Univerzita Karlova v Praze
Matematicko—fyzikalni fakulta

DIPLOMOVA PRACE

Miloslav Vlasak
Numerickd analyza nespojité Galerkinovy metody pro feseni
konvektivné-difusnich rovnic
Katedra numerické matematiky
Vedouci diplomové prace: Doc. RNDr. Vit Dolejsi, Ph.D
Studijni obor: Vypoctova matematika



Charles Univerzity Prague
Faculty of Mathematics and Physics

MASTER THESIS

Miloslav Vlasak
Numerical Analysis of Discontinuous Galerkin Finite Element Method
for Convection-Diffusion Equations
Department of Numerical Mathematics
Supervisor: Doc. RNDr. Vit Dolejsi, Ph.D
Branch: Computational Mathematics



Dékuji vedoucimu diplomové prace, Doc. RNDr. Vitu Dolejsimu, Ph.D, za zajimavé téma
a za trpélivou a ué¢innou spolupraci pii tvorbé diplomové prace. Daéle bych chtél podékovat
svému bratrovi, Vaskovi Vlasdkovi a Zuzce Kasarové za korektiru a za pomoc pii vypoctech.
V neposledni fadé dékuji i svym rodi¢im za hmotnou i moralni podporu po celou dobu studif.

Prohlasuji, ze jsem svou diplomovou praci napsal samostatné a vyhradné s pouzitim cito-
vanych pramenti. Souhlasim se zaptjcovanim prace.

V Praze dne Miloslav Vlasik



Nézev priace: Numerickd analyza nespojité Galerkinovy metody pro feseni
konvektivné-difusnich rovnic

Autor: Miloslav Vlasak

Katedra: Katedra numerické matematiky

Vedouci diplomové prace: Doc. RNDr. Vit Dolejsi, Ph.D

e-mail vedouciho: dolejsi@karlin.mff.cuni.cz

Abstrakt: Prace se zabyva numerickym fesenim skalarni nelinearni konvektivné-difusni
rovnice. Diskretizace byla provedena pomoci nespojité Galerkin metody (DGFEM) v
nesymetrickém tvaru stabilizacnich ¢lenti a s vnitin{ a vnéjsi penalizaci. Casova diskretizace
je provedena pomoci zpétné diferenéni formule (BDF), kde difusni a stabilizaéni ¢leny jsou
vyjadfeny implicitné a nelinearni konvektivni ¢len explicitné. Odvozujeme apriorni
asymptotické odhady chyb v diskrétni L>°(L?)-normé a L?(H')-seminormé pro BDF iadu
k = 2,3 vzhledem ke kroku sité h a ¢asovému kroku 7. Je téz prezentovan numericky
experiment demonstrujici pfesnost schématu pro BDF fadu k£ =1, 2, 3.

Klicova slova: nelinearni konvektivné-difusni rovnice, nespojitd Galerkinova metoda, vnitini a
vnéjsi penalizace, semiimplicitni schéma, apriorni odhady chyby, experimentalni fad
konvergence, zpétné diferencni formule

Title: Numerical Analysis of Discontinuous Galerkin Finite Element Method

for Convection-Diffusion Equations

Author: Miloslav Vlasak

Department: Department of Numerical Mathematics

Supervisor: Doc. RNDr. Vit Dolejsi, Ph.D

Supervisor’s e-mail address: dolejsi@karlin.mff.cuni.cz

Abstract: The thesis deals with the numerical solution of a scalar nonlinear
convection-diffusion equation. The discretization is carried out by a semi-implicit
discontinuous Galerkin finite element method (DGFEM) with nonsymmetric treatment of
stabilization terms and interior and boundary penalty. The time discretization is carried out
by backward differential formulae, diffusive and stabilization terms are treated implicitly
whereas the nonlinear convective terms explicitly. We derive a priori asymptotic error
estimates in the discrete L°°(L?)-norm and L?(H')-seminorm for BDF of orders k = 2,3
with respect to the mesh size h and time step 7. A numerical example demonstrating the
accuracy of the scheme with BDF of order k = 1,2, 3 is presented.

