9) it must hold that
fa(m(s)) >0 ¢. But fo = f [ a and so f(7(s)) >¢ ¢. This contradicts our earlier
inequality f(7(s)) <g q. O

Corollary 3.19. Assume . Then there is an R-embeddable wi-Aronszajn tree

which is not special.
Proof. By Lemma 3.10, every M-special w;-Aronszajn tree is R-embeddable. O

The following lemma is a consequence of Theorem 3.18 and it shows us that the

second inclusion in (3.7) can be consistently proper.

Lemma 3.20. Assume (. Then there is an wi-Aronszajn tree, which is S-special
and it 1s not R-embeddable.

Proof. By Corollary 3.19 there is an w;-Aronszajn tree which is R-embeddable, but
not Q-embeddable. Let @ < w; be a limit ordinal and let t € T,. For chain
C' ={s e€T|s <t} weadd a new node t¢ such that tc < t and tc > s for all s € C.
Consider the tree 7" which is created by adding such node for each limit node.
Note that (J T, = T\ Ty. Now, T" is not R-embeddable since | T

a<wi a<wi
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is not Q-embeddable. But 7" is S-special for S = {a + 2| < wy} since 7" | S =
Uacw, Tot1 \ T O

The claim that the last inclusion in (3.7) can be consistently proper is a conse-
quence of the theorem published in [Sch14|, which says that if ZFC is consistent,
so is ZFC + SH + there is an Aronszajn tree T such that it is not S-special. If
SH holds, then by Lemma 3.16 each Aronszajn tree is non-Suslin. Therefore T is
non-Suslin and it witnesses that ZFC + AS*P(w;) # AN9(w,) is consistent.

The following picture illustrates our situation.

wi-Aronszajn Trees

Notation  Kind of w;-Aron-
szajn trees

S(ws) Suslin

ANermal () Normal

A%P(wy) Special

AM-P(y)  M-special

T(R)(w;) R-embeddable
ASP(w;)  S-special

/] A TR (1) ANS(w;)  Non-Suslin

Figure 1: Description of the relations between various kinds of w;-Aronszajn trees.

3.2 Higher Special Aronszajn Trees

In the previous section we have built the foundations for the investigation of special
kt-Aronszajn trees for any regular k. We introduced the concept of special, R-
embeddable, M-special and S-special wi-Aronszajn trees. Now, we generalize these
concepts to higher Aronszajn trees, which are in the center of our interest. When
we talk about an Aronszajn tree in this section, we mean a xk*-Aronszajn tree for

some regular cardinal k > w.

Definition 3.21. Let s be a cardinal. We say that xT-Aronszajn tree T is special
if T is a union of k-many antichains. We denote the class of all special Aronszajn

trees at kT as AP(k™T).

The notion of the weak tree property is connected to special Aronszajn trees in

the same way as the tree property is connected to Aronszajn trees.
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Definition 3.22. We say that a cardinal k™ has the weak tree property, if there

are no special kT-Aronszajn trees.

As in the previous section, the concept of a special Aronszajn tree has more
equivalent definitions. However, we need to be careful when we talk about Q.-

embeddability, since this partial order does not have to have size k.

Lemma 3.23. Let k be reqular. The following are equivalent for a k™ -Aronszajn
tree T':

(i) T is special;
(ii) There is f : T — Kk such that if s,t are comparable in T, then f(s) # f(t).
Proof. The proof follows from Lemma 2.23. O]

Lemma 3.24. Assume k<% = k. Then x*-Aronszajn tree T is special if and only
if T is Q.-embeddable.

Proof. 1t follows from Lemma 2.21. O

Again as in the previous section, we can characterize R,.-embeddable Aronszajn

trees using Q.-embeddable Aronszajn trees. This is our generalization of Lemma
3.4.

Lemma 3.25. Let x be a reqular cardinal. Let T be an k™ -tree. T is R,.-embeddable
if and only if T* = <+ Tot1 is Q,-embeddable.

Proof. (=) Let T' be R,-embeddable and 7% = J,_,.+ Tat1- Let f be the embed-
ding, t € T* and let s € T be the immediate predecessor of t. We define f/: T* — Q,
as follows: f’(t) = ¢ where ¢ € Q, such that f(s) < q < f(t).

(<) Let T = U, -, To+1 be Q,-embeddable and let f be the embedding. We
define function ¢ : Q, — Q. x Q. by induction on x such that for each ¢ < ¢’ it holds
that g(q) and g(q’) are disjoint open intervals. Moreover, for every p € g(q) it holds
that p < p/ for all p’ € ¢g(¢'). We enumerate Q, by {gs|5 < x}. The construction
is quite similar to the construction from 3.4. We construct by induction on o < &
embeddings g, : {gs|f < a} = Qx x Q. and g = J,.,. Ja-

Set go = {(g0, (40, %)) }-

Let o = § + 1. We show just the most difficult case when ¢, is between two se-
quences A = (f3|8 < A) and B = (h,|y < ), where A is increasing, B is decreasing,
A, € < k and for each f < A, v < & we have f3, h, € Dom(gs). The proof for the
other cases is similar. Now, we need to find something between gf A = (g5(f5)|8 < \)
and g5 B = (gs(hy)|y < &). Let

grA? = <g5(f5)2|5|a € Q. <a,g5(f5)2> = g5(fs) for p < /\>. (3.11)
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g5 B' = (gs(h)"|3b € Qx {gs(h,)", b) = gs(h,) for v < £). (3.12)

Then g{ A% is an increasing sequence of length A < k and gfB' is a decreasing
sequence of length ¢ < k. Hence by Lemma 2.19 the sequence g{ B' does not have
the infimum and the sequence g{ A% has the supremum f. Since g{ B! does not have
the infimum, there is g5 > f such that ¢ < gs(h,)' for each v < . By the density
of Q, there is some ¢ between f and ¢a. Set g, = g5 U {(qa, (¢1,q2)) }

Let a be a limit ordinal. Then the proof is similar to the proof for a successor,
but first we take g} = (Js., g5- Then we continue as in the successor step with g,
instead of g;.

Let g = U,y Yo-

Now, we define a function i : Q, — Q, by i(q) = r, where r is some element of
9(q). We define an embedding ' : T'— R, as follows:

i(f(t)) if t € Tyyq for a < k7

f1(t) = , .
sup{i(f(s))|s <tand s € Tpy and f < a}  otherwise.

Now we need to check that the function f’ is the embedding of T to R,. If s < ¢
and s, t € T*, then it is easy to see that f'(s) < f(t) because i is order-preserving.
If t € T, for v limit, then f'(s) < f'(t) since f’(t) is the supremum. The only

interesting case is if s € T, for a limit and ¢t € T,,,;. Then we need to show

f'@) =i(f(t) >sup{i(f(r))|r <sand r € Tpyy and S < a} = f'(s).  (3.13)

This follows from the construction of g. For every r < s it holds that i(f(r)) < ¢ <
i(f(t)) where ¢ is the left boundary of g(f(¢)). Hence

f'(s) =sup {i(f(r))|r < sand r € Ty and f < a} < g <i(f(t)) = f'(t). (3.14)
O

The generalization of the concept of an M-special Aronszajn tree at higher car-
dinals is of a particular interest to us since we use it in Chapter 4 for showing that
the weak tree property is consistent at double successor of a regular cardinal under
the assumption of Mahlo cardinal.

Definition 3.26. Let s be a cardinal. We say that x™-Aronszajn tree T is M-special

if T is isomorphic to a subtree of {s € <" |s is 1-1}
The following lemma is a generalization of Lemma 3.9.

Lemma 3.27. Let k be a reqular cardinal. If T is a normal special k™ -Aronszajn

tree then T is M-special.
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Proof. If T is special then T = U£<K A¢ where Ag is an antichain for each £ < k.
Since |T,| < k for each a < k™, there is a 1-1 function g, : T,, — k.

We define by induction on o < k* isomorphisms i, : T [ @ — T" [ a where T” is
a subtree of {S € < (k X K)|s is 1—1}.

Set T = {0} and i1(r) = (), where r is the root of T. As we assume that T is
normal, 47 is an isomorphism between 7' [ 1 and 7" | 1.

Suppose that we have constructed ig : T [ f — T | B for each f < «. First, if
o is limit, set i, = U5<az’5 and T | o = U5<QT’ I 3.

If « = v+ 1 and v is a successor, then we define ¢, by extending i, setting for
each s € T’:

ia(s) = i, () U{(7. (9,(), )} (3.15)

where the node t is the immediate predecessor of s and s € A;. Let 7" [ a =
T" [ yUT,, where T/ = {in(s)|s € T }. It is clear that each function in 77 is 1-1
since each two comparable nodes must be in different antichains.

If « =+ 1 and 7 is limit, then we define i, by extending ., setting for each
seT,:

ia(s) = |J{i, ()]t < s} (3.16)

By (iv) of Definition 2.8, i, is 1-1 and clearly it is also an isomorphism. Let 7" |
a=T [yUT], where T = {is(s)|s € T,}. Again it is obvious that each function
in 77 is 1-1 since it is a union of 1-1 functions with gradually increasing domains.

At the end, set 7" = |J, ..+ 7" | @ and i = |J,_ .+ ta- It is easy to see that the
tree T" is isomorphic to a subtree of {s € <" gls is 1—1} by any bijection between

k X k and k. Hence T' is M-special. O

As in the case for wq, note that at the limit step we used just the assumption
that the tree is normal. Hence we can generalize this lemma to the following lemma.
Note that for this we do not need the assumption k<" = k since we use that the
tree |, <nt Taq1 is special instead of Q-embeddable. We explicitly state this lemma
here so it is clear that M-special trees are exactly those trees that are normal and

whose successor levels form a special tree, as was the case at wy.

Lemma 3.28. Let x be a reqular cardinal. Let T be a k™ -Aronszajn tree. T is

normal such that T* = |J Toi1 1s special if and only if T is M-special.

a<wkt

Proof. (=) Let T* = |, .+ Tat1 is special.  Then T* = J,_, A¢c where A¢ is
antichain for each & < k. The rest of the proof is the same as the proof of Lemma
3.27 since we used the antichains only in the successor step.

(<) Let T be an M-special tree. Then T is isomorphic to a subtree 7" of
{s € <" kls is 1—1} via i. We define f : T* — k by setting f(t) = i(t)(«) for
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ht(t,T) = a+1. Let s <t € T*. Then hi(s,T) = f+1 < a+1 = ht(t,T).
Since i(s) C i(t), i(s)(B) = i(t)(B). As i(t) is 1-1, i(t)(5) # i(t)(a). Therefore
f(s) # f(2). O

On the other hand, generalization of Lemma 3.10 requires the additional as-

sumption that k<" = k since we need to use Generalized Kurepa’s Theorem.

Lemma 3.29. Assume x~* = k. Let T be a x*-Aronszajn tree. T is a normal
R, -embeddable tree if and only if T is M-special.

Proof. 1t follows from Lemma 3.24 and Lemma 3.28. O

Unlike in the previous section, here we are also interested in the question how
the existence of one kind of special Aronszajn trees influences the existence of other
kinds of special Aronszajn trees. The following lemma claims that if there are no

M-special Aronszajn trees then there are no special Aronszajn trees at all.

Lemma 3.30. Let k be a reqular cardinal. If there exists a special k™ -Aronszajn

tree, then there exists an M-special Aronszajn tree.

Proof. Let T be a special k*-Aronszajn tree. We first add one root r such that r < ¢
for each t € Ty. Now we guarantee the condition (iv). Let a < k™ be a limit ordinal
and ¢ be some node in T,. For every chain C' = {s € T'|s <t} we add one extra
node tc such that s < t¢ for all s € C' and to < r for each r such that r > s for
all s € C'. Since for every chain we add one extra node to the limit level, this new
tree satisfies (iv). Denote this tree 7. This tree is normal and 7' = | J,,_,+ T/, By
Lemma 3.28 the tree 7" is M-special. O

As in previous section it does make sense to introduce concept of S-special

Aronszajn trees.

Definition 3.31. Let s be a regular cardinal and S be an unbounded subset of
kt. We say that the x™-tree T is S-special if T | S is special, where T' | S =
{t € T|ht(t,T) € S} with the induced ordering. We say that a x*-tree T' is S-special
if there is .S, an unbounded subset of x*, such that T is S-special. We denote the

class of all S-special kT-Aronszajn trees as A%*P(xt).
The following lemmas are obvious generalizations of Lemmas 3.12 and 3.13.

Lemma 3.32. Let C be a closed unbounded subset of kt, where k is a regular

cardinal. If T is a C-special k*-Aronszajn tree, then T is special.

Proof. This is a simple generalization of Lemma 3.12. O

30



Lemma 3.33. Let x be a reqular cardinal and S be an unbounded subset of k*. If

every kT -Aronszajn tree is S-special then every k™ -Aronszajn tree is special.

Proof. Let S = {a,|n < 7} be an unbounded subset of k™ and T' be a S-special

kt-Aronszajn tree. We define a new tree
T = {(t, B)|t € T and B < apyery and Vs < t(apysr) < B)} . (3.17)

The tree 7" is ordered by <g as follows: (¢,8) < (s,7) if and only if t < s or
(t = s and B < 7). It is obvious that T satisfies our definition of Aronszajn tree.
Hence T" is S-special, i.e. T" | S is special. Since T is isomorphic to 17" | S =
{<t, aht(t7T)> |t € T}, T is special. O

Again, note that S-special k*-Aronszajn trees are not Suslin in a strong sense.
This means that every subset of size k% of such tree contains an antichain of size

k*. Hence we can generalize Definition 3.15 and Lemma 3.17.

Definition 3.34. Let s be a regular cardinal and T be a x™-Aronszajn tree. We say
that 7' is non-Suslin if every subset U of T, which has size ™, contains an antichain

of size k. We denote the class of all non-Suslin Aronszajn trees at k as ANS(k1).
The following lemmas are generalizations of Lemma 3.16 and Lemma 3.17.

Lemma 3.35. Let k be a reqular cardinal and T be a x*-Aronszajn tree. If T is

not non-Suslin, then T has a subtree which is Suslin.

Proof. Let T be a kt-Aronszajn tree, which is not non-Suslin. Then there is a
subset X of T such that |X| = k™ and X does not contain antichain of size k*. Let
T'={seT|Fte X(s<t)}.

Now, we show that 7" is Suslin. Assume for contradiction that A C T" is
an antichain of size k™. Then for any choice function f : P(X) — X, the set
{f({s € X|a < s}|a € A} has size k* and it is an antichain in X. O

Lemma 3.36. Let x be a reqular cardinal and T be a xk*-Aronszajn tree. If T is

S-special, then T is non-Suslin.

Proof. Let T be a x™-Aronszajn tree which is not non-Suslin. By the previous
lemma T has a subtree 7" which is Suslin. Since T is S-special, T” is S-special, too.
Hence there is unbounded subset S of x* such that 7" [ S = (., Aa, where A,
is an antichain for each a. By pigeon-hole principle, for some « < k the size of A,

must be greater than x. This contradicts the fact that 7" is Suslin. [

Lemma 3.37. Let k be a reqular cardinal. If there is an S-special Kk -Aronszajn

tree then there is a special Aronszajn tree.
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Proof. Let T be an S-special k*-Aronszajn tree for some unbounded subset S of

kt. Then T | S is a special Aronszajn tree. O

The following theorem is only the summarization of what we have showed about
the relative existence of different kinds of special Aronszajn trees. It tells us that
the weak tree property at x* is equivalent to the claim that there are no M-special
kt-Aronszajn trees and also to the claim that there are no S-special k™-Aronszajn

trees.

Theorem 3.38. Let k be a reqular. The following are equivalent
(i) AP(sT) =0
(it) AM(kT) = 0;
(iii) AS™P(k+) = ).
Proof. Ad (i) < (ii). The claim from left to right follows from Lemma 3.28 and the
converse follows from Lemma 3.30.

Ad (ii) < (iii). The claim from left to right follows from Lemma 3.37 and the

converse follows from the definition of S-special k*-Aronszajn tree. n

Now, we know that
AP(kT) C ASTP(5T) C AV9(kT) and AM (k) C ASTP(KT). (3.18)

Now, we examine if these inclusions can be consistently proper.

3.2.1 The Existence of Higher Special Aronszajn Trees

We are interested in special Aronszajn trees at successors of regular cardinals. While
the existence of a special wi-Aronszajn tree can be proved in ZFC, at higher cardinals
we need some additional assumption, for example k<" = k or weak square principle.
The first one was used in construction by Specker in [Spe49]| and the second one in
the construction by Jensen in [Jen72]. On the other hand, it is possible to find a
model with no special k*-Aronszajn tree where x > w is regular, but this requires
much stronger assumption. Throughout this section we assume that x is a regular

cardinal and s > w.
Definition 3.39. B = {a < st|cf(a) = k}

This theorem is our generalization of Theorem 3.18. As a corollary we obtain

that the first inclusion in (3.18) can be consistently proper.
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Theorem 3.40. Assume k<% = k and O+ (E®"). Then there is an M-special k-

Aronszagn tree, which is not special.

Proof. We follow the proof of Theorem 3.18. Again, we a fix diamond sequence
< fala € E:+> for the rest of the proof and we generalize the induction assumption

for k*. For each o < k™ we require the following conditions:
(T1) If s € T | o then |k \ Rng(s)| = k.

(T2) If s€e T | aand x € [k \ Rng(s)]<" then there is s’ O s on each higher level of
T | a such that Rng(s') Nz = 0.

(m0) 7, is a 1-1 map from 7' | « to kT such that s Ct — m,(s) < ma(1).

Let Ty = {0}. If @« = B+ 1 then for each s € T3 we add all one-point extensions
of s by distinct v < k which are not in Rng(s) and we extend 741 to m,41 arbitrary
such that satisfies condition (70).