Keywords: nonlinear convection-diffusion equation, discontinuous Galerkin finite element
method, interior and boundary penalty, semi-implicit scheme, a priori error estimates,
experimental order of convergence, backward differential formulae



Contents

1 Introduction 5
2 Continuous problem 7
3 Discretization of the problem 9
3.1 Triangulations . . . . . . . . .. L 9
3.2 Broken Sobolev spaces . . . . . ... 10
3.3 Space discretization . . . .. ... Lo 11
3.4 Linear multistep methods . . . . . . . . . ... oo oo 14
3.5 Discrete formulation . . . . . . .. ... 21
4 Some auxiliary results 24
4.1 Geometry of themesh . . . . . . .. ... o 24
4.2 Some important inequalities and estimates . . . . . . . . .. ... ... L. 25
4.3 Properties of the form by, . . . . . . ..o 26
5 Error estimates 27
5.1 Preparation lemmas . . . . . . . ... e 27
5.2 Error estimation of the second order . . . . . . .. .. ... .. ... ... ... 39
5.3 Error estimation of the third order . . . . . . . .. ... ... ... ... ... . 42
54 Main result . . . . ... L L 48
6 Numerical results 54
7 Conclusion 59



Chapter 1

Introduction

The investigation of convection-diffusion problems is a very topical subject. These problems
play an important role in fluid dynamics, hydrology, heat and mass transfer, environmental
protection and other fysical-related problems at the one side and financial mathematics, image
processing at the other side.

Our aim is to develop a sufficiently robust and accurate numerical method for the solution
of nonlinear convection-diffusion equations. To obtain such a method we use discontinuous
Galerkin finite element method (DGFEM) which can be viewed as the mix of ideas of finite
volume (FV) and finite element (FE) methods.

Conforming (i.e., continuous) finite element method is suitable for problems with sufficiently
regular solutions. However, singularly perturbed problems or nonlinear conservation laws have
solutions with steep gradients or discontinuities and their approximations by conforming finite
elements may suffer from the Gibbs phenomenon manifested by spurious oscilations.

Discontinuous Galerkin finite element method appears to be very suitable for problems
with solutions containing discontinuities or steep gradients. The DGFEM is based on piece-
wise polynomial discontinuous approximations. It uses adventages of the FV as well as FE
methods. Similarly as in the FV method, the DGFEM uses discontinuous approximations and
boundary fluxes are evaluated with the aid of a numerical flux, which allow a precise capturing
of discontinuities and steep gradients. Similarly as in the FE method, the DGFEM uses higher
degree of polynomial approximations of solutions, which produces an accurate resolution in
regions, where the solution is smooth. There are a number of works devoted to theory and
applications of DGFEM. Let us mention, e.g. [1], [7], [14].

In this thesis we shall be concerned with the analysis of the DGFEM of nonlinear convection-
diffusion initial-boundary value problem. There are several variants of the DGFEM. The
method can be stabilized with the aid of symmetric or nonsymmetric treatment of diffusion
term, combined with an interior and boundary penalty. We consider here the nonsymmetric
variant with the interior and boundary penalty (denoted as NIPG method). Nonsymmetric
variant was investigated in [7] and [8]. This approach is simpler regarding to choice of penalty
coefficient o, but suffers from the suboptimal estimates of order of convergence for elliptic
problems (see [1], [14]).

The time discretization can be carried out by many ways. Runge-Kutta methods, which are



very favourite for solving ordinary differential equations, have high order of accuracy and they
are simple for implementation. But the resulting scheme is conditionally stable and the time
step is drastically limited. In order to avoid this disadventage, it seems suitable to apply an
implicit method, which allows to use a much longer time step. However, fully implicit DGFEM
leads to a large, strongly nonlinear algebraic system, whose solution is rather complicated.
This is the reason that we propose here a semi-implicit scheme, which appears quite efficient
and robust. The linear diffusion and stabilization terms are treated implicitly, whereas the
nonlinear convective terms explicitly using an extrapolation in such a way that we do not loose
the order of accuracy in time.

As a suitable class of implicit methods we have chosen backward differential formulae
(BDF), In this thesis we are mainly concerned with theoretical analysis of error estimates
of this method. We go out from [6], where the error estimates of this method for the first order
in time are proven. We formulate the method generally and prove the error estimates up to
the third order in time.

The contents of this paper is the following. In Chapter 2, we formulate the initial-boundary
value problem for scalar nonlinear convection-diffusion equation in the classical meaning. Then
we reformulate this problem in the weak sence and formulate adequate regularity conditions
for proving the error estimates. In Chapter 3, we carry out the discretization of the problem
by DGFEM and achieve the semi-discretized problem. Then we derive some properties of
BDF methods, which will be needed in the next sections. At the end of this chapter we
formulate fully-discrete solution of our problem and prove the existence and uniqueness of this
numerical solution. Chapter 4 contains some auxiliary results, namely assumptions on the
space discretization (allowing even nonconforming grids with nonconvex star-shaped elements)
and some important inequalities and estimates. All these results are used in Chapter 5, where
error estimates in the discrete L°°(L?)-norm and L?(H!)-seminorm are proven. In Chapter
6 we present a numerical example to demonstrate and verify the proven errors numericaly. In
Chapter 7 we introduce some concluding remarks and formulate open problems.



Chapter 2

Continuous problem

Let Q C IR? (d = 2 or 3) be a bounded polyhedral domain and 7' > 0. (For d = 2 under the
concept of a polyhedral domain we mean a polygonal domain.) We set Q7 = Q x (0,7). By Q
and 002 we denote the closure and boundary of €2, respectively. Let us consider the following
initial-boundary value problem: Find v : Q7 — IR such that

ou K Afs(u) .

a—i—;aixs—eAu—l—g in Qr, (2.0.1)
u ’89><(0,T) =up, (2.0.2)
u(z,0) = u’(z), x€Q. (2.0.3)

We assume that the data satisfy the following conditions:

o

fs € CYR), f(0)=0, s=1,...,d, (2.0.4)
e >0,

g€ C(0,T}; L(9),

up is the trace of some u* € C([0,T]); H'(Q)) N L>®(Qr)

on 00 x (0,7T),

e) uel?9).

o

e}

o,
—_ L D

We use the standard notation for function spaces (see, e.g. [11]): LP(S2), LP(Qr) denote
the Lebesgue spaces, WHP(Q), H*(Q) = W"2(Q) are the Sobolev spaces, LP(0,T; X) is the
Bochner space of functions p-integrable over the interval (0,7") with values in a Banach space
X, C([0,T); X) (C*(]0,T); X)) is the space of continuous (continuously differentiable) mappings
of the interval [0,7] into X. By H}(Q) we denote the subspace of all functions from H!(€2)
with zero traces on 0f).

The assumption that f5(0) =0, s =1,...,d, does not cause any loss of generality, as can be
seen from equation (2.0.1). The functions fs, called fluxes, represent convective terms, ¢ > 0 is
the diffusion coefficient. The diffusion term can be, in general, more complicated (in some cases
even nonlinear as in [14]). It is also possible to consider mixed Dirichlet—Neumann boundary
conditions. For simplicity we prescribe the Dirichlet condition on the whole boundary.



A sufficiently regular function satisfying (2.0.1) —(2.0.3) pointwise is called a classical solu-
tion. It is suitable to introduce the concept of a weak solution. To this end we use the following
notation:

(u,w) = / wwdz, u, w e L*(Q) (2.0.5)
Q
(scalar product in L?(12)),
el 2y = (uy )2 (2.0.6)
(norm in L%(Q)),
a(u,w) = 5/ Vu-Vwdz, u, we H(Q), (2.0.7)
afs 1 00 2
b(u,w) = /Z ax dz, we HYQ)NL®Q), we IXQ),  (2.08)
1/2
e = ([ (1l + val?) dx) Cwe (@), (209)
(norm in H(R)),
1/2
[ul )y = </ |Vu|2d:£> . ue HY(Q), (2.0.10)
Q
(seminorm in H'(Q)). It is known that | - |1 () is a norm on Hy(2) equivalent to || - [ g1(q).-

Definition 1 We say that a function u is a weak solution of (2.0.1) - (2.0.3), if the following
conditions are satisfied

a) u—u* € L*0,T; H} (), u€ L™(Qr), (2.0.11)
b) %(U(t)a w) + b(u(t), w) + a(u(t), w) = (9(1), w)

for all w € H}(Q) in the sense of distributions on (0,T),
c) u(0) =ug in Q.

By u(t) we denote the function on 2 such that u(t)(z) = u(z,t), x € Q.

With the aid of techniques from [12] and [13], it is possible to prove that there exists a
unique weak solution. Moreover, it satisfies the condition du/dt € L?(Qr). Then (2.0.11),b)
can be rewritten as

(agit) ! W) +b(u(t), w) + au(t), w) = (g(t), w) (2.0.12)

for all w € H () and almost every t € (0, 7).
We shall assume that the weak solution w is sufficiently regular, namely,

w e Wk (0, T; H*1(Q)) (2.0.13)
uk ) e L2000, T L2(Q)).
where u(®) = ‘g?s‘, an integer p > 1 will denote a given degree of polynomial approximations
and an integer k is a desired order of time aproximation. Such a solution satisfies problem

(2.0.1) - (2.0.3) pointwise.