Let o be limit. For each 8 < a, suppose T' | 8 and 73 are defined and they
satisfy the conditions mentioned above. Let T}, = | s<a Ip- We need to distinguish
two cases. First, if a has cofinality less than s then T, = T.. We can add all possible
sequences since k<% = k.

In the second case, if a has cofinality x then we proceed as in Theorem 3.18.

Again, we need to distinguish two cases: First, if f, embeds 7'("T) to Q, and
Dom(f,) = " T}, then set

Xo=A{(s,2)|s € T, & x € [k]~" & Rng(s) Nz = 0}. (3.19)

For (s,x), (t,y) in X,, we define (s,z) <, (t,y) if and only if s C ¢ and = C y.
For each ¢ € Q,, set

A2 = {(s5,) € Xal falm(5)) =g, q or
(V(t,y) € Xa)(t,9) Za (5,2) = fulmh(1) <g. )} (3.20)

Let s € T), x € [r \ Rng(s)]<". Let (a,|y < k) be cofinal in o with oy =
length(s). Let g : Kk — Q4 be a bijection. We define node s, D s by induction on
v < k. If v < Kk is a successor ordinal we can proceed as in the proof of Theorem
3.18. Let v < r be limit. Since the size 7 is less than k we can take s/, = U6<w 53
and 2!, = Uz, x5, As k is regular, |2/[ < k. Note that length(s]) > a, and
Rng(s)) Nal, = 0. Since (s),2) is in X, and AJ_,is cofinal in X,, we can find
(89, 3y) = (s, 2) in AZ .

In the other case, if f, does not embed 7'("T)) to Qy, then we proceed similar
as before. Let s € T, x € [k \ Rng(s)]<". Let (a,|y < k) be cofinal in a with
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ag = length(s). We define node s, D s induction on v < k. If v < k is a successor
ordinal we can proceed as in the proof of Theorem 3.18. Let v < s be limit. Since
the size 7 is less than x, we can take s, = (Jy_ sp and z, = Uy, 2. As K is
regular, |z,| < . Note that length(s,) > a, and Rng(s,) Nz, = 0.

Let s, =, $y- As in Theorem 3.18 we define the level T,, = {s,[s € T}, and
x € [k \ Rng(s)]<*}. It is easy to verify that T [ a+1 = T U T, satisfies the
condition (T1) and (T2). Again, can extend 7, to may; on T' | o + 1 arbitrarily
such that it satisfies the condition (70).

Finally, set 7' = (J,+ To and @ = |J,,.+ Ta- Then 7 : T" — & is a function
such that s Ct — 7(s) < 7 (t).

For a contradiction assume that T is special. As we assume k<" = k, by Lemma
3.24 T is special if and only if T" is Q4-embeddable. Therefore there is a function f
which embeds 7T in Q,. Let

C = {a < £¥|a is a limit ordinal and 7T, = «,"T,, and
f | a embeds 7."T. in Q, and
(¥s € T)(¥Vz € [\ Rg(s)]<)(¥g >0, f(n(s)))
(Bt e T)(ED s & Ruglt) Nz = D & f(x(t)) >q, a)
= 3 eT)H' 2s&Rog(t)Nae=0& f(n(t)) >q. ¢)}. (3.21)

It is easy to verify that C' is a closed unbounded subset of k™. As we assume
(}H(E,’f), the set {oz € E,’_j+|f o= fa} is stationary, so there is @ € C such that
f I a = f, and « has cofinality k. Let t € T, and let ¢ = f(n(¢)). By the
construction of T, there is (s,2) € A such that Rng(s) N2 =) and s C t. Since f
and 7 are order-preserving, f(n(s)) <q, f(7(t)) = q.

Since f(m(s)) <@, ¢ and f(7(t)) >q, g, by the definition of C' there exists t' € T},
such that ¢ D s, Rng(t') Nz = 0 and f(n(')) >q, ¢. Note that (s,z), (', z) are in
X, and (s,7) <o (t', 7). Since (s,7) is in Af and f | a = f,, by (3.20) it must hold
that fo(7(s)) >q. ¢- But fo = f [ @ and so f(7(s)) >q. ¢. This contradicts our
earlier inequality f(7(s)) <o, ¢ O

Corollary 3.41. Assume k<% = k and O+ (EF"). Then there is an R,-embeddable

kt-Aronszajn tree, which is not special.
Proof. By Lemma 3.29, every M-special x™-Aronszajn tree is R.-embeddable. [J

Corollary 3.42. Assume £<¢ = k and O,.+ (E%"). Then there is an S-special k-

Aronszajn tree, which is not special.

Proof. By Lemma 3.28, every M-special kt-Aronszajn tree is S-special for S =
{a+1la < kT}. O

34



The next lemma is a straightforward generalization of Lemma 3.20 and tells us

that the last inclusion in (3.18) can be consistently proper.

Lemma 3.43. Assume <% = k and Q.+ (EF"). Then there is a k¥ -Aronszajn tree,
which is S-special for some S unbounded subset of k* and it is not M-special and

by our assumption it is not R, -embeddable.
Proof. The proof is the same as in Lemma 3.20. m

To show that the second inclusion in (3.18) can be consistently proper, i.e. that
A5 £ ANS we need to introduce the notion of an w-ascent path, which is due to

Laver.

Definition 3.44. Let x be a regular cardinal. We say that a x™-Aronszajn tree T

has the property of the w-ascent path if there is a sequence (z*|a < k™) such that
(i) for each o < K™, 2“ is a function from w to T;
(ii) if o, B < k with a < 8 then In € w Vm > n 28 < 25 .

If the tree T" has a cofinal branch, then this branch is a 1-ascent path and it is
obvious that T' is not special. But Aronszajn trees do not have cofinal branches.
Thus an w-ascent path is a pseudo-branch with width w which prevents the tree
from being special.

The following theorem is due to Shelah ([SS88]), building on work of Laver and
Todorcevic.

Theorem 3.45. Let k > w be a reqular cardinal. Let T be a k™ -Aronszajn tree with

the property of an w-ascent path. Then T is not special.

Proof. Assume for contradiction that there is a function f : T" — & such that f is
1-1 on chains. For v < k™, t € T, and 8 < a, let prg(t) be the predecessor of ¢ on
Ty,
Fix v < k. For each i < w and § € E*" there is a,(6,4) such that for every
a > oy (9,1)
Flpra(z?)) > 7. (3.22)

This holds since the set {s eT|s < xf} is a chain with cofinality £ > w and f
is 1-1 on this chain. Since v < k, the argument follows.

Let v (8) = sup {a(6,7) + 1|i < w}. Since § has cofinality x, o, (d) < . Hence
oy is a regressive function on the stationary set E:+, by Fodor’s Lemma, there is
some S, C B and 3, < x* such that a,(5) = 8, for § € S,.
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Now, we verify that for arbitrary v < x the following holds:
VB € By, k1) i <w f(a]) >y (3.23)

Let 8 be given and fix 6 > § such that 6 € §,. By the property of the w-
ascent path there is some i < w such that 2 <p 20, Since g > By > ay(0,7) and
) = pra(af), by (3.22) f(z]) > .

Now we finish the proof. Let a* = sup{3,|y < k}. It is obvious that a* < k*.
Thus we can fix 8 such that o* < § < k™. Since (3.23) holds for each v < &, there
is for every v some 7, < w such that f (:c’i ) > ~. By the pigeon-hole principle, there
is some i* < w such that for unboundedly many v < & it holds that f(z.) > .

This contradicts our assumption that f is a function from 7" to k. O

Remark 3.46. Note that no such argument can exist for w;-trees since it is impor-
tant for the proof that there is a regular cardinal between w and x*. This is the
difference between the specialization forcing for w; and for higher cardinals. In the
case of higher cardinals, if T" has an w-ascent path, then any specialization forcing

must collapse cardinals. On the other hand, specialization forcing for w;-trees is ccc.

Corollary 3.47. Let k be a reqular cardinal. Let T be a k™ -Aronszajn tree with the

property of an w-ascent path. Then T is not S-special.

Proof. Let S C k% be an unbounded subset of k* and (z*|a < k) be an w-ascent
path. Then (x*|a < kT) | S is w-ascent path for T' | S and by the previous theorem
T | S is not special. O

Fact 3.48. Let k be a regular cardinal. Assume O,.. Then there is a non-Suslin

kt-Aronszajn tree with w-ascent path.
Proof. The construction of such tree can be found in [SS88]. O

Hence we can conclude that the second inclusion in (3.18) can be consistently

proper.

Corollary 3.49. Let k be a regular cardinal. Assume O,. Then there is a non-

Suslin k1 -Aronszajn T tree such that T is not S-special.
Proof. Tt follows from Corollary 3.47 and Fact 3.48. O]

Remark 3.50. Note that if we replace w with an arbitrary regular cardinal A < k
in the definition of w-ascent path, the proof of Theorem 3.45 does not change. Thus
if k*-Aronszajn tree T has the M-ascent path for some regular A < k, then 7 is not

S-special.
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The following picture illustrates our situation.

kt-Aronszajn Trees

- -

\ —
/

ANormal(/{—l—) -

Notation — Kind of k™-Aron-
szajn trees

S(k™T) Suslin

ANermal (1) Normal

AP(KT) Special

AM-sP(1T)  M-special

T(R)(k*) R-embeddable

ASP(kT)  S-special

ANS(kT)  Non-Suslin

Figure 2: Description of the relations between various kinds of x*-Aronszajn trees

for k a regular cardinal.
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4 The Tree Property at One Cardinal

Recall the definitions of the tree property and of the weak tree property. Mitchell
and Silver ([Mit72]) were the first to prove, under large cardinal assumption, that
it is consistent for the double successor of a regular cardinal to have either of these
properties. Later, Baumgartner and Laver ([BL79]) showed that the Sacks forcing
can be used for the same result at wy and Kanamori generalized this for arbitrary
double successor of a regular cardinal in [Kan80]. In this section we present Mitchell
and Silver’s proof and the method of Baumgartner and Laver for the Grigorieff

forcing.

4.1 Preliminaries

Here we present several branching lemmas. They state that forcings with some
properties do not add new cofinal branches to some trees. This is useful when
dealing with Aronszajn trees and the tree property.

The following lemma first appeared in [KT79] for a Suslin tree of height w;.

However, the generalization to a tree of height x for K > w; is obvious.

Lemma 4.1. Let k be a regqular cardinal and P be a k-Knaster forcing notion. If T

s a tree of height Kk, then forcing with P does not add any new cofinal branches to

T.

Actually, the assumption that the forcing P is x-Knaster can be weaken to the

assumption that the forcing P x P is k-cc.

Lemma 4.2. Let k be a reqular cardinal and P be a forcing notion such that P x P
is k-cc. If T is a tree of height k, then forcing with P does not add any new cofinal

branches to T'.

The next lemma was proved by Baumgartner in [Bau83] using the argument of
Silver from [Sil71].

Lemma 4.3. If 2% > Ry, T is an wy-Aronszajn tree and P is wy-closed forcing,
then in V[P|, T" has no cofinal branches.

This lemma can be generalized to higher cardinals in the following way.

Lemma 4.4. Let A\ be a reqular cardinal and T be a A-tree. Let P be kt-closed

forcing, where 2% > X\, Then every cofinal branch through T in V[P)] is already in V.

This can be further generalized to the lemma which first appeared in [Ungl2].
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Lemma 4.5. Let k, X be reqular cardinals. Assume 2% > X. Let P be k™ -cc and Q
be kTt -closed. Then Q does not add cofinal branches to A-trees in V[P).

In fact, a stronger version of Lemma 4.5 easily follows from its proof.

Lemma 4.6. Let k, \ be reqular cardinals. Assume 2% > X. Let £ be a reqular
cardinal such that k < & < X. Let P be £-cc and Q be E-closed. Then QQ does not
add cofinal branches to A-trees in V[P).

The following lemma is actually an easy observation and we use it in the proofs

of the consistency of the weak tree property at more cardinals.

Lemma 4.7. Let k be a reqular and T be an M-special k™ -Aronszajn tree. Let P be
a forcing notion. If P preserves cardinals, then P does not add cofinal branch to the
tree T

Proof. Assume for contradiction that b is a cofinal branch in 7" in V[P]. Then b is a
1-1 function from ™ to x. Hence k™ is collapsed to x. But this is a contradiction

since we assumed that P preserves cardinals. O

4.2 Mitchell Forcing

In this section we define the Mitchell forcing, study its properties and use it to
force the weak tree property and the tree property at double successor of a regular
cardinal. This is a result of Mitchell and Silver from [Mit72]. The main advantage
of the Mitchell forcing is that it is a projection of the product of two forcings, where
the first has a good chain condition and the second is sufficiently closed.

Throughout this section we assume that s, A are regular cardinals and x < A.

Definition 4.8. The Cohen forcing Add(k,1) is the collection of all functions p :

k — 2, where |Dom(p)| < k. The ordering is by reverse inclusion.

Definition 4.9. The Cohen forcing Add(k, A) is the collection of all functions p :

A — 2, where |Dom(p)| < . The ordering is by reverse inclusion.

We do not use the original definition of the Mitchell forcing. Instead, we work

with more understandable and more common version from [Abr83].

Definition 4.10. The Mitchell forcing M(k, A) is defined as follows: for an ordinal «,
k< a <A let Q(a) be an Add(k, a)-name for the partially ordered set Add(x™, 1).
The forcing M(k, A) is the collection of pairs (p, q) such that p € Add(k, A) and
q is a function of cardinality less than ' such that if « € Dom(g) then kK < @ < A
and () IFA44=) g(a) € Q(a).
M(x, A) is ordered by (p,q) < (¢',¢') if and only if p <adaes,n) p'; Dom(q") C
Dom(q) and for all &« € Dom(¢') p | a I ¢'(a) C gq(a).
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Now, we present the basic properties of the Mitchell forcing.
Lemma 4.11. M(k, \) is k-closed.

Proof. Let £ < k and ((p;, ¢;)|i € ) be a decreasing sequence in M(k, A). Set p =
UZ.<£ pi. Since k is regular, p is in Add(k, \). Now, we define ¢ as follows: Dom(q) =
Ui Dom(g;). If « is in Dom(q) and 4o is the first ¢ such that o € Dom(g;), then
plalk “{gla)lip<i<§) is a decreasing sequence in Q(a)”. Let o € Dom(q) be
given. We can define ¢(a) to be an Add(x,a)-name such that @) [FAd42) g(q) €
Q(a) and p | alF g(a) = Ui0§i<§ gi(a). Tt is easy to verify that the pair (p, ) is in
M(k, A) and that it is the lower bound of the given sequence. O

Lemma 4.12. Let A be an inaccessible cardinal. Then M(k, \) is A-Knaster.

Proof. Let A C M(k, A) such that |A| = A. Since Add(k, ) is A\-Knaster, there
is Y C A such that |Y| = X and if (p,q), (p,q) € Y, then p || p/. Let B’ =
{a|(3p € Add(r, ) ((p,q) € Y)}.

If |B'| < A, then we fix for each ¢ € B’ the set A, = {(p,¢') € M(k,\)|(p.¢) € Y
and ¢’ = ¢}. Then Y = J,cp A, and if ¢ # ¢, then A, N Ay = 0. Since |B'| < A,
there exists ¢ € B’ such that |A4,| = A. It is easy to see that all elements of A, are
pairwise compatible.

If |B'| = A, then set B = {Dom(q)|q € B'}. We show that the set B has size A.
Let X C {a|rk < a < A} such that | X| < &, we show that there are less than A\-many
different conditions ¢ with domain X. Let a € X be given. Then ¢(«) is Add(x, a)-
name for a condition in Add(x*, 1)VIAdd(a)] - Since Add(k, ) has size a<F = u < ),
there are at most 6, = (u*)*" Add(k, @)-nice names for conditions in Add(x*,1).
Hence the number of conditions with domain X is [] .y 0o = (sup,exfa)” which is
less than A\ as A is inaccessible. Therefore the set B has size .

By A-system lemma, there exist C' C B with |C] = A, and » C X such that
|r| < x and Dom(p) N Dom(q) = r for every pair Dom(p), Dom(q) from C. Let
Ay = {(p,q) € B'|Dom(q) € C}. As |C| = A, it also holds that |A;| = A. Notice
that if (p,q), (p',q) € Ay such that ¢’ [ r = ¢q [ r then (p,q) || (¢/,¢'). Since p, p’
are compatible, there is p* such that p* < p and p* < p'. It is easy to verify that
(p*,q U ¢') witnesses the compatibility of (p,q) and (p/, ¢).

Now, we find Ay C A; such that

V(p,q), (0, qd) € As(qTr=4q"1T) (4.1)

and the size of Ay is X\. This will be enough to conclude the proof. If r = (), then
Ay = Aj is as required. Assume that r # (). As we showed above, since |r| < &,

there can be only a-many function satisfying the definition of M(k, A\) with domain
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r, for some a < A. Let (f;|i < a) be their enumeration. For each such f; denote
Ap, = {qlqg I r=fi}. Then Ay = |J,_, Ay, where i # j implies Ay, N Ay, = 0. It
follows that A; can be partitioned into a-many pieces. Hence there exists i < «
such that |Af| = A\. Set Ay = Ay,. O

We show that there is a projection from the product of two forcings to the
Mitchell forcing M(x, A), where the first forcing is Add(x, \) and the second forcing

is kT-closed. Now, we define this second forcing.

Definition 4.13. We define Q = (Q(k, \), <g) as Q(r, A) = {(0,¢)|(0,q) € M(k,\)}
and the ordering <g=<(xx) [ Q(k, ).

Lemma 4.14. Q is k1 -closed.

Proof. Let ((0,qs) € Q(k,\)|8 < k) be a decreasing sequence in Q. We define a
lower bound (0, ¢) of {(0, gs) € Q(k, N)|B < &) as follows: Dom(q) = (s, Dom(gs).
If o is in Dom(q) and Sy is the first § such that « is in Dom(gg), then 0 I+
“(gp()|Bo < B < &) is a decreasing sequence in Q(«)”. Let o € Dom(q) be given.
We can define g(a) to be an Add(k, )-name such that 0 I- g(a) = Uy <pe 28(a).
It is easy to see that (0, ¢) is in @ since Dom(q) < k and the forcing Add(x™*,1) is
rT-closed. O

Lemma 4.15. Let a function m : Add(k,\) x Q — M(k, \) be defined such that
7((p, (0,9))) = (p,q). Then m is a projection.

Proof. We need to verify the three conditions from the Definition 2.25.

Ad (i). Let (p/,(0,q")) < (p,(D,q)). We want to show that (p',¢') < (p,q), i.e
P < p, Dom(q) € Dom(q’) and Yoo € Dom(q) p' | a IF ¢(a) C ¢'(a). By our
assumption, p’ < p, Dom(gq) C Dom(q’) and 0 IF ¢(a)) C ¢'(«). Hence it is easy to
see that also p' [ a IF ¢(a) C ¢/(«) for a € Dom(q).

Ad (ii). Let (p',q) < 7((p,(0,9))) = (p,q). We want to find a function ¢*
such that (0,¢*) < (0,q) and =((p, (0,¢*))) < (p',¢"). We define ¢* as follows:
Dom(gq*) = Dom(¢’) and for all & € Dom(q’):

e If a ¢ Dom(q), let ¢*(a) = ¢'(«).
e If & € Dom(q), then we define ¢*(a) € VAdd(x2) a9

a) p | alk g (a) = ¢ (a);
b) if r € Add(k, «) is incompatible with p’ | «, then r IF ¢* () = q(«).
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Hence @) IFA44(%2) ¢(a) C ¢*(a) for all @ € Dom(gq). Since Dom(q) € Dom(q') =
Dom(¢*), we have (p',(0,¢*)) < (p,(0,q)) in Add(k,\) x Q. Now, by definition
of projection m, w(p', (0,q¢*)) = (p/,¢*). Hence it is enough to show that (p/,q¢*) <
(p',¢"). This is immediate since Dom(¢*) = Dom(q’) and by the definition of ¢*, for
each a € Dom(q*), p' | a Ik ¢* () = ¢ ().

Ad (iii). Tt is easy to see that 7 is onto. Let (p,q) € M(k, A), then (p, (0,q)) €
Add(k, \) x Q and by the definition of 7, w((p, (0, q))) = (p,q). O

Lemma 4.16. There is a projection m : Ml(k, A) — Add(k, \).

Proof. We define the projection m : M(k,\) — Add(k, ) as follows: For given
(p,q) € M(k,\), m(p,q) = p. It is obvious that 7 satisfies the conditions from
Definition 2.25. O

This means that the Cohen forcing is actually a subforcing of the Mitchell forcing.
Therefore the following lemma tells us that each sequence of ordinals of length less

than x* is already added by a smaller forcing.

Lemma 4.17. Assume k<" = k. Then all sets of ordinals in V[M(k, \)] of cardi-
nality k are in V[Add(k, \)].

Proof. By Lemma 4.15, there a is projection 7 : Add(k,A) x Q — M(k, A), hence
VI[M(k,A)] € V[Add(k,A) x Q]. Therefore it is enough to show that all sets of
ordinals in V[Add(k, \) x Q] of cardinality x are in V][Add(k,\)]. Since k<" = &,
Add(k, A) is kt-cc. By Lemma 4.14, Q is xT-closed. Hence, by Easton’s lemma,
Q is kt-distributive in V[Add(k, A)], i.e. Q does not add new sequences of ordinals
of length less than x™. Hence any sequence of ordinals in V[Add(k,\) x Q] of
cardinality x is already in V[Add(k, \)]. O

Corollary 4.18. Assume k<" = k. Then k™ remains a cardinal in V[M(k, \)].

Proof. Assume for contradiction that % is not a cardinal in V[M(k, A)]. Then
there is a function f from & onto k™, for some £ < k. By the previous lemma, f is
already in V[Add(k, A)] and so £ is not a cardinal in V[Add(k, A)]. Since Add(k, \)

is kT-Knaster, k' remains a cardinal in V[Add(x, A)] and this is a contradiction. [

Now, we know that all cardinals <k and cardinals >\ are preserved by M(k, \).
Moreover, x* is preserved. Now, we focus on other properties of the final extension.
We show that 2 = X\ and that A becomes the double successor of k.

Lemma 4.19. Let A be an inaccessible cardinal. Then in V[M(k, \)], 2% = .
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Proof. 2% > X follows from Lemma 4.16. Now, we show that 2% < A. Since the
forcing M(k, A) is A-cc of size A, which is inaccessible in V', 2% < X easily follows by

a common nice names argument. O

Lemma 4.20. Let & be an ordinal such that k < & < A\. Then there is a projection
7 M(k,\) = M(k, ).

Proof. We define the projection 7 : M(x, \) — M(k,§) in the following way: for
given (p,q) € M(r,A), m(p,q) = (p [ &, q 1 &). It is easy to verify that 7 satisfies the

conditions from Definition 2.25. O

Lemma 4.21. Assume k<% = k. Let \ be an inaccessible cardinal. Then \ = kT
in VIM(k, \)].

Proof. By Lemma 4.12 all cardinals ;1 > X are preserved by the Mitchell forcing and
by Corollary 4.18 ™ is also preserved.

Now, we show that each cardinal £, k™ < £ < A, is collapsed to ™. It is enough
to show it for & regular. Let £ be given. Then by Lemma 4.20 there is a projection
7' M(k, A) = M(k, £+ 1), so it suffices to show that the size of £ in V[M(k, & + 1)]
is kT,

Now, we show that there is a projection 7 : Ml(k,{+1) — Add(k, &) *Add(k™, 1).
We define 7 as follows: for (p,q) € M(x,£ + 1) let

(p 1€q(§) if § € Dom(q);
(pT€&, (7)) otherwise.

m((p,q)) =

It is easy to verify that m preserves ordering and it is onto. We check only
property (ii) of Definition 2.25. Assume that ¢’ is defined on & and let (p,7) <
(0, d)) = @ 1 & d(§)). We want to find ¢* such that (p*,¢*) < (p/,¢') and
©((p*,q%)) < (p,7), where p* = p U {(&,p'(§))}. The condition ¢* is defined as
follows: Dom(q¢*) = Dom(q’). Let a € Dom(g*). If a < &, set ¢*(a) = ¢'(a). If
a=¢, set ¢*(a) =7

Now we verify that ¢* is the desired function. First, we show that (p*,¢*) <
(p',q"). Since p < p' | € in Add(k,§), p* < p' in Add(k, £ +1). If B < £ and
B € Dom(q*), then p [ B IF ¢'(8) = ¢*(8) because ¢*(8) = ¢(8). If B = &,
then p* [ & = p IF ¢*(6) < ¢ (B) since ¢*(5) = 7 and p IF 7 < ¢/(§). Therefore
(", q*) < (¥, 4).

Next we show that 7((p*,¢*)) < (p,7). By the definition of =, «w((p*,¢*)) =
(p,q*(§)) and so it is easy to see that (p,¢*(£)) < (p,7) since ¢*(§) = 7.

If ¢’ is not defined on &, then the proof is similar to the prof before, except we
have to take Dom(q*) = Dom(¢') U {¢} and instead of ¢(¢) we consider 0.
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In V[Add(k, &)] | 27 > € and in V[Add(k, &) * Add(kT,1)] = 2" = kT, hence in
VI[Add(k, &) « Add(k™,1)] = €] = k™. Since there is a projection from M(k, £ + 1)
to Add(k, &) x Add(k™, 1), V[M(k,§+ 1)] E [£| = k. O

Corollary 4.22. Assume k=% = k. The forcing Q collapses cardinals between k™

and \ to k™.

Proof. Let &, kT < & < A, be given. In the proof of the previous lemma, we
showed that each cardinal between ™ and A is collapsed to k™ by M(k, A). Since
there is a projection from Add(k,A) x Q to M(k,\) by Lemma 4.15, V[M(x, \)] C
VI[Add(k, A) x Q] and so [£| = kT in V[Add(k, A) x Q]. As we assume k<" = k, the
forcing Add(k, A) is kT-cc over V. As Q is k"-closed, Add(k, \) is kT-cc over V[Q]
by Easton’s Lemma and so preserves cardinals above k™. Therefore the collapsing
function had to be added by Q. O]

As we showed above, there is a projection from M(k, A) to M(k, &), where
k < & < A. Therefore we can consider the Mitchell forcing as a two step itera-
tion M(k, &) * M(k, \)/M(k, &) (see Fact 2.29). Moreover, in V[M(k, )] the forcing
M(k, A)/M(r, &) behaves as the Mitchell forcing. This means that it is also a pro-
jection of the product of two forcings, where the first has a good chain condition

and the second is sufficiently closed.

Lemma 4.23. Let £ be an ordinal such that k < £ < A. In V[M(k,§)] there is a
k-closed forcing Q* such that the partial order M(k, \)/M(k, &) is a projection of
Add(r, [§,A)) x Q"

Proof. Let G be M(k,{)-generic over V' and let us work in V[G]. Recall that
M(x, \)/M(r, &) = {(p,q) € M(r,\)|(p]&,q1&) € G}. We define the forcing Q* =
{(0,q) € M(r,N)|(D,q | ) € G} with the induced ordering.

We show that the forcing Q* is xk'-closed. Let ((0,¢s) € Q*|5 < k) be a de-
creasing sequence in Q*. We define a lower bound (0, ¢) of ((0,q5) € Q*|8 < k) as
follows: Dom(q) = (Js., Dom(gs). If a is in Dom(q) and f is the first 8 such that
« is in Dom(gg), then 0 I+ “{(gs(a)|Bo < B < &) is a decreasing sequence in Q(«)”.
Let o € Dom(q) be given. We can define g(a) to be an Add(k, a)-name such that
01k qgla) = Uﬁo§ﬁ<£ ¢s(a). Now, we verify that ¢ is in Q*. It is easy to see that
|Dom(q)| < k and that (0, q) € M(k,\). It remains to show that (0,q [ £) is in G,
but this follows from the assumption that, for each 8 <k, (0,¢5 | §) € G.

First we show that in V[G] the forcing Add(k,[£,\)) is forcing equivalent to
Add(k, A)/Add(k, ). The forcing Add(k, \)/Add(k, §) is already defined in V [7*"G],
where 7* is a projection from M(k, &) to Add(k, £) such that for all (p, q) € M(k, &),
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7 ((p,q)) = p. Hence 77'G = {p € Add(x,§)|(3(¥.¢) € G)(p' =p)} is Add(k, )~
generic filter over V. Normally we would have to take an upward closure of 7*"G
to obtain the generic filter, but in this case 7*”G is already upward closed. Recall
that the forcing Add(k, A)/Add(k, ) is defined as {p € Add(k,\)|p | £ € #*"G}. By
the definition of 7*”@G, this is equal to {p € Add(x, N)|(3(P,¢) € G) (' =p [ &)} in
VI[G].

Now, in V[1*'G], the forcing Add(k,[£, N)) is forcing equivalent to the forcing
Add(k, A\)/Add(k, ). This holds because both forcings Add(k,&) * Add(k, [E, N))
and Add(k, &) * Add(k, \)/Add(k, &) are forcing equivalent to Add(k, A) in V.

Note that Add(x, [£,\))Y = Add(k, [£, M)V = Add(~, [¢, 1))V 7"¢] since both
Add(k, €) and M(k, £) are k-closed. In addition, Add(x, \)/Add(k, &)V is equal to
Add(k, \)/Add(k, £)VI7"C] since both are defined using only Add(x, A\)¥ and 7*"G.
Therefore Add(k, [€,\)) is forcing equivalent to Add(k, \)/Add(k, &) in V[G].

As we showed above, Add(k, [£, A)) is forcing equivalent to Add(k, \)/Add(k, &)
in V[G], hence it suffices to find a projection from Add(k,A)/Add(x,§) x Q* to
M(k, ) /M(k,§). We define the projection 7 as follows: w((p,(0,q))) = (p,q).
The function 7 is well defined, i.e. it is a function from Add(k, \)/Add(k, &) x Q* to
M(k, \)/M(k, €): if (p, (0,q)) € Add(k, \)/Add(k, &) x Q*, then (B,¢ | £) € G and
there is ¢’ such that (p [ £,¢' | €) € G. It follows that (p [ ,q | &) € G.

Now, we need to check the conditions from Definition 2.25. It is easy to verify
that 7 is onto and that it preserves ordering. We verify the condition (ii). Let
(p,q¢) < w((p,(0,9))) = (p,q). We want to find a function ¢* such that (0, ¢*) <
0, q), n((p,(0,q%))) < (¢,¢), and (D,¢* | &) is in G. We define ¢* as follows:
Dom(q*) = Dom(q’) and for all o € Dom(q):

e If a ¢ Dom(q), let ¢*(a) = ¢'(«).
e If & € Dom(q), then we define ¢*(a) € VAdd(k) a5

(i) ¢ I alkF ¢* () = ¢'(a);

(ii) if r € Add(k, «) is incompatible with p’ | «, then r IF ¢*(a) = ¢(a).

Hence @) IFA44(%0) ¢(a) C ¢*(a) for all @ € Dom(g). Since Dom(q) € Dom(q') =
Dom(q*), we have (¢, (0,¢*)) < (p,(0,q)). Now, by definition of projection ,
7(p',(0,¢")) = (¢',q¢*). Hence it is enough to show that (p',q*) < (p/,¢’). This
is immediate since Dom(¢*) = Dom(q’) and by the definition of ¢*, for each a €
Dom(q*), p' | a IF ¢"(a) = ¢ (o). To finish the proof, we need to verify that
0,q* 1 €) € G. For a in Dom(q*), p’ | a IF ¢*(a) = ¢’(a) by the definition of ¢*.
It follows that (p/,q¢*) > (p/,q'), hence (p' | &,¢* | &) € G. Since (0,¢*) > (P, ¢*),
0.q" 1€ €G. O
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Now, we show how to use the Mitchell forcing to obtain the weak tree property

or the tree property at the double successor of a given regular cardinal.

Theorem 4.24. Assume GCH. Let k be a reqular cardinal. If there exists a Mahlo
cardinal X > K, then in the generic extension by M(k, \) it holds that

(i) 28 =X =krtT;
1) kT has the weak tree property.
property

Proof. Ad (i). This follows from Lemma 4.19 and Lemma 4.21.

Ad (ii). Let G be an M(k, \)-generic over V. Suppose that T is an M-special
A = rkTT-Aronszajn tree in V[G]. Let (p,q) € G be such that (p,q) IF“T is an
M-special kTT-Aronszajn tree”. Then for each a < A\, T' | a has size at most
kT. Hence we can consider T' | « as a subset of k7. As such, T' | a has a nice
name 7, = |J{{B} x Ag|8 < x and Ag is an antichain of M(x,A)} and it holds
that S € T [ o 4> (Ja € Ap)(a € G).

Now, we show that T' [ « is already in V[G¢| for some & < A, where G¢ =
{p1&ql8|(p,q) € G} is an M(k,§)-generic filter because there is a projection
from M(k, A) to M(k, &) by Lemma 4.20 and because G¢ is already upward closed.
Set

X = J{Dom(p') U Dom(¢)|(3B < k") (¥, ¢) € Ap)} . (4.2)
The set X has size less than A, since Ml(k, A) is A-cc and the conditions of the Mitchell
forcing are bounded in A at both coordinates. Take £ = sup{f < A|5 € X}. Then

T | o € V[Ge] since 7, is also an M(k, £)-nice name. Let T, be an M(k, \)-name
for T' | . Then we set

o' () = min {§ < AV < )Ty ) (7o is an M(k, £)-nice name and
(.0) I+ T = 7) }. (4.3)

Then ¢’ is defined in V' and it is easy to see that it is a continuous nondecreasing
unbounded function from A into A\. As we want to argue that ¢’ has a fixed point,
we need ¢’ to be increasing. Hence we define o : A — X by induction on o < \ as
follows: if & = 0 then o(a) = o'(«). If & = f+ 1 then set

o(a) = o(B)+1 ifo'(a) < o (p);

o'() otherwise.

If « is limit then o(a) = sup {o(5)|5 < a}.
The function o is continuous and increasing, hence there is a closed unbounded

set of fixed points of 0. Moreover, o still satisfies that T [ o € V[Gy(q)| since
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o'(a) < o(a) for each a < A. As X is Mahlo in V| there is a fixed point § of o
which is inaccessible in V. By Lemma 4.21, |§| = % in V[G] and since T is a
kTt-Aronszajn tree in V[G], there is a branch b of T of length ¢ in V[G].

Now, we show that b is already in V[Gs]. Work in V[Gs]. T | § is an M-
special d-Aronszajn tree. Moreover, § = k** and 2% > §. By Lemma 4.23, there is a
projection from Add(k, [0, A)) x Q* to M(x, \)/M(k, d), where Q* is k-closed. Since
b e VI[G], b € V[Gs][Hyx Hs], where Hy X Hy is Add(k, [0, \)) xQ*-generic over V [Gs].
Note that from the properties of product forcing, we have that V[Gs|[H; x Hy] =
V[Gs][H:][Hi]

In V[Gs][H2], note that Add(k, [0, \)) is kt-Knaster since in V[Gs]|[Hs], k<" = k
and we can apply the A-system argument. As § is collapsed to x* in V[Gs|[Ha|[H,]
and Add(k, [0, \)) is kT-Knaster in V[Gs][Hz], 0 has to be collapsed already in
V[Gs|[Hs). Hence ¢ is an ordinal of cofinality x* in V[Gs][Ha]. Let T/ = (T [ §) | A,
where A is a cofinal subset of § of size k™. Note that 7" need not be a x™-tree,
because T | ¢ is a ktT-tree in V[Gs], hence it is possible that 7" has a level of
size k*. By Lemma 4.1, Add(k, [, \)) does not add cofinal branches to the tree T”,
hence it does not add cofinal branches to the tree T' [ 6. Therefore b € V[G5][Ha).