Chapter 3

Discretization of the problem

3.1 Triangulations

Let 75 (h > 0) be a partition of the closure Q of the domain © into a finite number of closed
d-dimensional (convex or nonconvex) polyhedra K with mutually disjoint interiors. We call
75, a triangulation of Q and do not require the conforming properties from the finite element
method. In 2D problems we choose usually K € 73 as triangles or quadrilaterals. In 3D,
K € 73 can be, e.g., tetrahedra, pyramids or hexahedra, but we can construct even more
general elements K, as dual finite volumes from [10]. In the analysis carried out in Chapter 4
it is important to assume that all elements K € 7; are star-shaped.

In our further considerations we shall use the following notation. We set hx = diam(K),
h = maxgeT, hi. By px we denote the radius of the largest d-dimensional ball inscribed into
K and by |K| we denote the d-dimensional Lebesgue measure of K. All elements of 7;, will be
numbered so that 7;, = {K;};cr, where I C ZT = {0,1,2,...} is a suitable index set. If two
elements K;, K; € 7Ty, i # j, contain a nonempty common open face, we call them neighbours.

We set in this case
Fij :aKiﬂaKj. (3.1.1)

(See Figure 3.1, showing a possible 2D situation.) For i € I we set
s(i) = {j € I; K; is a neighbour of K;}. (3.1.2)

The boundary 0f2 is formed by a finite number of faces of elements K; adjacent to 9€2. We
denote all these boundary faces by S;, where j € I, C Z~ = {—1,-2,...} and set

y(i) = {j€y;S;is a face of K}, (3.1.3)
Fij = Sj for K; € 7, such that Sj C 0K, j € Ip.

For K; not containing any boundary face S; we set v(i) = (. Obviously, s(i) N~(z) = 0 for all
i € I. Now, if we write S(i) = s(i) U~(i), we have

J€56) et



Figure 3.1: Neighbouring elements K;, Kj;

Furthermore, we use the following notation: n;; = ((n4;)1,. .., (nij)a) — unit outer normal
to OK; on the face I';; (see Figure 3.1), |I';;| — (d — 1)-dimensional measure of I';; (i.e., the
length of I';;, if d = 2, and the area of I';;, if d = 3), d(I';;) = diam(I';;). Obviously, n;; = —nj;
and, from the point of view of point sets, we have I';; = I'j;, if i € I, j € s(i) (and, hence,

j el i€ s(g)).
It is obvious that for i € I and j € S(i) we have

d(T;;) < hg, < h.

3.2 Broken Sobolev spaces

Over the triangulation 7; we define the so-called broken Sobolev space
H*(Q,T,) = {w;w|x € H*(K) VK € Tp}

and define there the norm

1/2
wlle=0,7) = ( > |w||%{Z(K))

KeT,

and the seminorm

1/2
(Wl =0,7;,) = (Z !’wﬁ{z(K)) :
KeTy,

For w € HY(Q,73,), i € I and j € s(i) we introduce the following notation:

wlr,; = the trace of w|x, on 'y,

10

(3.1.5)

(3.1.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)



wlr,, = the trace of w|k; on I'y;,

1
<w>Fij = 9 (w|rij + w|Fji) )
[w]rij = w|Fij7w|Fji'
Obviously, (w)r,; = (w)r,,, but [w]r,; = —[w]r,;. On the other hand, [w]r,;n;; = [w]r,; 1}

3.3 Space discretization

In order to carry out the space discretization, we start from the weak solution u satisfying
(2.0.13), multiply equation (2.0.1) by an arbitrary w € H?({,7},), integrate over each K; € T,
and apply Green’s theorem. Summing over all K; € 73, using (3.1.4), (2.0.2),

[ulr,; =0, (Vu)r,, = Vulr,, = Vulr;, (3.3.11)

and

/ (V) - nyj [u] dS = 0, / w]dS =0 Vjes@)Viel, (3.3.12)
I

ij

valid for the solution u satisfying (2.0.13), we obtain the identity

<§:(t),w) Z{ Z/ Zfs ) (i), wlr,, dS (3.3.13)

i€l  jesS(4) Iij s=1
d ow

—/ S fulult)) /Vu(t)-dex
K = O Ki

- Y [ ((Vu®) - nis ] = () - miy [u()]) ds
jes(i) Yl
i<t

—€ Z/ Vu “ni;w— Vw - ng;u )dS
JEN(i

+e Z/ w]dS + Z/ auwdS}
Jes(i) T jev (i)

= / wdx—l—eZZ/ (Vw'nijuD—kaqu)dS,
el je*y ’7

where the weight function o : |J;¢; UjeS(z‘) I';; — IR is defined by

(3.3.14)

We see that the terms



and
5/1‘ (Vw - nijup(t) + oup(t) w) dS,
ij

i €1, 7 €~(i), on the left-hand side and the right-hand side of (3.3.13), respectively, are equal.
Due to the boundary condition (2.0.2), these terms are equal. Above and in the sequel, in the
integrals fFij’ under (-) and [] we understand (-)r,; and [-]r,;, respectively.

Let us note that the form (3.3.13) represents a nonsymmetric variant of DG approximation
of the diffusion terms.

The above considerations lead us to the definition of the following forms. For uw,w €
H?(Q,T) we set

ap(u,w) = EZ{/ Vu - Vwdz (3.3.15)

i€l
_ Z / Vu -nj[w] — (Vw) - nj [u}) ds
]Gs(z
- Z / (Vunl])w—(an”)tOdS},
j€y(4)
by (u, w) = { > / Zfs (n4j)s wlr,; dS — / Zfs },(3.3.16)
iel \jeS®) Lij s=1 K; s=1 Ts

bw) (1) = w)+ey Z/ (Vaw - 1035 up () + oup(t) w) dS, (3.3.17)

i€l jevy(i

To(u,w) = I{Z/ w] dS + Z/ UuwdS} (3.3.18)

jes(i) Jjev(3)

In view of (3.3.13), the exact solution with properties (2.0.13) satisfies the identity

(g?:(t),w) + ap(u(t), w) 4+ by (u(t), w) +eJZ (u(t), w) = l(w) (t) Yw € H*(Q,T;) Yt € (0,T).
) (3.3.19)
Now we shall approximate the form by, in such a way that similarly as in the finite volume
method, for i € I, j € S(i), the fluxes fFij >4, fs(u) nswdS are approximated with the aid of
the so-called numerical flux H(u,u’,n) by the expression fri]- H(ulr;;,ulr;;, nij) w|r,; dS. Of
course, if j € (i), then I';; C JQ and it is necessary to specify the meaning of u|r,,. Here
we use the extrapolation, i.e. we set ulr,; := ulr,;. In this way we obtain the approximation
by, (u, w) of the convection form by, (u, w):

b(u,w) — Z(Z/ H(ulr,,, ulr,,, nij) wlr,, dS (3.3.20)
i

i€l \jes(i)

12



+ / H(u|Fij7u|Fij’nij)w|Fij dS)
jen(i) "1

d
_ Z/K_Zfs(wg;;dx, w,we HYQ,T), we L=(Q).

i€l v s=1

We shall assume that the numerical flux has the following properties:
Assumptions (H):

1. H(u,w,n)is defined in R?x S, where S = {n € IR%;|n| = 1}, and Lipschitz-continuous
with respect to u, w: there exists a constant C7 > 0 such that

|H(u,w,n) — Hu*, w*, n)| <Ci(lu—u*|+ |w—w?), (3.3.21)

u, w, v, w* € R, n e S;.

2. H(u,w,n) is consistent:

H(u,u,n) = Zfs(u) ns, w€IRR, n=(ny,...,ng) €851. (3.3.22)

3. H(u,w,n) is conservative:

H(u,w,n) = —-H(w,u,—n), u,wé€ R, necS. (3.3.23)

In virtue of (3.3.21) and (3.3.22), the functions fs, s =1,...,d, are Lipschitz-continuous with
constant Ly = 2C7.
From (2.0.4), a) and (3.3.22) we see that

H(0,0,n)=0 VnesS. (3.3.24)
By (3.3.16), (3.3.20) and (3.3.22),
by (u, w) = by (u,w) Yu e HY(Q)NL®(Q), Yw € HY(Q, Tp,). (3.3.25)
Now we define the space of discontinuous piecewise polynomial functions
Sp = SPHQ,Tp,) = {w;w|k € P,(K) VK € T}, (3.3.26)

where P,(K) denotes the space of all polynomials on K of degree < p, where the integer p > 1
is a given degree of approximation.

Using (3.3.19) and (3.3.25), we find that the exact solution u with property (2.0.13) satisfies
the identity

(?Z(W wh> + ap(u(t), wn) + bp(u(t), wp) + eJg (u(t), wp) = £ (wp) (t) (3.3.27)
for all wy, € Sp, and all t € (0,7).