In V[Gs] , since 2° > 6 = k™1 and Q* is k™-closed, we know by Lemma 4.4 that
b could not be added by Q*. Hence b is in V[Gj].

Work in V[Gs]. As T | § is M-special, b is a 1-1 function from § to ™, so
M|Gs] E 6 < k™. Since Gs is M (k,d)-generic over M and 0 is inaccessible in M,
M|Gs] = 0 = k' by Lemma 4.21. This is a contradiction.

Thus, we have proved that there are no M-special £**-Aronszajn trees in V|[G].
By Theorem 3.38, ' has the weak tree property. ]

Remark 4.25. Note that by Theorem 3.38, there are no S-special k**-Aronszajn
trees in the extension in the previous theorem. On the other hand there could be
a kTt-Suslin tree. Assume that V' = L and that a Mahlo cardinal exists. Let A be
the least Mahlo cardinal. Then A is not weakly compact and as we assume V = L,
there is a A-Suslin tree. For more details about this see [Dev84|. As in the previous
theorem, we can force with M(w, \) to obtain a model where A = wy and the weak
tree property holds at ws. Since in the ground model there was a Suslin tree at A

and M(w, A) is A-Knaster, the A-Suslin tree is preserved.

To keep things simple and clear we prove the next theorem under the assumption
of a measurable cardinal. This assumption can be weaken to an existence of a weakly
compact cardinal but the proof would be more technical and the technicalities could

obscure the main ideas of the proof.
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Theorem 4.26. Assume GCH. Let k be a reqular cardinal. If there exists a mea-

surable cardinal \ > k, then in the generic extension by M(k, \) it holds that
(i) 28 =X =k"T;
(i) kT has the tree property.

Proof. Ad (i). This follows from Lemma 4.19 and Lemma 4.21.

Ad (ii). Let G be an M(k, A\)-generic over V. Since A is measurable in V, there
is an elementary embedding j : V' — M with critical point A and *M C M, where
M is a transitive model of ZFC.

In M, the forcing j(M(k, \)) is M(k,j(A))™ by the elementarity of j. Since
Vy = VM and each condition in M(x, ) is bounded in Vy, M(x,j(A\)M | X =
M(k, )M = M(x,\)V. Hence G is also M(k, \)M-generic over M. By Lemma
4.20, there is a projection from M(k, j(A\)) to M(k, ) and we can define in M[G]
the forcing M(x, 7(\))/M(k, ). Since M(k, j(A))/M(k, ) is definable in M|[G], it
is definable in V[G]. Let H be M(k, j(\))/M(k, \)-generic over V[G], then H is
M(x, j(A))/M(k, A)-generic over M[G] since M[G] C V[G].

Work in V[G][H]. By Lemma 2.3, we can lift j to j* : V[G] — M[G][H]. Assume
T is a A-tree in V[G]. We show that T has a cofinal branch in V[G]. We can consider
T as a subset of A, so T has a nice name 7' in V. T has size ) since Mi(x, A) is A-cc. As
AM C M, Tisin M. Hence T € M[G]. By elementarity of j*, j*(T) is a j*(\)-tree in
MI|G][H] and since j* is the identity below A\, j*(T) [ A =T. As j7*(T) is j*(\)-tree
in M[G][H], it has branch b of length X in M[G][H]. By Lemma 4.23, in M[G] there
is projection from Add(k, [\, j*(N\))) x Q* to M(k, 7*(A))/M(k, A), where Q* is k-
closed. Hence M[G][H| C M[G][H; x Hs], where H; x Hy is Add(k, [A, 75()))) x Q*-
generic over M[G]. Therefore b is in M[G|[Hs|[H,].

In M[G][H,], note that Add(k, [X,7%(N\))) is kT-Knaster since k<" = k. As \ is
collapsed to kT in M[G|[Hs][H1] and Add(k, [\, j*()))) is k™-Knaster in M[G][H,],
A has to be collapsed to k1 already in M[G][Hs]. Hence A is an ordinal of cofinality
kT in M[G][Hy]. Let T" = T | A, where A is cofinal subset of A of size k. Note
that 7" need not be a k*-tree, because T' is kKt -tree in M[G], hence it is possible
that 7" has a level of size k™. By Lemma 4.1, Add(k,[A,7*(\))) does not add
cofinal branches to the tree 7", hence it does not add cofinal branches to the tree T'.
Therefore b € M[G][H,].

In V]G], since 2" < A = k™" and Q* is kT -closed, we know by Lemma 4.4 that
b could not be added by Q*. Therefore the branch b is already in M[G] and so in
VI[G]. O
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4.3 Grigorieff forcing

In this section we show an alternative method to obtain the weak tree property and
the tree property at double successor of a regular cardinal x. This method was first
used by Baumgartner and Laver in [BL79] for the case k = w. Kanamori generalized
this for arbitrary regular cardinal in [Kan80]. They used the Sacks forcing, taking
advantage of its fusion property. We use the Grigorieff forcing instead of the Sacks
forcing since it also has the fusion property and this property is crucial to the proofs
of Baumgartner and Laver. Therefore, the proofs based on the Grigorieff forcing are
pretty much the same as the proofs based on the Sacks forcing.

The Grigorieff forcing was first defined in [Gri71] by Grigorieff for k = w, but
the following definition is taken from [HV].

Definition 4.27. Let x be a regular cardinal and let I be a normal ideal on &

extending the nonstationary ideal on k. We define k-Grigorieff forcing G;(k,1) =
(Gi1(k,1),<) as

GI(/ﬁ,l):{ff/i—>2|Dom(f)E]}, (4.4)
where [ : k — 2 denote a partial function from x to 2. Ordering is by reverse
inclusion, i.e. for p, ¢ € Gy(k, 1), p < ¢ if and only if ¢ C p.

We show the chain condition and the closure of the Grigorieff forcing, we define
a fusion sequence and show that each fusion sequence has the lower bound. We use

these properties when dealing with the iteration of the Grigorieff forcing.
Lemma 4.28. Assume 25 = k*. Then the forcing Gy(k, 1) is kT -cc.
Proof. 1f 2 = k™, then |Gy(k, 1)| = k™. Hence Gy(k, 1) is kT -cc. O

Lemma 4.29. Let r be a regular cardinal. If o < k and (pg|f < a) is a decreasing

sequence in Gy(k, 1), then p =g, ps € Gi1(k,1). Hence G(k,1) is r-closed.

Proof. The proof is a direct consequence of our assumption about I since every

normal ideal on k extending the nonstationary ideal on s is a xk-complete ideal. [J

Definition 4.30. Let k be a regular cardinal. For a < k and p, ¢ € G(k,1) we
define
P <4 ¢ < p <qand Dom(p) N (a+ 1) = Dom(q) N (a + 1). (4.5)

We say that (p.|a < k) is a fusion sequence if for every a, pot1 <o Po and ps =

Ua<pPa for every limit 8 < k.
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Lemma 4.31. Let k be a regular cardinal. If (po|a < k) is a fusion sequence in
Gi(k,1), then the union p = U, pa is a condition in Gi(k,1) and p <, pa for

each o < K.

Proof. Tt is sufficient to show that |J
Dom(p,)) is in I*, where I* is the dual filter of I. Since I* is a normal filter,
Aa<i(k \ Dom(pgy)) is in I* and also the set {f < k|f is a limit ordinal} is in I*

since I extend the nonstationary ideal on k.

Dom(p,) is in 1, or equivalently (), ..(x \

a<k

To finish the proof, it is enough to show that

{B < k| is a limit ordinal} N A, (k \ Dom(p,)) C ﬂ (k\ Dom(p,)).  (4.6)

a<k

Let 8 € {§ < k|6 is a limit ordinal} N A,<.(k \ Dom(p,)) be given. Then for
all v < B, B ¢ Dom(p,). By the limit step of the definition of fusion sequence,
B ¢ Dom(pg). By (4.5), 8 is not in Dom(p,) for each v > . Hence S is in

Moy (k5 \ Dom(py)). O

We define an iteration of the Grigorieff forcing of length A\ with x support. The

definition of the iteration is standard. For more details see [Bau83].

Definition 4.32. Let s be a regular cardinal and A > 0 be an ordinal. Then we
define G;(k, \) by induction as follows:

(i) The forcing G(k, 1) is defined as in Definition 4.27.

(i) Gr(k,&+1) = G(k, &) * Qg, where Qg is a G;(k,&)-name for the partial order
Gy(k, 1) as defined in the extension V[G(k, )]

(iii) For limit ordinal &, G(k, €) is the inverse limit of (G(k, ()|¢ < &) if cf(§) < k

and the direct limit otherwise.

We consider Gy(k, A) as the collection of functions p such that for every £ < A,
pl&lFep(é) € Qg and |supp(p)| < k. The ordering is defined as follows: for p, ¢ in
Gi(k,A), p < q if and only if supp(p) 2 supp(q) and for every & € supp(q),p | £ IFe
p(§) < q(§).

Lemma 4.33. Let k be a regular cardinal and A > k be an inaccessible cardinal.
Then Gr(k,A) has size A and it is A\-Knaster.

Proof. This follows from Proposition 7.13 in [Cum10]. ]

The following definitions, lemmas and theorem are motivated by paper [Kan80],
where the same was made for the Sacks forcing. We define the notion of meet and
use it to show that the iteration of the Grigorieff forcing is sufficiently closed and

has the fusion property.
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Definition 4.34. Let o be an ordinal. If {ps|5 < a} C G(k, ), then the meet
P = Asco Pp is defined as follows:

supp(p) = | J supp(ps) and p [ v I p(7) = | J ps(v) for v € supp(p).  (4.7)
B<a B<a

If p [ v is not in Gy(k,) for v € supp(p) or [supp(p)| > &, then A,_, ps is left
undefined.

Lemma 4.35. If a < k and (pg|B < a) is a decreasing sequence in Gr(k, \), then
b= /\5<ap6 € Gy(k,\). Hence Gy(k, ) is k-closed.

Proof. The proof is the consequence of the Theorem 2.5 in [Bau83)]. [

Definition 4.36. Let p, ¢ € G;(k,\), X C X\ with |X| < x and o < k. Then we
define

P <xaqep<qandpl&lFpl) <aq(§) forall £ € X. (4.8)

We say that a sequence ((pel€ < k), (X¢|€ < k)) is a fusion sequence if it satisfies

the following conditions:

(1) per1 <x.epe and p; = /\£<C pe for every limit ¢ < k;

(ii) |Xe| <k and X¢ C Xeyy for every € < k;

(iil) X¢ = Ug Xe for every limit ¢ < k and [, Xe = U, supp(pe)-

Lemma 4.37. Let k be a regular cardinal and A > 0 be an ordinal. If ((ps|f < k),
(X3|B < K)) is a fusion sequence, then p = /\B<Hp5 is in Gr(kr, A).

Proof. We prove the lemma by induction on £ < A and we show that for each £ < A,
p €€ Gilk,©)

If £ =0, then p(¢) is in Gf(k, 1) by Lemma 4.31.

If £ = ¢+ 1, then we want to show that p [ Ik p(¢) € Qg. Since p [ ( <ps [ ¢
for all 8 < &, it is clear that p [ ¢ IF¢ “(pc(B)|5 < k) is a decreasing sequence in
QC”- If ¢ is not in supp(p), then we are done, since p | ¢ Ik p(¢) = 1 € QC- If
¢ € Ug,supp(pe), then by the definition of meet, we know that p [ ¢ IF p(¢) =
U5<5p5(§). Since Uz, Xpg = Uz, supp(pp), there is o < x and X, such that
¢ € X, As the sequence (Xj3|5 < k) is increasing and p [ ¢ < pg | ¢ for all
B < K, we have that p [ ¢ IF pg11(C) <p pp(¢) for all @ < f < k. By Lemma 4.31,

[ CIF Uneper Ps(€) € QC- Since p [ ¢ k¢ “(pp(Q)|f < k) is a decreasing sequence

in QC”7 p r C ”_ Ua<ﬂ<npﬂ(<—) - Uﬁ</§p,8(<-> e QC
If £ is a limit ordinal, then p | £ is completely determined by p [ (, ( < &. If

supp(p | £) is not cofinal in £, then p | £ is in Gy(k,&) since we considered just
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inverse and direct limits. Suppose that supp(p [ &) is cofinal in £. Since supp(p |

§) = Us<.(supp(ps [ £)), it must hold either that sup(supp(ps [ §)) = € for some 3
or that cf(§) < k. In both cases G;(k, ) is the inverse limit of (G;(k,()|¢ < &) and

since p [ ¢ € Gy(k,() forall <&, p | € isin Gy(k, ). O

The fusion property is used to show that x* is preserved in the extension by
G [(li, )\)

Fact 4.38. Let k be a reqular cardinal. Assume that either k is inaccessible or that
Ow holds. Then G(k, \) preserves k.

Proof. For the proof see [Kan80], where it is done for the Sacks forcing. The key of
the proof is the fusion property, so it can be modified to the Grigorieff forcing. [

We know that cardinals <k are preserved since we showed that G;(k,\) is k-
closed. In addition, if A is inaccessible, all cardinals >\ are preserved as G;(k, \)
is A-Knaster. Moreover, under additional assumptions " is preserved due to the

fusion property. Now we show that the other cardinals are collapsed.

Lemma 4.39. Let k be a reqular cardinal. Assume that either k is inaccessible or
that O holds. Let A > k be an inaccessible cardinal. Then V[Gr(k,\)] E A =rTT.

Proof. By Lemma 4.33 all cardinals p# > A are preserved by the sk-support iteration
of the Grigorieff forcing and by Fact 4.38, k™ is also preserved. Now, we show that
each cardinal &, kT < & < A, is collapsed to k™. It is enough to show this for £
regular. Let & be given. Since in each step of the iteration G;(k, &) we add at least
one set to the cardinal k, V[G;(k, &)] |E 2 > [£|. We work in V[G(k, )] and define

a complete embedding i from Add(k™*,1) to Gy(k, [£,£ + xT)). This will mean that
|€|V[G1(n,£+n+)] — xt.

We define i as follows: For p € Add(k™, 1), set i(p) = ¢ where ¢ is define by:

(i) For a =&, set
0 if 0 ¢ Dom(p);
,0) if p(0) = 0;
1

) otherwise.

(i) For a > &, set
if v ¢ Dom(p);
if p(a) = 0;

=)
—
Q
N~—
Il
N =<
¢
=<

)t
¢
~— ~—

otherwise,
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where (), 0 and 1 are canonical Gy(k, [€, @))-names for (), 0 and 1. Note that ¢ is
a condition in G (k, [¢, € + k1)), since |Dom(p)| < k.

To finish the proof, we verify that ¢ is the complete embedding, i.e. we verify the
conditions from Definition 2.30.

Ad (i). Let p < p’ be conditions in Add(x™",1). Then Dom(p’) C Dom(p), hence
supp(i(p')) € supp(i(p)). Let B be in supp(i(p')). Smcep <y, p( ) p( ).

Ad (ii). By the deﬁmtlon of 1, z( ) B I+ i(p)(B <f) 0) = i(p)(B) if p(B) =0
or i(p) [ B IF i(p = (0,1) =i(p)(¢) if p(ﬂ) . In elther case i(p) | B IF

i(p)(B) <i(pf )(ﬂ)-

Let p, p’ be conditions in Add(x™,1). We want to show that p L p’ < i(p) L i(p').
(=) Let i(p) || i(p). We show that there is r € Add(x™,1), r < p and r < p'.

If supp(i(p)) Nsupp(i(p)) = 0, then we define r as follows: Dom(r) = supp(i(p)) U

supp(i(p’)) and for o € Dom(r)

0 ifi(s)(a) = (0,0);

1 otherwise.

r(a) =

where s is either p or p’ depending on whether a € supp(i(p)) or a € supp(i(p’)).

If supp(i(p)) Nsupp(i(p’)) # O, then we can define r the same way. It follows
from the claim that if « is in supp(i(p)) N supp(i(p)), then i(p)(a) = i(p') (). If
not then i(p)(a) and i(p')(«) are incompatible.

(<) Let p || p’. Then it follows from (i) that i(p) || i(p).

Ad (iii). Let ¢ € G(k,[§,€ + £kT)). We need to find p € Add(k™, 1) such that
(Vp' < p)(i(p') || ¢). We define p as follows: Dom(p) = supp(q) and for a € Dom(p)

0 ifglal(0,0) € q(w);
1 ifglalk(0,1)€q(a)
It is easy to verify that p satisfies the desired conditions.

We know that in V[G(k,&)] | 2% > [¢] and also that there is a complete
embedding from Add(x™, 1) to G(k, [§,{+~KT)). Since Add(k™, 1) collapses 2% to k™,
in V[Gy(k,&)] also Gy(k, [€,€ + k™)) collapses 2% to kT. As a result, V[G(k, \)] E
€] = k. a

pla) =

The following theorem tells us that the iteration of the Grigorieff forcing can be
split into the two parts such that in the extension after iterating with the first part,

the second part still has the nice properties of whole iteration.

Fact 4.40. Let k be a reqular cardinal and o, 3 > 0 be ordinals. Let @](Fc,ﬁ) be
the G;(k,«)-name for Gy(k, ). Thenlto “Gi(k,[a, a4 B)) is forcing equivalent to
Gi(x,B)”.
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Proof. For the proof see [BL79], where this is done for the Sacks forcing. n

Now we have almost everything we need to prove the main theorems of this
section, the last thing we need to know is that this forcing does not add cofinal

branches to the trees that are of our interest.

Fact 4.41. Assume k is an inaccessible cardinal or k = w and let A > 0 be an or-
dinal. Then Gi(k,\) does not add cofinal branches to k™ -trees, and more generally,
if p > K is such that 2 > p, then Gj(k,\) does not add cofinal branches to the

pt-trees.
Proof. For the proof see [FHJ. O

Fact 4.42. Assume w; < k = €7, 25 = &5 and A\ > 0 is an ordinal. Then Gj(k, \)
does not add cofinal branches to k™ -trees, and more generally, if p > k is such that
25 > p, then Gy(k, \) does not add cofinal branches to the p™-trees.

Proof. For the proof see [FHJ. O

Remark 4.43. The assumption of Kk > w; in Fact 4.42 is not essential. For k = w;
we need an additional assumption ¢,,. We do not need this assumption for k£ > wy

since we assume that k = ¢+ and 2¢ = ¢F, which ensures .
Now, we are ready to prove the main theorems of this section.

Theorem 4.44. Assume GCH. Let k be a reqular cardinal. In the case of Kk = wy
assume in addition that O, holds. If there exists a Mahlo cardinal X > k, then in
the generic extension by Gr(k,\) it holds that

(i) 28 =X =k"T;
(i) kT has the weak tree property.

Proof. Ad (i). It is easy to see that 2 > A\. Now, we show that 2" < A. Since the
forcing G;(k, \) is A-cc of size A, which is inaccessible in V', 2% < X\ easily follows by
a common nice names argument. The equation A\ = ™ follows from Lemma 4.39.

Ad (ii). Let G be a Gy(k, \)-generic over V. Suppose that T' is an M-special
A = kTT-Aronszajn tree in V[G]. Let ¢ € G be such that ¢ IF“T is an M-special
rT*-Aronszajn tree”. Then for each o« < A, |T' | a| = k*. Hence we can con-
sider T | « as a subset of k™. As a subset of k™, T | « has a nice name
mo = U{{B} x Ap|B < k™ and Ag is an antichain of G;(x,\)} and it holds that
BeT | a+ (Jac As)(ac€q).

Now we show that 7' | « is in V[G¢] for some & < A, where G¢ = {p | {|p € G}.
Set X = U {supp(p)|(36 < k*)(p € Ap)}. The set X has size less than A since
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Gr(k, A) is A-cc. Take £ =sup{f < A € X}. Then T [ o € V[G¢] since 7, is also
a G(k, &)-nice name. Let T, be a G;(k, \)-name for T | a. Set

o'(a) =min {€ < A\ (Vo/ < @) Fry) (7o is Gi(k, §)-nice name and
gIF Ty = m,)} . (4.9)

Then ¢’ is defined in V' and it is easy to see that it is a continuous nondecreasing
unbounded function from A into A\. As we want to argue that ¢’ has a fixed point,
we need o’ to be increasing. Hence we define o : A — X by induction on a < \ as
follows:

If a =0 then o(a) = o'(a). If @ = 4 1 then set

cB)+1 ifo(a) <o(p);

o' () otherwise.

ola) =

If o is limit then o(«) = sup {o(5)|5 < a}.

The function ¢ is continuous and increasing, hence there is a closed unbounded
set of fixed points of 0. Moreover o still satisfies that T | a € V[Gy ()] since
o'(a) < o(a) for each a < A. As X is Mahlo in V' there is a fixed point § of o which
is inaccessible in V.

Since T'is a A-Aronszajn tree in V/[G], there is branch b of T" of length ¢ in V[G].
Now we show that b is already in V[Gs]. By Fact 4.40, the forcing G;(k, [0, A)) is
forcing equivalent to G(k, A) as defined in V[Gs]. The forcing G;(k, A) does not
add cofinal branches to d-trees. This follows from Fact 4.42 in case k is a successor
and from Fact 4.41 in case & is inaccessible. Therefore b is in V[Gy].

Since T is M-special, b is a 1-1 function from § to k*, so V[Gs] E 6 < kt. As
Gs is M(k,d)-generic over V and 0 is inaccessible in V', V[Gs] = 6 = T+, This is

a contradiction. O

The next theorem can be proved under the assumption of a weakly compact
cardinal but we use a measurable cardinal for the same reasons as in Theorem 4.26.

Theorem 4.45. Assume GCH. Let k be a reqular cardinal. If there exists a mea-

surable cardinal \ > k, then in the generic extension by Gr(k, \) it holds that
(i) 28 =X =kr"T;
(1) kT has the tree property.

Proof. Ad (i). It is easy to see that 2 > A. Now, we show that 2% < A. Since the
forcing G;(k, \) is A-cc of size A, which is inaccessible in V', 2% < \ easily follows by

a common nice names argument. The equation A\ = k™ follows from Lemma 4.39.
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Ad (ii). Let G be a G;(k, \)-generic over V. Since A is measurable in V| there is
an elementary embedding j : V — M with critical point A and *M C M, where M
is a transitive model of ZFC.

In M, the forcing j(G;(k,\)) is the iteration of G;(k,1) of length j(\) with
k-support by the elementarity of j. The forcing G;(x,j(A\))M is forcing equivalent
to Gr(r, )M x Gk, [N, 5(N)). As j is identity below X, G;(k, )" = G(k, )M, for
a < X and since we take direct limit at A\, G;(k, \)V = G;(k, \)M. Hence G is also
G1(k, \)M-generic over M.

Since the partial order Gy(k, [\, j(A))) is definable in M[G], it is definable in
VI[G]. Let H be G(k, [\, j(N)))-generic over V[G], then H is G;(k, [\, j(\)))-generic
over M[G] since M[G] C V[G].

Work in V[G][H]. By Lemma 2.3, we can lift j to j* : V|G| — M[G][H]. Assume
T is a A-tree in V[G]. We show that T has a cofinal branch in V[G]. We can consider
T as a subset of A, so T" has a nice name 7" in V. Since |T| < A and *M C M, T'is in
M. Hence T € M|G]. By elementarity of j*, j*(7T') is a j*(\)-tree in M[G][H] and
since j* is the identity below A, j*(T') | A =T. As T'is j*(\)-tree in M[G][H], it has
branch b of length X in M[G][H]. By Fact 4.40, the forcing G;(k, [\, j()))) is forcing
equivalent to Gy(k, j(\)) as defined in M[G]. The forcing G;(k, j(\)) does not add
cofinal branches to A-trees. This follows from Fact 4.42 in case k is a successor and
from Fact 4.41 in case k is inaccesible. Therefore b is in M[G], hence in V[G]. O
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5 The Tree Property at More Cardinals

In the previous chapter we showed that the weak tree and the tree property can
hold at double successor of a regular cardinal. Therefore, it is quite natural to
ask whether the weak tree property or the tree property can hold at two or even
more cardinals at the same time. Assuming two weakly compact cardinals or two
Mabhlo cardinals, it is not hard to generalize the methods of Section 4.2 to obtain
a model where for instance 2 = 2“1 = w, and 2*2 = 2“3 = w, and both cardinals
wy and wy has the tree property or the weak tree property, respectively. However
the naive approach fails if one assumes two weakly compact cardinals and tries to
force the tree property at two successive cardinals. Magidor showed that this is not
just a technical problem, he showed that the assumption of the tree property at two
successive cardinals implies that there exists a model with a measurable cardinal (see
[Abr83]). On the other hand, in the case of the weak tree property the assumption
of two Mahlo cardinals is sufficient.

The results presented in this chapter are implicit in [Mit72].

5.1 The Weak Tree Property

Here, we focus on the weak tree property. We show that the weak tree property
can hold at two successive cardinals under the assumption of two Mahlo cardinals.
Then we extend this result to w-many successive cardinals under the assumption of
w-many Mahlo cardinals. Before we get to the proofs, we show the generalization
of the Mitchell forcing.

Throughout this section we assume that k, £, A are regular cardinals and x <
E< A

The following definition can be found in [Ung].

Definition 5.1. The forcing M(k, &, ) is defined as follows: for an ordinal «, § <
a < A, let Q(«) be an Add(k, a)-name for the partially ordered set Add(x™,1).
The forcing M(k, &, A) is the collection of pairs (p,q) such that p € Add(k, \)
and ¢ is a function of cardinality less than & such that if & € Dom(g) then £ < o < A
and () [FAdd(8) “4(q) € Q(a)”.
The M(x, &, A) is ordered by (p, q) < (', ¢’) if and only if p <aqgq(s,n) 2/, Dom(q’) C
Dom(q) and for all a € Dom(q’) p [ a IF ¢'(«v) C q(«).

Remark 5.2. Note that the Mitchell forcing M(x, A) defined in Chapter 4 is equal
to M(k, &, A) for & = k™.

The following lemmas, corollaries and definition are direct and obvious general-
izations of lemmas, corollaries and definition in Section 4.2. Therefore we skip the

proofs.
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Lemma 5.3. M(k, &, \) is k-closed.
Lemma 5.4. Let A be an inaccessible cardinal. Then M(k, &, \) is A\-Knaster.

Definition 5.5. We define Q = (Q(k,&, ), <qren), as follows: Q(k,§,\) =
{(@, Q)K@? Q) S M(’ia 57 )‘)} and the ordering SQISM(K7§,>\) f Q(’ia 57 )‘)

Lemma 5.6. Q is £-closed.

Lemma 5.7. Let 7 : Add(k,\) x Q be a function such that w((p,(D,q))) = (p,q).

Then m is a projection.
Lemma 5.8. There is projection 7 : M(k, &, ) — Add(k, \).

Lemma 5.9. Assume k<% = k. Then all set of ordinals in V|M(k, &, N)] of cardi-
nality less than & are in V[Add(k, \)].

Lemma 5.10. Assume k<" = k. Then & remains a cardinal in M(k, &, \).
Lemma 5.11. Let X\ be an inaccessible cardinal. Then in VM(k, &, )], 27 = .

Lemma 5.12. Let o be an ordinal, ¢ < pu < M. Then there is a projection m :
Mi(, &, A) = Mi(~, &, ).

Lemma 5.13. Assume k<" = k. Let \ be an inaccessible cardinal. Then A = &1 in

VIM(k, &, A)]-

Corollary 5.14. Assume k<" = k. The forcing Q collapses cardinals between & and
A to €.

Lemma 5.15. Forall u, & < p < A, in VIM(k, &, p)] the forcing M(k, &, X)/M(k, &, i)
is a projection of Add(k,[p,\)) X Q*, where Q* is &-closed.

Remark 5.16. Recall we assume k < £ < X are regular cardinals. If X is a weakly
compact or Mahlo cardinal, then M(x, &, \) forces that 25 = A = £* and that the
tree property or the weak tree property holds at A. The first follows immediately
from the previous lemmas and the second from the fact that the proofs of Theorem
4.26 and Theorem 4.24 remain correct if we substitute k™ by a regular cardinal £

between x and \ as these are the only two properties of k™ we used in the proofs.

As we showed above, M(x,&, A) has the nice property that each sequence of
ordinals of length less than £ added by M(k, &, \) is already added by Add(x, A).
For the proof we used the chain condition of Add(k,A) in the ground model. As
we want to force the weak tree property at more cardinals, we need to consider the
product of Mitchell forcings. The following lemma tells us what we need to preserve

this property in products.
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Lemma 5.17. Assume k<% = k. Let R be a forcing notion. If R is £-Knaster, all
sets of ordinals in VIR xM(k, &, N)] of cardinality less than & are in VR x Add(k, \)].

Proof. By Lemma 5.7, there is a projection from Add(x, A) x Q to M(k, &, A), where
Q is &-closed. Hence V[R x M(k,&,\)] € V[R x Add(k, A) x Q], so it suffices to
show that all sets of ordinals in VR x Add(k, A) x Q] of cardinality less than £ are
in V[R x Add(k,\)]. As we assume k<" = g, the forcing Add(k, A) is k*-Knaster
and as £ > k7, it is &-cc. Since R is &-Knaster, R x Add(k, ) is &-cc. Hence, by
Easton’s Lemma, Q is ¢-distributive in V[R x Add(k, A)], i.e. Q does not add any
new sequences of ordinals of length less than . Therefore each sequence of ordinals
in VIR x Add(k, ) x Q] of length less than ¢ is already in V[R x Add(k,A)]. O

Before we present the main proofs, let us explain the motivation for using the
forcing M(k, &, A). The naive approach to obtain a model with the weak tree property
at two successive cardinals would be to use the forcing M(k, Ag) x M(kt,\;) =
M(k, kT, Xg) X M(kT, kT, A1), where \g and \; are Mahlo cardinals such that A\; >
Ao > k. However, due to the reasons described below, this is not a good approach.
Therefore we use M(x, k™, \g) X M[(kT, A\g, A1). This forcing is more suitable to force
the weak tree property at k™" and k7T at the same time since M(k*, \g, A1) is
a projection of Add(k™, A1) x Qy, where Q; is Ag-closed. This means that we can
work in V[Q] since ) is still Mahlo here and M(k, k%, \g)" = M(k, 5T, Ao)V @l If
we try to force with the first forcing, the forcing M(x™, k™", A1) is a projection of
Add(kT, A1) x Qf, where Q] is just KT t-closed, so we do not know how to continue.
The situation where we use that Q; is Ag-closed appears more than once in the proof.
In addition, note that in V[M(k, kT, Ag)], we need to collapse cardinals only above \g

since all cardinals between 1 and \g have already been collapsed by M(x, kT, \g).

Lemma 5.18. Assume GCH. Let k be a reqular cardinal and let \y > N\g > K

be inaccessible cardinals. Then each cardinal & < k or & > A\ is preserved by

M(k, kT, Xg) X M(KT, Ng, A\1). Moreover, k™ and A\ are preserved.

Proof. Let £ < k. Then & is preserved since M(k, k1, \g) x M(kT, Ao, A1) is k-
closed. Let & > A\;. Since M((kT, A\, A1) is A-Knaster and M(k, k1, \g) is Ap-Knaster,
M(k, kT, Xg) X M(kT, Ao, A1) 18 Aj-cc, so & is preserved.

Now, we show that k™ is preserved by M(k, k1, A\g) x Ml(kT, A\g, A1). Since there is
a projection from M(k, k1, A\g) to Add(k, Ag) X Qp, where Qy is kT-closed, it suffices
to show that x* is preserved by Add(k, Ag) X Qo X M(k1, Ao, A1). As Add(k, o) is
kT-Knaster, kT is still a cardinal in V[Add(k, A\o)] and by Easton’s Lemma Qg x
M(x™, Ao, A1) is kT -distributive in V[Add(k, Ag)]. Therefore ™ remains a cardinal
in V[Add(k, A\o)][Qo x M(xT, Ao, A1)].
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Now, we verify that \g is preserved by M(x, k™, \g) X M(kT, A\g, A1). Since there
is a projection from M(xkT, A\g, A1) to Add(k™, A1) X Qy, where Q; is A\g-closed, it
is enough to show that A\ is preserved by M(k, kt, \g) X Add(kT, A1) x Q;. In
V[Q1], Ao is a cardinal since Qy is Ag-closed and by Easton’s Lemma, M(x, k™, A\g) X
Add(k™, Ay) is Ag-cc. Therefore \g is a cardinal in V[Q1]|[M(k, kT, Ag) x Add (K™, A1)].

]

Now, we have proved everything we need to prove the main theorems of this
section. Both Theorems 5.19 and 5.22 are implicit in Mitchell’s paper [Mit72], but

we use a construction due to Unger from [Ung].

Theorem 5.19. Assume GCH. Let k be a reqular cardinal. If there exist Mahlo
cardinals Ay > Ao > K, then in the generic extension by M(k, k™, Ag) x MI(k™, Ao, A1)
it holds that

(i) 26 =X = KTT and 277 = A\ = k1
(i) kT and k1 have the weak tree property.

Proof. Ad (i). 2® > )¢ holds because there is a projection from M(k, kT, \g) to
Add(k, \g). Now, we show that 2% < \Ag. Since M(k™, A\g, A1) is kT -closed, each
sequence of ordinals of length less than < is in V[M(k, 1, Ag)] and by Lemma 5.9,
it is in V[Add(k, A)]. Since this forcing is k*-cc of size A\g, which is inaccessible in
V, 2% < )¢ easily follows by a common nice names argument.

The proof of 25" = ), is similar to the proof before. 25 > A, follows from the
fact that there is a projection from M(x™, \g, A1) to Add(x™, \;). Now, we show
that 2" < A;. Since Mi(k, kT, Ag) is Ao-Knaster, we can use Lemma 5.17 and since
kT < Ao, each sequence of length < T is in V[M(k, k", A\g) x Add(kT, A\1)]. As
M(k, kT, Xg) x Add(kt, A1) is Ag-cc and it has size A;, which is inaccessible in V,
25" < )\, easily follows by a common nice names argument.

The equalities k™" = A\g and 7T = \; follow from Lemma 5.13 and Lemma
5.18.

Ad (ii). We show that a) ™+ has the weak tree property and b) x*** has the
weak tree property.

Ad a) Assume for contradiction that M(k, k*, Ag) X M(kT, X\g, A1) adds an M-
special k7T = A\g-Aronszajn tree T. By Lemma 5.7, T is also added by Ml(k, k1, \g) X
Add(k™, A1) x Qq, where Q is Ag-closed. Let Gy x Hy x Hj be M(k,kt,\g) X
Add(k™, A1) x Qq-generic over V.

Consider W = V[H]]. Since Q; is Ag-closed in V and \g > ™+, Add(xk™, \1) is
still kT -Knaster and x*-closed. In addition, V3, = W),. As V,, = W), and condi-
tions in Mi(x, kT, \g) are bounded in Vy,, M(x, k7, X\g)V = M(k, kT, A\o)"V'. Moreover,

Ao is Mahlo in W because \p-closed forcings preserve stationary sets in .
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As in Theorem 4.24, we can define in W a continuous increasing function o
from Ag into Ao such that T | a € W[GSY)[H?™), where G is equal to
{(p T ola),q 1 o(@)|(p,q) €Go} and H'™ is equal to {p [ o(a)lp € Hi}. As Ag
is Mahlo in W there is a fixed point ¢ of o which is inaccessible in W.