13



3.4 Linear multistep methods

Let us assume an ordinary differential equation

y'(t) = F(t,y(t)) (3.4.28)
y(a) = p,
where F' : [a,b] Xx R — R is a continuous function. Let us also assume that this equation has

an unique solution. Let ¢, = a + n7 be a partition of [a, b] with the step 7 > 0. Then we define
general linear multistep method by formula

k k
> lnro = Y BoFuto, (3.4.29)
v=0 v=0

where y,, is the approximate value of the solution y(t,,) and F,,, = F(t, ym), k is integer and
a, and [, are real constants. We suppose that

ap #0 (3.4.30)
|| + [Bo| > 0.

Then we call method (3.4.29) linear k step method.

If By =1and B, =0 for v =0,...,k — 1 we speak about backward differential formula.

Using (3.4.29) to solve (3.4.28) we compute y,,+x from the known values y,, . .., yp+x—1. We can
see that at the beginnig we need to know g, ..., yr_1. This values are called initial conditions.
Usually we set yg = p and the other values y,...,yr—1 are given by some suitable one step
method which is started with yo = p.

We say that a method (3.4.29) is an explicit method when B = 0 and we say that a method
(3.4.29) is an implicit method when 5 # 0. When we use some implicit method we cannot
express Y,k by simple arithmetic means, because the value y,, . takes part in term OgFj4k.

For every multistep method (3.4.29) we consider characteristic polynomial

p(t) = Xk: apt®. (3.4.31)
v=0

Definition 2 The linear multistep method (3.4.29) is called D-stable if no root of the char-
acteristic polynomial p(t) has modulus greater than one and every root of modulus one has
multiplicity one.

Definition 3 We say that a method (3.4.29) has order p > 0, if

k
a, = 0 (3.4.32)
v=0
k k
dvtay, = sy B, (3.4.33)
v=0 v=0

holds for s =1,...,p.
We call a method (3.4.29) consistent, if its order is p > 1

14



Remark 1 In the case of the Backward Differential formulae (BDF) we can write both condi-
tions (3.4.32) and (3.4.33) as

Z v’ = sk*71 (3.4.34)

fors=0,...,p
Lemma 1 Let us assume (3.4.34) with k = p. Then (3.4.34) has unique solution.

Proof. We will show that the matrix represented by (3.4.34) is regular. Because the
matrix is of Vandermonde type we can compute determinant:

1 1 1 1 --- 1

o 1t 2t 3t ... g!

0 12 22 32 ... k2
det 0 13 923 33 ... k3 = H (]—Z) >0 (3435)

) 0<i<j<k

0 1k 2k 3k ... gk

]
Remark 2 The coefficients of the BDFE of the order 2 are
3 1

az =g, = -2, a9 = 5 (3.4.36)

and the roots of characteristic polynomial p are 1 and % From this follows that BDF of the
order 2 is D-stable.
The coefficients of the BDF of the order 3 are

11 3 1
a3 = F,ag =-3,a1 = 5000 = —3 (3.4.37)
and the roots of characteristic polynomial p are 1, 7+“ﬁ and = “ﬁ From this follows that
BDF of the order 3 is D-stable.
By a symbolic rather complicated calculation it is possible to show that BDF methods are D-
stable up to order 6.

Lemma 2 The system of equations (3.4.34) is equivalent to the system:

k
> =0 (3.4.38)
v=0
Z ay(k —v) = -1 (3.4.39)
Z ay(k—v)* =0 (3.4.40)

fors=2,... k.

15



Proof. We can see that matrix represented by the system (3.4.38)—(3.4.40) is regular,
because similarly as in the previous case the matrix is of Vandermonde type. At first we will
prove that (3.4.39) and (3.4.40) follows from (3.4.34). First equation (3.4.38) is one of the
equations of (3.4.34). Second equation (3.4.39) we can divide into two parts and enumerate
them by (3.4.32) and (3.4.33):

k k k
Zav(k—v):kZav—Zavv:O—lz—l. (3.4.41)
v=0 v=0 v=0

The remaining equations (3.4.40) we will prove using (3.4.34).

k k s s k
S ay(k ) Z » ( ) (1)Kt = Y (~1) ( f ) ks—iza,ﬂﬂ (3.4.42)
v=0 = =0 =0
S s!

— ' (fl) ( . >ks Zlkz 1 — k5 12 S_Z)!i
=0
— k;sfl zs:(_l)l : k5 1 Z S(S — 1) :
= z!(sfz) Z*l)!(S*l*(l*l))!

—gkS™ 12(3_1> 1)1':—8]{3871(1—1)871:0

for s > 2.