In final extension W[Gy x H;l, § is collapsed to kT, so T' | ¢ has a branch b of
length 6. Now, we show that b is in W[GJ x H?]. We do this by showing that the
forcing with M(k, ™, Ao)/M(rk, kT, 9) x Add(x*, [6, \1)) over W |G x H{] could not
add branch b. It is important to note that the forcing M(k, k™, N\g) /M(k, kT, ) is
defined in W[GY] and the forcing Add(x*,[d, \;)) is defined in W[H?].

In W[GS x HY], 6 = ¥ and 2 > § since G is M(k, k", d)-generic over
W and M(k,k",0) x Add(k*,0) is d-cc. As 6 = s+, T | § is an M-special -
Aronszajn tree. By Lemma 4.23, there is a projection from Add(k, [0, Ag)) x Qf to
M(k, k%, \o)/M(k, kT, 8), where Qj is k*-closed. Since b € W[Go|[H,], b € W[G x
HI[H™ x Fy x By, where H™ x Fy x Fy is (Add(k7T, [5, 1)) x Add(x, [8, Ao)) x Qf)-
generic over W[G? x H?]. We reorganize the forcing as follows: W/[GS x HO][HI™
Fy x Fyl.

First note that Add(x*, [§, \1)) is x*-distributive and d-cc over W[GJ][H{]. The
forcing Add(k™,[6, A1) is defined in W[H?]. Now in W[H?], Add(k™,[d, \1)) is 6-
Knaster since o<+ < § for all & < §, so we can use the A-system argument. Since
M(k, kT, 0) is d-cc over W[HY], the forcing Add(x*, [, \1)) is d-cc over W[G] x
H?]. Now, we focus on the distributivity. The forcing Add(x*,[6, A1)) is x*-closed
in W[H?]. Since there is a projection from Add(k,d) x Qp to M(k,x*, ), where
Qo is kT -closed, it is enough to show that Add(x™,[d, A\;)) is xT-distributive over
W[Add(k,6) x Q x H?]. Since the forcing Add(k™,d) is kT-closed in W, Qq is x*-
closed in W[H?] and so Add(k™,[d, 1)) is xF-closed in W[H? x Qo). By Easton’s
Lemma, Add(x,d) is x*-cc in W[H? x Qo] and therefore again by Easton’s Lemma
Add(x*,[6, \1)) is xt-distributive in W[Add(k, d) x Qo x H?] and so in W[G§ x H?).
Since in WGy x H?] § = k™, the forcing Add(x*, [§, A1) preserves cardinals over
WI[GY x H?] and by Lemma 4.7 this means that it can not add a cofinal branch to
an M-special Aronszajn tree. Therefore it does not add the branch b to T [ 9.

Now, we show that the forcing Qj is x*-closed in W[GY x HY] [HP’)‘I)]. The
forcing Qf is defined in W[GJ] and by Lemma 5.15 it is x*-closed in WI[GY).
First note that Add(x™,d) * Add(x™, [0, A\1)) is forcing equivalent to Add(x™, A\;).
Next we show it is x'-distributive in W[GS]. Since there is a projection from
Add(k, \o) xQq to M(k, kT, 0), it suffices to show that Add(k™, \;) is kT-distributive
in W[Add(k, \g) X Qo]. As Add(k™, A1) and Qg are k™-closed in W, Add(x™, A1) is
kT-closed in W[Qp]. By Easton’s Lemma, Add(k, Ag) is kT-cc in W[Qp]. Again by
Easton’s Lemma, Add(x™, A1) is kT-distributive in W[Add(k, \g) x Qo). Now, we

X
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know that Add(x*, \;) is x*-distributive and Qj is x*-closed in W[GJ], hence Q} is
kt-closed in W[GS x HI[H™]. In W[GS x HI[HP™], § = k*+ and 2% > § since
Add(x*, [0, \;) preserves cardinals over W[GS x H?]. Hence we can apply Lemma
4.4, so b can not be added by Q.

In W[Gx H?] [H{é”\l) x Fy], note that Add(k, [0, A\g)) is kT-Knaster since k<% = k.
In W[GS x HY|[HP™ x Fy)[F], § is collapsed to £+ and since Add(k, [§, Ag)) is K-
Knaster in W[GS][H?] [H{é”\l) X Fy], ¢ has to be collapsed already in the extension
WIGS[H?] [HP™ x Fy]. Let T/ = (T §) | A, where A is cofinal subset of § of size
k7. Then T" has height 7 and by Lemma 4.1, Add(k, [0, A¢)) does not add cofinal
branches to the tree T”, hence it does not add cofinal branches to the tree T' | 4.

We showed that in W[Gy x Hy] T | § has a cofinal branch b and that the
intermediate forcings could not add this branch. That means that b is already in
W[GS x HY]. This is a contradiction since T’ | § is an Aronszajn tree in W[G§ x H?).

Ad b) Now we verify that x™** has the weak tree property. Assume for contra-
diction that M(k, k*, Ag) x M(kT, A\g, A1) adds an M-special KT+ = A\j-tree T. Let
Go x G1 be M(k, k1, \g) x M(kT, A9, A1 )-generic over V.

As in Theorem 4.24, we can define in V' a continuous unbounded function o
from A; into A such that T | o € W[GS™ x G7), where G and G5 are the
corresponding restrictions of the generic filters Gy and G;. Let ¢ be an inaccessible
fixed point of ¢ such that \g < < Ay in V.

In V[Gy x Gy], ¢ is collapsed to k™" and so T' | § has a branch b of length §.
Note that since § > g, G = Gy. Now, we show that b is in V[Gy x G¢]. We do
this by showing that the forcing M(k™*, Ag, A1) /M(kT, Ao, d) could not add branch b.
The forcing M(x*, Mg, \1)/M(k™T, Xg, §) is defined in V[GY].

In V|G x GY], § = k*++ and 2¢° > § since G¢ is M(kT, Ao, §)-generic over V
and M(k, k1, \g) X M(kT, X\g,0) is 0-cc in V. As § = kT, T | 0 is an M-special
d-Aronszajn tree. By Lemma 4.23, there is a projection from Add(x™, [§, \1)) X QF to
M(x™, Ao, A1) /M(KT, A, 0), where QF is Ag-closed. Since b € V[Gyx G1], b € V[Gy %
GY][F) x F3], where [} x Fy is Add(x*,[6, A1) x Q%)-generic over V[Gy x G x HY).
We reorganize the forcing as follows: V[Gy x G3][Fy x Fy].

Now we show that the forcing Qi x Add(k™, [0, A1)) can not add branch b to the
tree T' | 4.

Work in V[GY]. Now, we show that the forcing M(k, k', \g) is Ag-cc in V[GY].
The forcing M(k™, \g, ) is a projection of Add(k™,d) x Q, where Q; is Ag-closed.
Hence it is enough to show that M(k, k™, Ag) is Ag-cc in V[Q; x Add(k™,d)]. The
forcing Q; is Ag-closed, hence V), = V[Q1],,. Since the conditions of M(k, kT, o)
are bounded in Vi, M(x, 7, X\g)¥V = M(k, T, Xg)V@) and therefore it is Ag-Knaster
in V[Qi]. As kT < A, Add(k™,0) is still k™" -cc in V[Qy]. Hence Add(k™,d) x
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M(k, kT, Ag) is Ag-cc in V[Qy] and so M(k, kT, Ag) is Ag-cc in V[Q; x Add(kT,d)].
Hence it is A\g-cc in V[GS).

The forcing Q} is defined V[G4] and it is Ag-closed in V[GS]. Since G¢ is
M(k™, Mg, §)-generic, 27" > § and § = A¢. Therefore we can apply Lemma 4.6
with V[GY] as the ground model. Hence Q} can not add the branch b to T' | § over
VIGE]Go] = VIGo x G

Next we show that Add(k™,[d, 1)) is Ao-cc in V[Gy x G4][Fy]. The forcing
Add(x*, [0, \1)) is defined in V[GS], where for each a < Ay, a® < A\g and so by A-
system argument, the forcing Add(x*, [5, A;)) is Ap-Knaster in V[G2]. In fact notice
that Q7 does not add any new sequences of ordinals of length less than Ay, so the
same A-system argument shows thatAdd(x™,[d, \;)) is Ao-Knaster in V[GS][Fy]. As
we showed above, M(k, k', \g) is Ag-cc in V[GY]. Therefore, by Easton’s Lemma, it
is Ag-cc in V[GS][F,]. Hence the forcing M(k, s, \g) x Add(k™,[5, A1) is Ag-cc in
V[GS][F»] and therefore Add(x*, [0, \1)) is Ao-cc in V[GY][F3][Go] = V[Go x GI][F).
Since Add(x™, [0, A1) x Add(x™, [0, A1)) is forcing equivalent to Add(k™, [0, \1)),
Add(k*, [0, A1) x Add(k™,[5,\1)) is Ag-cc in V[Gy x GS][Fz]. The cardinal ¢ is
collapsed to the A in V[Gy x G3][Fy]. Therefore § is an ordinal of cofinality g in
V[Go x G§][Fy). Let T" = (T | §) | A, where A is a cofinal subset of § of size A\g. By
Lemma 4.2, Add(k™, [0, A\1)) does not add cofinal branches to the tree 7", hence it
could not add the branch b to the tree T" [ 4.

We showed that in V|G x G1] T | 0 has a cofinal branch b and that the interme-
diate forcings could not add this branch. That means that b is already in V[Go x G¢].

This is a contradiction since T' | § is an Aronszajn tree in V[Gy x GY]. O

Remark 5.20. Note that the same method can not be applied to obtain the tree
property at two successive cardinals. Here we made use of the fact that x-closed
forcings do not destroy Mahlo cardinal x. This does not hold for weakly compact
cardinal since even Add(k, 1) may destroy the weak compactness of k.

Note also that this construction can not be used for the Grigorieff forcing since it
uses specific properties of the generalized Mitchell forcing, especially the projection

to a product where one factor is highly closed.

Now, we extend the result of the previous theorem to w-many successive cardi-
nals. We start our construction with w and we show that the weak tree property can
hold at every w,, for n such that 1 < n < w, under the assumption of w-many Mahlo
cardinals. However, a straightforward modification of the construction allows us to
start at arbitrary regular s instead of w and force the weak tree property at every
k1", for n such that, 1 < n < w, under the assumption of w-many Mahlo cardinals

above k.
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Lemma 5.21. Suppose that GCH holds. Denote \y = w and \y = wy. Assume
that there exists an increasing sequence of inaccessible cardinals (\,|1 < n < w) with
the supremum X. Let [, _,
MMy, Apt1, Apte) for n < w. Then for each n it holds that A\, is preserved by

[L.,.. M. Moreover each cardinal § > X is preserved.

M, denote the full support product of forcings M,, =

Proof. We do not need to show that \g is preserved since \yg = w. Let n < w be given.
We show that A, is preserved. Note that [],_, M is Apyi-ccin V and [],.,, M is
Anii1-closed in V. By Lemma 5.15, there is a projection from Add(A,, A\i2) X Qp
to M,,. Hence it is enough to show that A, is preserved by P; x Py, where Py =
[L.,, M; x Add(An, Apg2) and Py = Q,, x [],-,, Mi;. Since the forcing Py is A,41-cc,
Ans1 remains a cardinal in V[P;]. By Easton’s Lemma Py is A, q-distributive in
V[Py], so Py x Py preserves A, ;1 as a cardinal.

The cardinal A is preserved since it is the supremum of (\,|n < w) and by the
previous paragraph, each )\, is preserved.

The claim that each cardinal & > X is preserved follows from the fact that
[1,<. M, is AT-cc since it has size \. O

Theorem 5.22. Suppose GCH holds. Denote \y = w and \y = wy,. Assume
that there exists an increasing sequence of inaccessible cardinals (\,|1 < n < w) with
the supremum A. Let []
M(Any Mgty Ansa) for n < w. Then in the generic extension by []
n < w it holds that

M,, denote the full support product of forcings M,, =
M,, for each

n<w

n<w

(i) 2% = A\pyp = Mol = Wt and A = Ry;
(11) Ani2 has the weak tree property.

Proof. Ad (i). Let n < w be given. The inequality 2*» > ), follows from the fact
that there is projection from M, to Add(\,, \,42). Now, we show that 2* <\, ».
Since Hi>n M; is A,y1 closed, each sequence of ordinals of length less than A, q
is in [[,.,M;. As M,,_y is A,41-Knaster and for each ¢ < n — 1 the size of M
is less than Anits 11
that each sequence of length less than A, 41 is in V[[]

M is A\,i11-Knaster and we can use Lemma 5.17 to obtain
ion M X Add(Ay, Any2)]. Since
[Lic,, Ml x Add(An, Apgz) is Apqq-ce and it has size A, 12, which is inaccessible in V/,

2 <\, .5 easily follows by a common nice names argument.

<n

The equalities A4 = A, = wpio and A = R, follow from Lemma 5.21 and
Lemma 5.13.

Ad (ii). For contradiction assume that the forcing [], _ M, adds an M-special
Anio-Aronszajn tree T. Then T is added by ]
is A\pis-closed. As T is A\, yo-tree and []

i<ny2 Ml since the forcing | P P

i<ntl M; is A,i3-Knaster, as we showed
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above, we can use Lemma 5.17 to obtain that 7' is already added by [],., .4 M; x
Add(An42, A\nra). By Lemma 5.7, there is a projection from Add()\H; Antg) X
Qn41 to M, 41, where Q41 is Ayyo-closed. Hence T is also added by [[,.,, M; x
Add(Ans1; Anss) X Quat X Add(Ayya, Ana). Let Gip X Gy x HL,y x H2, | X Hppo
be a [[,., M; x Add(A 41, Ants) X Quir X Add(Ayp2, Apya)-generic filter over V.

Consider W = VIH?,, X Hpyo]. Since Qui1 X Add(My2, Apta) 18 Apio-closed
in V and Apyo > Apg1, Add(Apg1, Anys) s still A, -Knaster and A, 41-closed in V.
In addition Vy,,, = Wx,,. As Vy,,, = Wi, and Ao > Ay, (I, My)Y =
(e M™Y. As Vi, = Wi

MY = M. Moreover, \,;» is still Mahlo, because \,;o-closed forcings preserve

and the conditions of M, are bounded in V)

n+2 n+27

stationary sets in A\, o.
As in Theorem 4.24, we can define in W a continuous unbounded function o
from A, ;2 into A, 4o such that T | o € W[G;((Z) x GI@ (H}ZH)"(O‘)], where Gg?,

G2 and (HL,1)7@ are the corresponding restrictions of the generic filters Gy,
G, and H}!
in W.

Work in W[Gic, x G, x H,,]. The cardinal § is collapsed to A,41 and so
T | 0 has a branch b of length §. Note that since 6 > A\, Gf<n = Gicpn. Now,
we show that b is in W[Gic, X G x (H!,,)’]. We do this by showing that the
forcing M,,/M(Ay,, Ani1,9) X Add(N,41, [0, Anys)) could not add the branch b. Tt is
important to note that the forcing M, /M(\,, Ay11,0) is defined in W[GS] and the
forcing Add(Ay 41, [0, Anys)) is defined in W[(H},)?].
In W[Giep, x G x (HY,)°], § = Af,; and 27 > § since G2 is M(A,, Api1, 6)-
generic filter and T],_, M; x M(X\,, Any1, 0) X Add(Apg1,6) is d-ccin W. Asd = A7, |,
T | ¢ is M-special -Aronszajn tree.

By Lemma 4.23, there is a projection from the product Add(\,, [§, \ni2)) X QF
to M, /M(A,, Avy1,d), where Q7 is A4 q-closed. Since b € W[Gic,, x G, X H}} 4],
b€ WI[Gicn X G2 x (HE 1)°)[(HL, )0A+3) x FL x F2], where (H} ;)P x Bl x F2 is
(Add(Ap11, [0, Anga)) X Add(An, [6, M) X Q2 )-generic over W [Gicn X GO x (H,1)?].
We reorganize the forcing as follows: W[Gic, xG% x (H} )| [(H},)PA+3) x F2x F1].

Now, we show that Add (A, 41, [0, Ant3)) is A\py1-distributive and 6-cc in W[G; <, X
G% x (H},,)°]. First, we focus on the distributivity. The forcing [,_,, M is Api1-
cc and the forcing Add(A,41,9) is Ayyi-closed in W. In addition, by Lemma 5.7,
there is a projection from Add(\,,d0) x Q, to M(A,, A\ys1,d), where Q,, is Ayy1-
closed. Hence it suffices to show that Add(A,11, [0, Ants)) is Apy1-distributive in
WIAdd(Ap41,0) x Q, x [, M x Add(A,, §)].

Since Add(A,11,9) X Q, and Add(N\,41, [0, Anss)) are both A, 4 i-closed in W,
Add(An+1, [0, Angs)) is Apqi-closed in W[Add(Apq1,0) X Q). As J],_,, M is A yq-cc

4+1- Let 0 be an inaccessible fixed point of o such that A\, <6 < Ayp0
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and Add(A,,0) is Apqi-Knaster in W, T],_, M; x Add(A,,d) is Apqq-cc in W. By
Easton’s Lemma [ [, _,, M; x Add(\,, §) is Apqq-ccin W[Add(An41,0) x Q). Again, by
Easton’s Lemma, Add(A,11, [0, Ant3)) 18 Apyp-distributive in W[Add(\,41, ) X Q,, X
[T,-,, M x Add(\,, §)]. Therefore it is A,,11-distributive in W|[Gic, x G x (H})°].

Next we focus on the chain condition of the forcing Add(A,41, [6, Ant3)). The
forcing Add(A41, [0, \nya)) is defined in W[(H}.;)°] and by A-system argument
it is 0-Knaster in W[(H},,)°]. The forcing [],_, M; x M(X,, Apt1,0) is d-cc and
the forcing Add(A,41,0) is d-Knaster in W, so [[,_, M x M(A,, Apy1,9) is d-cc in
W[(H},1)°]. Therefore Add(Ay1, [6, Anss)) is 6-cc in W[Giep x GS x (HY, 1)°]. Now,
we know that Add(A\,;1, [0, A\ny3)) is Apyi-distributive and d-cc in W[Giop, x GO x
(H!.;)%]. Since 6 = AL, in W[Gic,, x G% x (H},1)°], the forcing Add(Ay41, [0, Adnt3))
preserves cardinals over W |G, x G2 x (H!,,)°]. By Lemma 4.7 it can not add the
branch b to the M-special tree T [ § .

Now work in W[G x (H},)°|[(HL )P+ = W,. We show that [],_, M,
is Apt1-cc in Wy and that the forcing QF is A,4i-closed in Wy. First note that
Add(Apy1,0)*Add(N,y1, [0, Anys)) is forcing equivalent to Add (N, 41, Anrs). We want
to show that the forcing Add(A,y41, Anys) is Anyi-distributive in W[G¢]. However,
this easily follows from the fact that it is \,;1-closed in W and from the fact that
M(An, Ant1,9) is a projection of a A,4i-closed and a \,41-cc forcing.

Next we verify that QF is A,ii-closed in Wy. As Add(Ani1, Auys) 1S Angi-
distributive and Q is A\, ;1-closed in W[G?], Q7 is \,41-closed in Wj.

Now, we focus on the chain condition of [, <n M; in Wy. The forcing IL on M i8
Ant1-cc in W. Since there is a projection from Q,, x Add(\,, Ap12) to M( A, Aps1, 6),
it suffices to show that [, , M; is A,41-cc in the extension W[Q, x Add (A, Apy2) X
(HL, )N[(HL, )PA+9)]. As the forcing Add(Ays1, Anta) X @y, is Ay y1-closed in W, by
Easton’s Lemma the forcing [],_, M; is A\pqq-cc in W[Add(An41, Angs) X Q). Now
note that we can use A-system Lemma in W[Add(A,11, Anys) X Q,] and show that
Add(An, Anr2) is Appi-Knaster in W[Add(A,11, Ass) X Q. Therefore [],_, M is
Ant1-cc in W[AdA(A,11, Aas) X @, x Add(A,, A\pyo)] and so in Wy

Now, we have almost everything to conclude that Q) does not add branch b
to T' | 6 over Wo[G.p). In WG x (HL,,)°], 6 = Af,, and 2* > § since G, is
M(An, Ant1, d)-generic and the forcing M(A,, Api1,d) X Add(N,41,0) is d-cc. Since
the forcing Add(A,41, [0, \nt3)) preserves cardinals over W[GS x (HL,,)°], 6 = Af 4
and 2 > 6 in Wy. As ],
in Wy, the assumptions of Lemma 4.6 are satisfied and so Q) does not add branch
bto T | §over Wo[Gepn] = WIGS x (HL )0 [(H},)PA)[Go,] = W([Gicn x GS %
(Hy ) [(Hpy iy )OA9)].

Let Wy = W[Gicn X GS x (HL, ))[(HL, )P ) x F2]. Now, we show that the

<n

M is A, y1-cc in Wy and the forcing Q7 is \,41-closed
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forcing Add(\,, [0, Ant2)) is Apt1-cc in Wi, Since in Wy it holds for each o < A\,44
that a<* < \,;1, the forcing Add(\,, [0, Any2)) is Apy1-Knaster in Wy. In fact
notice that QF does not add any new sequences of ordinals of length less than A, 41,
so the same A-system argument shows that Add(\,, [0, \i2)) is Any1-Knaster in
Wo[F,]. As we showed above, the forcing [],_, M; is A,41-cc in Wy. By Easton’s
Lemma, it is A, 1-cc in Wy[F?]. Hence the forcing Add(\,, [, Any2)) is Apyi-cc in
WolF2][Gicn] = W(Gicn X G5 x (L, VI[(HL ) 54) x F2).

Now, we show that Add(A,, [, A\ns2)) could not add the branch b over W;. As
Add(A,, [0, \nse)) X Add(Ay, [0, Auso)) is forcing equivalent to Add(A,, [0, Adpio)), it
is also A,y1-cc in Wi. In Wi, note that the cardinal ¢ is collapsed to \,.; since
it is collapsed in Wi[Fi], but Add(A,, [0, Ani2)) is Any1-cc over Wi. Therefore §
has to be collapsed in W;. Hence § is an ordinal with a cofinal subset of size
Ant1. Let T = (T | 6) | A, where A is a cofinal subset of § of size A\,11. As
Add (A, [0, Ant2)) X Add(Ap, [0, Ans2)) 18 Apgi-ce, by Lemma 4.2, Add(\,, [, \ni2))
does not add cofinal branches to the tree 7", hence it could not add the branch b to
the tree T [ 0.

We showed that in W[Gic, X G, x H, ;] T | § has a cofinal branch b and that
the intermediate forcings could not add this branch. That means that b is already

in WG, x G% x (H}.;)°]. This is a contradiction since T | § is an Aronszajn tree
in W[G, x G5 x (H}.1)°]. O

5.2 The Tree Property

While the consistency of the weak tree property at two successive cardinals is prov-
able from the assumption of two Mahlo cardinals, the consistency of the tree property
at two successive cardinals is not provable from two weakly compact cardinals by
the result of Magidor (see [Abr83]). However, this assumption is enough to show the
consistency of the tree property at two non-successive cardinals. Here, we present
the result that the tree property can hold at two non-successive cardinals and then
we generalize this for w-many non-successive cardinals.

We use the assumption of measurable cardinals. This assumption can be weaken
to an existence of weakly compact cardinals but the proof would be more technical
and the technicalities could obscure the main ideas of the proofs.

Before we present the proof of the consistency of the tree property at two
non-successive cardinals, let us examine the naive attempt. Let Ay > Ay be two
weakly compact cardinals or in our case two measurable cardinals. Try to force
with M(w, A\g) X M(Ao, A1). Then it is fairly easy to see that in the final extension
2¢ = 2% = wy and 2*? = 2*3 = w, and that each ws-tree is already added by
M(w, Ag) x Add(Ag, 1). We already know that M(w, \g) forces the tree property at
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wy. However, we do not know how Add(\g, 1) affects Ml(w, Ag). Therefore we need to
deal with the forcing Add()g, 1). This forcing is sufficiently closed, so M(w, \g)" =
M(w, Ag)VIAdd0.)] " The only difference is that we do not know whether ), is still
weakly compact or measurable in the generic extension by Add()\g,1). Therefore
we need to start more carefully. The problem can be fixed by using forcing which
ensures that the forcing Add()g, 1) preserves the compactness or in our case the
measurability. We call this forcing the preparation forcing. It does not matter if we
are dealing with weakly compact or measurable cardinal, the preparation forcing is

the same. Now, we define this forcing and examine its properties.

Definition 5.23. Let a > 1 be an ordinal and R, be an iteration of length a. We
say that R, is an iteration with Faston support if the following holds: for every limit

ordinal # < «a, Rp is a direct limit if 3 is regular and inverse limit otherwise.

Definition 5.24. Let a > 1 be an ordinal. We define the forcing notion P, to be
an iteration of length a with Easton support where we force with the Cohen forcing

Add(¢,1) at every inaccessible ¢ < « and with the trivial forcing otherwise.

Note that for A inaccessible the forcing Py ; * Add(A, 1) is forcing equivalent to
Pyi1 since Pyyq x Add(\, 1) = Py % Add(\, 1) « Add(A, 1) and the two step iteration
of Cohen forcing Add(A, 1)« Add(A, 1) is forcing equivalent to one Cohen Add(\, 1).
Now we need to show that forcing Py, ; for A measurable preserves the measurability
of A.

Here, we mention a few lemmas without proofs. We use them later in the proof
of Theorem 5.32, which tells us that the forcing Py, for A measurable preserves the

measurability of A. The lemmas are taken from [Cum10].

Definition 5.25. Let j : M — N be an elementary embedding and let P € M. A
master condition for j and PP is a condition ¢ in j(P) such that for every dense set
D C P with D € M, there is condition p € D such that ¢ is compatible with j(p).

Moreover, if ¢ < j(p), we say that ¢ is strong master condition for j and P.

Note that if ¢ is a master condition for j and P, and H is a j(P)-generic over
N such that ¢ € H, then j7'”H generates a P-generic filter G over M such that
j"G C H. Hence we can use Lemma 2.3 and lift the elementary embedding j.
Moreover, if ¢ is a strong master condition, then we can define G = {p € P|q < j(p)}.
The filter G is P-generic over M such that ;7 H = G for each j(IP)-generic filter
H over N, such that ¢ € H. Again, we can use Lemma 2.3 and lift the elementary
embedding j.

Lemma 5.26. Let M, N be inner models of ZFC such that M C N. Let N = “k
is a reqular cardinal”. Then N = <"M C M if and only if N = <"On C M.
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Lemma 5.27. Let M, N be inner models of ZFC such that M C N. Let N = “k
is a reqular cardinal” and let N |= <"M C M. Let P € M be a notion of forcing. If
M = “Pis k-closed”, then N |= “P is k-closed”.

Lemma 5.28. Let M, N be inner models of ZFC such that M C N and let P € M
be a notion of forcing. If N | <*M C M, N = “P is k-cc” and G is P-generic over
N, then N[G] E <"M|[G] C M[G].

Lemma 5.29. Let M be an inner model and P is a forcing notion. If, in 'V, P is
k-closed and has no more than k many antichains in M, then there is G € V, G is

P-generic over M. Moreover, if p € P, then we can found G in 'V such that p € G.

Lemma 5.30. Let § be Mahlo. Then Pj is d-cc with size 6 and Psyq is 61 -cc with

size 0.

If Q, is an iteration of length o and 8 < «, then forcing Q,, is forcing equivalent
to Qg followed by ([-a)-iteration defined in V[Gs]. We denote this forcing Q4.
For the definition and more details about this, see Chapter 5 of [Bau83].

Lemma 5.31. Let k be a regular cardinal and let & < xk be Mahlo. If X is the least

inaccessible greater than ¢ then in V[Psi1], Psy1, is A-closed.

The proof of the following theorem is a simplified version of the proof for violating
GCH at a measurable cardinal from [Cum10]. The idea behind these proofs belongs
to Silver, who was the first to use the master condition to show than GCH can fail

at a measurable cardinal.

Theorem 5.32. Assume that GCH holds in'V and k 1s a measurable cardinal. Then

Kk is measurable in V[P, 41].

Proof. Since k is measurable in V', there is an elementary embedding j : V — M
with critical point x and *M C M, where M is an inner model of ZFC. We denote
G, to be a P.-generic filter over V and g, to be an Add(k,1)-generic filter over
VIG,].

Now we focus on P,. By elementarity of j, j(P,) is an iteration with Easton
support of length j(x), which adds one subset to every inaccessible cardinal £ < k.
As £ is inaccessible in M, j(P,), is direct limit. Since VM =V, and j(P,), is direct
limit, j(P,), = P,. By the definition of direct limit, for each p in P, there is a < K
such that for all 8 if & < § < & then p(8) = . By elementarity of j, for each j(p)
in j(P,) there exists o < k such that for all 5 if a < 8 < j(k) then j(p)(B) = 0.
Therefore j(p) | k = p and j(p)(«) = 0 for each « such that £ < a < j(k).

Now, we need to build P, ;(.)-generic over M|[G,] which is in V[G, * g.]. In
V|G * gi), we already have a generic filter for the first stage of I, j(.). Hence we
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want to find P, 1 j(.)-generic over M[G,, * g,.| which is in V[G, * g.]. As a fact we
use that V]G, * gx] E “Puy1j(s) is £7-closed” and V|G, * gi] = “Pry1j(s) has at
most kT maximal antichains in M[G, * ¢,]”. Therefore by Lemma 5.29 there is
a filter H € V|G, * g.] such that it is P41 j(x)-generic over M|[Gy][g,.] which is in
V[Gy]lgx]. So we can lift the elementary embedding to j : V[G,] = M[G}.)]|, where
Gj(,{) = G,{*gn*H.

We show that in V|G x gy, "M[Gj()] € M[Gj(x)]. By Lemma 5.30, P4y is s-cc.
Hence, by Lemma 5.28, V[G,, * g.| E "M|G, * gx] C M|[G * g.]. By Lemma 5.26,
this is equivalent to V|G, * g.| = "On C MG, * g,|. Since M |Gy, * g.] € M[G}w)],
VI[Gy*gx| = "On C M[Gj]. Again we use Lemma 5.26 and we have V|G,  g,] =
"MGjw)] © M[Gjm).

Now we look at Add(k,1). For each p € Add(k, 1), j(p) = p since j | k = id.
Let 7 = |J gx, then r is in M[G(.)| because g, is in M[Gj.)]. Since r is a function
from k to 2, r € j(Add(k,1)). Note that r is a strong master condition for j and
Add(k, 1) since for each p € g, r < p = j(p).

Now, we claim that in V|G, * g.|, j(Add(k, 1)) is kT-closed and has at most
x* maximal antichains in M[G}(.)]. In M[Gj], it holds that j(Add(k, 1)) is j(k)-
closed by elementarity. Since V' |= |j(k)| = £, then, by Lemma 5.27, j(Add(k, 1))
is kT-closed in V|G, * g..]. Now, we show that j(Add(k, 1)) has at most £ maximal
antichains. First note that V[G,] = “Add(k, 1) has at most £ maximal antichain”.
Since j(Add(k, 1)) is kT-cc in V[G,], we can consider each antichain as a subset of
k. By Lemma 5.30, P, has size x and it is k-cc. Since we assume GCH, there are
only k" = kT-many nice names for subsets of x in V. As in V[G,] it holds that
Add(k, 1) has at most k™ maximal antichains, by elementarity in M[G}], it holds
that j(Add(k, 1)) has at most j(k*) maximal antichains. Since V' = [j(kT)| = kT,
VG * gx] = “j(Add(k,1)) has * maximal antichains in M[G(,)].”

Therefore we can use Lemma 5.29 and find a generic filter h over M[Gj(,)] such
that h € V|G, *g.] and r € h. Asr € h, j”g,, C h. Hence we can lift the elementary
embedding j : V[Gy] = M[Gj(x)) to j* : V|G, * gi] = M[Gj(.) * h]. Since we built
Gy * h in V|G, * g.], & is still measurable in V|G, * g,]. ]

Again, as in the case of the weak tree property we need to generalize Lemma
4.15 for the product.

Lemma 5.33. Assume k<% = k. Let R be a forcing notion. If R is k¥ -cc, all sets
of ordinals in VIR x M(k, \)] of cardinality less than k% are in VR x Add(k, \)].

Proof. By Lemma 4.15, there is a projection from Add(x, ) x Q to M(k, \), where
Q is kT-closed. Hence VR x M(x, A\)] C VR x Add(k, A) x Q] and so it suffices to
show that all set of ordinals in V[R x Add(k, A) x Q] of cardinality less than x* are
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in V[R x Add(k, \)]. As we assume k<" = k, the forcing Add(k, \) is k™-Knaster.
Since R is k7-cc, R x Add(k, ) is k*-cc. Hence, by Easton’s Lemma, Q is x*-
distributive in V[R x Add(x, )], i.e. Q does not add any new sequences of ordinals
of length less than k™. Therefore each sequence of ordinals in V[R x Add(k, \) x Q]
of length less than k™ is already in VR x Add(k, \)]. O]

Lemma 5.34. Assume GCH. Let k be a regular cardinal and Ay > Ao > Kk be

inaccessible cardinals. Then each cardinal & < Kk or & > Ay is preserved by Py, *
(M(k, Ag) X M(Xg, A1)). Moreover, K+, Ao and A& are preserved.

Proof. 1t is common knowledge that P, preserves cardinals and also it is easy to
see that GCH still holds in V[P,,]. Hence it is enough to show that (M(k, A\g) X
M(Ag, A1)) preserves the desired cardinals.

Let £ < k. Then £ is preserved since M(k, Ag) X M[(Ag, A1) is k-closed. Let & > ;.
Since M(Ag, A1) is Aj-Knaster and M(k, \g) is Ag-Knaster, M(k, A\g) X M(Ag, A1) is
Ai-cc. Therefore € is preserved.

Now, we show that kT, g and A\ is preserved. Since M(k, \g) is Ag-Knaster, A
remains cardinal in V[M(k, A\g)]. By Easton’s Lemma, M(\g, A1) is Ag-distributive
in V[M(k, Ag)], hence A is still cardinal in V[M(k, Ag) x M(Ag, A1)].

Next we show that k™ and \] are preserved. By Corollary 4.18, kT is preserved
by M(k, \g) and by Easton’s Lemma the forcing M(Ag, \1)) is Ag-distributive in
VIM(k, \o)]. Since Ag > kT, kT remains cardinal in V[(M(x, Ag) x M[(Ag, A1))]. Now,
we focus on A\J. By Corollary 4.18, \j is preserved by M(\g, \;) and by Easton’s
Lemma the forcing M(k, \g)) is Ao-cc in V[M(Ag, A1)]. Therefore Ay remains cardinal
in V[(M(x, Xo) X M(Ao, A1))]- O

Now, we are ready to prove the main theorems of this section.

Theorem 5.35. Assume GCH. Let k be a reqular cardinal. If there exist measurable
cardinals \y > \g > K, then in the generic extension by Py, * (M(k, Ag) X M(Ag, A1))
it holds that

(i) 26 =X =kKTT and 277" = A\ = k1,
(ii) K+ and k™ have the tree property.