Now we will prove that (3.4.34) follows from (3.4.38), (3.4.39) and (3.4.40). The equation
(3.4.32) is exactly (3.4.38). The equations (3.4.33) we will prove by induction. As first step we
will prove that (3.4.32) holds for s = 1.

k k k k
Zav(kz—v) :k‘Zav—Zavv: —Zavv:—l (3.4.43)
v=0 v=0 v=0 v=0
From that follows
k k
Z v’ = Z v =1=sk*"1 (3.4.44)
v=0 v=0

for s = 1. Then let us assume that (3.4.33) holds for i = 1,...,s — 1. Then
k
O:Zav( —) Zavz ( >kszz: ( )k‘S’Zav (3.4.45)
v=0
Zavv +Z ( )kSiZavvi
v=0

With the induction assumptions we will get from the second term:

Sil(—l)i ( f >k5‘izk:avvi => (- ( )k:s likit (3.4.46)

('ﬁ

=0
:ks—lsi(—l)i<j>z': —(- )sk51+k51z <Z>z
=0 1=0
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Now it is sufficient to show that

Sy < ‘j )i: S (1) < f )i: Z(1)Z,(:’LZ)'1 (3.4.47)

=0 =1 i=1
- _S;(_”H (i — 1)!(28—_111! -1 ”;“”H ( f:i )
—SZ <S_1>:s(11)5_1:0
for s > 2. From (3.4.45), (3.4.46) and (3.4.47) follows (3.4.33). [
Lemma 3 Let (3.4.29) is BDF of order k > 2. Then
ap = (—1)F ( fj ) - i . (3.4.48)

forv=0,....k—1.

Proof. Because we have shown in Lemma 2 that system of equations (3.4.34) is equivalent
to system (3.4.38), (3.4.39) and (3.4.40) and since «y, depends only on (3.4.38) we can prove
our lemma by substituting to the (3.4.39) and (3.4.40).When we substitute to the (3.4.39) we
get,

k k—1 k 1
Zav(k—v Zav — ) Z(—l)k_” ( " ) k—v(k_v) (3.4.49)
v=0

v=0

k—1 k
=) (=1)k ( IZ ) = (=1)F ( i ) —1=01-1)F-1=-1,

v=0

for k > 1. Now we will prove the rest by induction. We denote af the coefficient «; of BDF of
order j. As the first step we will prove that our oJ holds (3.4.40) for s =2, 2 < j < k.

j—1 )
Zoﬂj—v Zoﬂj—v => (- 1)j‘“<i>

v=0

- .
:jzj—(_l)%l vv‘(](J_ll _JZ J 1v<];1>:_j(1_1)j120

v=0

i (j — v)?(3.4.50)

Now let us assume that o holds (3.4.40) for j = 2,...,k — 1. Now we want to prove that aﬁ
holds (3.4.40) for 2 < s < k. We know that it holds for s = 2. We will assume that it holds for
s — 1. From this follows

iaﬁ(kz—v)s = iaﬁ(k—v)( k—w) —kza )1 —zk:aﬁ(k—v)s_lv (3.4.51)
v=0 v=0 v=0

17



k—1 k—1 k
=0- Z a,{f(k‘ —v)ly=— Z(fl)k_” ( ” ) (k—v)* %
v=1

v=1
k—1 B |
B 7;(71)}6_1_@_1) (v — 1)!(12;(? 1 1_)'(1} 1) (k—1—(v—1))%72
=0 vl(k —1—wv)! = v
L]
Lemma 4 Let (3.4.29) is BDF of order k > 2. Then
= i : (3.4.52)
v=1"Y

Proof. We will use the notation o for a, of the BDF of order j. It is easy to
compute that af and o3 satisfy our lemma. Now we want to show that

1
apti—ah = (3.4.53)
which proves our lemma. From (3.4.38) follows
k1 SN - k1 k+1 1
+1 _ +1 _ +1—
O‘k+1——z_:av ——Z(—l) ”( ; >k+1v (3.4.54)
v=0 v=0
k
1 o k+1 1
N S _q)ktl-v o
- ey ()
k
_ _(_1)k+1 1 o Z(_l)kf(vfl)l (k + 1)k' 1
k+1 — vio-—D(k—(v-)Nk—-(v—1)
k—1
1 o k 1 k+1
:__1k+17_ _1]{71)
(=1) k+1 vZ::O( ) v ) k—vov+1
k—1
1 k+1
— () k
(=1) k+1 z_:a”v+1
v=0
k—1
af=-> ok (3.4.55)
v=0
Now we can compute aiﬁ —al:
k—1
1 k+1
k+1 _ k _ _(_q\k+1 _ k _
i — oy (—1) PERP oy, (v+1 1) (3.4.56)
k—1
— (s - Yok ()
k+1 = v+1