Proof. Ad (i). 2 > )¢ follows from the fact that there is a projection from M(k, Ag)
to Add(k,Ag). Now, we show that 2% < Ag. Since M(\g, A1) is Ag-closed, each
sequence of ordinals of length less than £ is in V[M(k, \)] and by Lemma 4.17, it
is in V[Add(k, A\o)]. Since this forcing is k*-cc of size A, which is inaccessible in V/,

2% < \g easily follows by a common nice names argument.
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The proof of 2% = ), is similar to the proof before. 2% > )\, follows from the
fact that there is projection from M(Ag, A1) to Add(Mg, A1). Now, we show that
2% < )\;. Since M(k, \g) is Ao-cc, we can use Lemma 5.33 and so each sequence of
length < \g is in V[M(k, Ag) x Add(Xg, A1)]. As M(k, Ag) X Add(Ag, A1) is A\§-cc and
it has size A, which is inaccessible in V, 2% < \; easily follows by a common nice
names argument.

The equalities k¥ = \g and x** = \; follow from Lemma 4.21 and Lemma 5.34.
Ad (ii). The tree property at £ follows immediately from the Theorem 4.26.

We now prove that the tree property holds at k™. Let F be Py, -generic over
V and Gog x G; be M(k, \g) x M(Ag, \)-generic over V[F]. Assume that T is
Xo-tree in V[F][Gy x Gi]. Since T is Ag-tree and M(k, \g) is Ap-cc, by Lemma
5.33 T is in V[F|[Go][H.], where Hy is Add(Ag, \1)-generic over V[F][Go]. As T
is A\o-tree in V[F][Go][H1] and M(k, Ag) x Add(Xg, \;) is Aj-cc, T has a name in
V[FM(sA0)xAddO0A1) of gize at most Ag. Hence T is already in V[F][Go][H¢], where
¢ is an ordinal of size Ay in V[F] and HS = {p | £|p € H,} is Add(\g, \;) | &-generic
over V[F][Gy]. Since ¢ is an ordinal of size \g, the forcing Add(Ag, A1) | £ is forcing
equivalent to Add(\g, 1).

Work in V[F][HS]. As the forcing Add()g, 1) is Ao-closed, V[F]y, = V[F][H:]x,-
Since conditions of the forcing Mi(x, Ag)V!*! are bounded in V[F]y,, M(k, Ag)"" Y] —
M(k, Xo)V1Fl. Now, we need to show that \g is still measurable in V[F][H?]. First
we verify that Py, * Add()o, 1) is forcing equivalent to Py,. Note that Py, is forcing
equivalent to Py, 1¥Add(Ao, 1) since Py, 41xAdd (Ao, 1) = Py *Add (Ao, 1)xAdd (Ao, 1)
and the two step iteration of Cohen forcing Add(\g, 1) * Add (Ao, 1) is forcing equiva-
lent to one Cohen Add(\g, 1). By Lemma 5.31, the forcing Py 41, is in V[P, 41] at
least A\§ -closed, so Py, *Add (Ao, 1) is forcing equivalent to Py, 11 xAdd(Ag, 1)*Py, 1.2, -
Therefore Py, x Add (Ao, 1) is forcing equivalent to Py,. Now, we can show that \g is
still measurable in V[F][H¢]. By Theorem 5.32, the forcing P, preserves measur-
ability of \g and by Lemma 5.31 the forcing Py .1, is AJ-closed in V[Py,11], Ao is
still measurable in V[F|[H¢]. Hence we can continue with V[F][H] as the ground
model as in Theorem 4.26. [l

Remark 5.36. Let k be a regular cardinal and Ay > A\g > x be weakly compact
cardinals. Compare the two forcings M(k, Ag) X M((Ag, A1) and G (k, A\g) X G(Ag, A1)-
As we showed in Theorem 5.35, the forcing M(k, A\g) X M(\g, A1) forces the tree
property at KT+ = )\g and at k** = X\;. When we verified the tree property at Ao, we
used the fact that a Ag-tree is added already by M(k, A\g) X Add(\g, 1). Therefore we
can prepare the model in such a way that we first force with the preparation forcing
which ensures that ) is still measurable. In the case of the Grigorieff forcing we do

not know how to ensure that A\o-trees are added by some subforcing of G;(Ag, A1).
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Hence this construction can not be repeated for the Grigorieff forcing.

Lemma 5.37. Suppose GCH holds. Denote A\g = w. Assume that there exists an
increasing sequence of inaccessible cardinals (A\,|0 < n < w) with the supremum .
Let [T,,<. M(An; Ang1) denote the full support product of forcings M(A,, Apy1) forn <
w. Then for each n it holds that A, and X} are preserved by Py ][] _. MMy, Aps1)-

n<w

Proof. Tt is common knowledge that P\ preserves cardinals and also it is easy to see
that GCH still holds in V[P,]. Hence it is enough to show that [ _ M(X,, A1)
preserves the desired cardinals.

Ao is trivially preserved since A\ = w. The cardinal \{ = w; is preserved since
by Corollary 4.18 it is preserved by M(\g, A1) and by Easton’s Lemma the forcing
[Tocncw M(An, Ang1) is Aj-distributive in V[M(Ao, A1)]. Let n < w be given. Now we
show that X1 is preserved. Since [[,., M(\,, Ang1) 18 Adpgi-ce, Anyq s still cardi-
nal in V[[[,.,, M(As, A1) As [[ie,, 1\_/H()\n, An+1) 18 Apgi1-closed in V', by Easton’s
Lemma it is_)\n+1—distributive in V[[ L, M(\,, Ant1)] and therefore A,;; remains
cardinal in V[J], _ M(An, Aps1)]- )

Next we show that Af,, is preserved. Note that [],., M()\;, A\it1) is Ayy1-ce
in V' and [[,o, 1 M(X\, Aiy1) s Apyo-closed in V. By Lemma 4.15, there is a
projection from Add(Ani1, Ans2) X Qui1 to M(Api1, Apg2), where Qppq is A, ;-
closed. Now, we show that Af,, remains cardinal in V[P; x Py], where P; =
[Lic M(As, Ai) x Add(Ans1, Ang2) and Py = Qup1 [ [0, M(Ai, A1), Since Py is
)\:L“Jr_l—cc Af,, remains cardinal in V[P;]. By Easton’s Lemma Py is A, ;-distributive
in V[Py],s0 A}, remains cardinal in V[P; x Ps)].

The cardinal A is preserved since it is the supremum of A\, for n < w, and by the
previous paragraph each )\, is preserved.

The claim that each cardinal ¢ > X is preserved follows from the fact that the
size of [ ], ., M(An, Ans1) is A O

Theorem 5.38. Suppose GCH holds. Denote A\g = w. Assume that there exists an
increasing sequence of measurable cardinals (\,|0 < n < w) with the supremum .
Let T], . M(An, Any1) denote the full support product of forcings M(\,, Any1,) for
n < w. Then in the generic extension by [[, _. M(An, Ans1) for each n < w it holds
that

n<w

(’L) A = )\n+1 = )\j{+ = Wa(n+1) and \ = Nw,
(11) An+1 has the tree property.

Proof. Ad (i). Let n < w be given. The inequality 2*» > \,;; follows from the
fact that there is a projection from M(\,, A\yy1) to Add(A,, Ans1). Now, we show
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that 2* < \,,;. Since [Lis, M(Ai, A1) is Apyi-closed, each sequence of ordinals
of length less than A,y is in [, M(X;, Aiy1). Since ], M(A;, Aiy1) is An-cc, we
can use Lemma 5.33 and so each_sequence of length <A, is in V[ [,_,, Ml(Ai, A1) X
Add(An, Ang1)]- As T, M(Ai, A1) x Add(An, Ang1) is Af-ce and it has size A1,
which is inaccessible in V, 2*» < X, easily follows by a common nice names
argument.

The equalities A\, 11 = A\fT = wan+1) and A = R, follow from Lemma 4.21 and
Lemma 5.37.

Ad (ii). Suppose that Py * [, M(An, A\ny1) adds a A,yq-tree 7. Then T
is added by Py * Hz<n+1 MI(Ai, Adig1) since the forcing [T, 1 M(XAg, Aig1) is Apjo-
closed. Let F' be Py-generic over V and Gic, X G, X Gni1 be [[,o, M(Ai, Aiy1) X
M(An11, Ay2)-generic over V[F]. As T is a A\, 41-tree and HKn (/_\Z, Xit1) 18 Apga-
cc in V[F], by Lemma 5.33, T is already in V[F|[Gi<n X Gy][Hp+1], where H,,4q is
Add(Mpy1, Any2)Flgeneric over V[F][Gi<y].

Since T'is a Apq1-tree in V[F][Gicn X Gy][Hny1] and the forcing [, M(Ai, Aiy1) X
Add(Ani1, An2) 18 AL -ce in V[F), T has a [],.,, M(A\i, A1) X Add(Ai1, Ant2)-
nice name in V[F] of size at most A,i1. Hence T is already in V[F][G<, X
G,)[HS, ], where € is an ordinal of size A,y in V[F] and HS,, = {p | &|p € Hoy1}
is Add (A, 41, &)-generic over V[F|[G;<, x Gy]. Since £ is an ordinal of size A, 41, the
forcing Add(A,41, &) is forcing equivalent to Add(A,41, 1).

Work in V[F][HS,,]. As the forcing Add(Auy1,1) is Ayii-closed, V[F]y,,, =
V[F] [HfH_l] Ani1- Oince the forcing [T, ., M(X;, Air1) has size less than A, 1, the forc-
ing [[,_, M(\,;, i)V = [T, M(A;, )\Hl)V[F”HﬁH] and since conditions of forc-
ing M(\,, Ans1) are bounded in V[F] M, A1)V = M, Ay )V W],
Now, we need to show that ), is still measurable in V[F|[HS]. First we verify that

An+19

Py * Add(A41,1) is forcing equivalent to IPy. Note that Py ., 41 is forcing equiva-
lent to Py, 11 % Add(Anq1, 1) since Py, 41 % Add(Ayqq, 1) =Py, * Add(Ap, 1) *
Add(A,+1,1) and the two step iteration of Cohen forcing Add(A,+1,1)*Add(A,11,1)
is forcing equivalent to one Cohen Add(M,;1,1). By Lemma 5.31, the forcing
Py, . 410 is in V[Py . 1] at least A -closed, so Py * Add(A,41, 1) is forcing equiv-
alent to Py, 11 * Add(A41,1) * Py, ., 412 Therefore Py * Add(\,41,1) is forcing
equivalent to Py. Now, we can show that M,y is still measurable in V[F][H¢].
By Theorem 5.32, the forcing Py, . 41 preserves measurability of A,;; and by the
Lemma 5.31 the forcing Py, 1, is A/ -closed in V[P, 1]. Therefore A, is
still measurable in V|[F] [HfH_l]

Let V[F|[H5,,] = W, now we can continue similarly way as in the proof of
Theorem 4.26. Since A, is measurable in W, there is an elementary embedding
j W — M with critical point A\, and *»+1 M C M, where M is a transitive model
of ZFC.
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In M, the forcing j(M(A\,, \ns1)) is M(A\,, 7(Ans1))™ by the elementarity of
j. Since Wy, = W —and each condition in M(Xg, A1) is bounded in Wy, ,,,
M, St DM T A = MO, A )M = M(A\,, A1)V, We also know that
F(T L M, A1) =TT, M Aie)™ =TT, M(Ai, Ais1)" since it has size A,
and A, < Apy1 in W. Therefore the filter Gio,, x Gy, is also (J],_,, M(X;, Ai1)) ¥
M(An, Any1))M-generic over M.

By Lemma 4.20, there is a projection from M(\,, j(An+1)) to M(An, Apy1) and
we can define in M[G,] the forcing M(\,, j(Ant1))/M(An, Apy1).  Since the or-
dering M(A,, j(Ang1))/M(Ap, Adns1) is definable in M[G,], it is also definable in
WIG,]. Let H, be M(\,, j(Ani1))/M(An, Ani1)-generic over WG, X G|, then H,
is M(An, 7(Ans1))/M(N,, Auy1)]-generic over M[G,-, x G,] since M[G;-, x G,] C
W[Gicn X G-

Work in W[G;., x G,][H,]. By Lemma 2.3, we can lift j to j* : W[G;<, X
Gn| = M[Gicy, x G)|[H,]. Now, we show that our A, 4i-tree T" has a cofinal branch
in W[Gi<,, X G,]. We can consider T as some subset of \,;; and so T has a
nice name 7' in W. Since ]T| < Apg1 and MM C M, T isin M. Hence T €
M|Gi<n, x G,]. By elementarity of j*, j*(T) is a j*(Apy1)-tree in M |G, X G,][H,]
and since j* is the identity below A, 1, 7(T) [ Apa1 = T. As 75(T) is j*(Any1)-tree
in M[Gi<p, x Gy][H,], it has branch b of length A, in M[Gi<, X G,|[H,].

By Lemma 4.23, in M[G,,] there is a projection from Add(A,, [An+1, 7% (Ans1))) X
Q: to M(A,, 7*(Ant1))/M(An, A1), where Q7 is Af-closed. Therefore M[G;<,, X
Gul[H,] C M[Gicn x G,][H x H?), where H! x H? is Add(A, M1, 55 (Ans1))) X Q-
generic over M |G-, X Gy]. Therefore b is in M[[Gi<,, x G, ][HZ|[H}].

Note that in M[G;<, x G,][H?] Add(M,, [M,7*(Ans1))) is A\T-Knaster since it
holds that A = \,,. In M[Gy, x G,|[H?][H}] it holds that ), is collapsed to
A, As the forcingAdd(k, [A, j*(N))) is Af-Knaster in M[Gi<,, X G,][H?], A1 has
to be collapsed to A} already in M[G;<, X G,][H?]. Therefore \,,; is an ordinal
of cofinality Af in M[Gi., x G,|[H?]. Let T' =T | A, where A is a cofinal subset
of Ayy1 of size Af. By Lemma 4.1, Add(\,, [An+1,7*(Ans1))) does not add cofinal
branches to the tree 7", hence it does not add the branch b to the tree T'. Therefore
be M[Gien x G,][H2].

In M[G,], since M(An, Any1) is A,-closed, it holds that ([,_,, M(Ai, A1) =
(ITicn, M(N;, Aig1))MEn] and therefore ILic,, MI(Ai; Ai1) is Ap-ce. Since A > N\ L,
[Lic, M(Ai; Aig1) is Ap-cc and Q is A-closed, the assumptions of Lemma 4.5 are
satisfied and so b is already in M|[G,, x G;<,| and so in V|G, X G,,]. O

As in the case of the weak tree property, this result can be extended to an
arbitrary regular x and force the weak tree property at every k™27, for n such that

0 < n < w, under the assumption of w-many weakly compact cardinals above k.
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6 Conclusion

In this thesis we studied the tree and the weak tree property at a given regular
cardinal k. The tree property means that there are no Aronszajn trees at x and the
weak tree property means that there are no special Aronszajn trees at .

First we considered special xkT-Aronszajn trees for regular £ and we examined
generalizations of definitions of a special Aronszajn tree. We introduced the concepts

of M-special, S-special and non-Suslin Aronszajn trees and showed that
AP(kT) C ASTP(5T) C AN9(kT) and AM (k) C ASTP(KT); (6.1)

where A*P(k%), AM(kT), AS~*P(k), ANS(k*) denote the classes of all special, M-
special, S-special and non-Suslin x*-Aronszajn trees. The first inclusion follows
immediately from the definition of a special Aronszajn tree and the definition of
an S-special Aronszajn trees, the second from Lemma 3.36 and the last inclusion
follows from Lemma 3.28. We also showed that each of these inclusions can be con-
sistently proper. This can be found in Section 3.2 as Corollary 3.42, Corollary 3.49
and Lemma 3.43. In connection with the weak tree property we showed (Theorem
3.38) that there are no special Aronszajn trees if and only if there are no M-special
Aronszajn trees if and only if there are no S-special Aronszajn trees.

Next we examined the Mitchell forcing and the Grigorieff forcing. Both of these
forcings can be used to show that it is consistent that the weak tree property or
the tree property holds at the double successor of a regular cardinal x, under large
cardinals assumptions. The Mitchell forcing uses the fact that it is a projection
of the product of two forcings, as we showed in Lemma 4.15, where the first has
a good chain condition and the second is sufficiently closed. On the other hand,
the Grigorieff forcing uses the fact that it has the fusion property, as we showed in
Lemma 4.37. These properties were crucial for showing that «™ is preserved by these
forcings and also for the proofs of the main theorems in Chapter 4. These theorems
state that using either the Mitchell forcing or the Grigorieff forcing we can get a
model, where the weak tree property holds at x*, under the assumption of a Mahlo
cardinal (Theorem 4.24 and Theorem 4.44), and a model, where the tree property
holds at k*F, under the assumption of a weakly compact cardinal (Theorem 4.26 and
Theorem 4.45). Actually, we used the assumption of the existence of a measurable
cardinal instead of a compact cardinal, but the weakening to the existence of a
weakly compact cardinal poses no problem. Theorem 4.24 and Theorem 4.26 were
first proved by Mitchell and Silver in [Mit72]. Theorem 4.44 and Theorem 4.45
were first proved by Baumgartner and Laver for the case k = w in [BL79] and later

generalized for an arbitrary regular cardinal by Kanamori in [Kan80].
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At the end, we focused on the weak tree property and the tree property at more
cardinals. The method of Mitchell and Silver can be quite easly generalized to get
a model where the weak tree property holds at w-many successive cardinals, under
the assumption of w-many Mahlo cardinals, and also to get a model where the
tree property holds at w-many non-successive cardinals, under the assumption of w-
many weakly compact cardinals. We presented this result in Chapter 5 as Theorem
5.22 and Theorem 5.38. Again we assumed the existence of w-measurable cardinals
instead of weakly compact cardinals, but as in the previous case the weakening to

the assumption of w-many weakly compact cardinals poses no problem.
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