18



1 k—1 ok 1 k—wv
= f(—l)k"%lmfz(*l)k ( v ) kE—wv <U+1>

v=0
1 = Y k!
:’“JfHEiifgg“”k W+ DIk —0)!
1 o e (k+1)!
T kt1 <(1)k+1 + v;enk“ N Wt Dk +1— (vt 1))

1 i o k+1

o1 ¢ kil—o [ K+1
= rr Y v

v=0
1 L&, ke (k1
_k+1*k+1§)(*1) v
1 1 N 1 1
- = 1 +1 _ 0= ——
i L k1 )

U

Remark 3 We can verify by simple calculation that for k = 1 holds Lemma 3 and Lemma 4
too. Later we can also find useful that o, > 0, which follows from Lemma 4.

Lemma 5 Let o, are coefficients of BDF of order k. Then

k k
D ol < 2k:< EJ ) =: A, (3.4.57)
v=0

where |z| = max{n € INU{0}:n <z}.

Proof.

k k—1 k—1
3 Jaul = Jael + 3 Ja] = |—zav
v=0 v=0 v=0

J ) (3.4.58)

U

N

k-1 k-1
+Z|av|§22|av|§2k‘< {
v=0 v=0

Lemma 6 Let us consider that y : [a,b] — R is the solution of the problem (3.4.28). Let
y € CP*Y([a,b]), where p > 0 is the order of the method (3.4.29). Then for a <t, <t <b
holds

k k

Z avy(tn—i-v) =T Z BoF (tntv, y(tn+v)) + O(Tp+1) (3.4.59)
v=0 v=0

Remark 4 The Lemma 6 estimates the local discretization error of the method (3.4.29).
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Proof. Let us set t =t,. Then for ¢,t 4+ vr € [a,b] holds

1
y(t + v7) Z y S ) ) (3.4.60)

where 9, € [t,t 4+ v7] C [a,b], and

P (s) s 175 N
/(i o) = 30 (i )_ o - P! ), (3.4.61)
s=1 ’ ’

where v, € [t,t + v7] C [a, b].
Now we are ready to estimate the error.

k k k k
Z apy(t +or) — 7 Z BuF(t+vr,y(t + ’UT))‘ = Z apy(t +o1) — Z Boy (t + v7)(3.4.62)
v=0 v=0 v=0 v=0
V8 k ,Usfl
Z Qo F ZTSy(S Z o Z Bo + Rpt1| = [Rptal-
sl = (s —1)!
v=0 v=0
To finish the proof we only estimate the |Rp41].
k Pt oP
|Rpa| = |3 a? ! —=y P (4,) — Zﬂ TPH (p+1)(¢ ) (3.4.63)
v=0 (p+ 1) v=0
k p+1 k P
< 7Ptt max (p+1) Ay — Ly
O

Now we can look at the global error estimates.

Lemma 7 Let the method (3.4.29) be D-stable and let v;, j = 0,1,... are real coefficients such
that

1 0 .
T —. ji_jovjzﬂ. (3.4.64)
Then
r:.= J:s,gﬁ ;| < oc. (3.4.65)
Proof. Let us set
p(z) = g+ 12+ ...+ a2k = zkp(%). (3.4.66)

Because p has no roots outside of {z : |z| < 1}, all roots of p are in the set {z : |z| > 1}. Let
21, ..., 2m are all roots of p, such that |z, = 1, v = 1,...,m. These roots have multiplicity
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one. From that follows that 1/5(z) is a holomorphic function on the set {z : |z| < 1} and on

the set {2z : |z| = 1} has a finite number of poles z; !, v = 1,...,m of multiplicity one. From
that follows that there exists € > 0 and constants A,, v = 1,...,m such that function
1 A,

fR)===-> — (3.4.67)

p(z) mz—z

is a holomorfic function on the set {z : |2| < 1+ ¢}. Cauchy formula implies that the Taylor
coefficients of function f are bounded and the Taylor coefficients of each term . —A;U*I are bounded
too. ° ]

Remark 5 Let us set v; =0 for j < —1. Then we can multiply equation (3.4.64) by p(z), we
get

1= '?Ez; = p(z) ivjzj. (3.4.68)
=0

We can now compare the coefficients with the same powers of z. As the result we get these
relations

s

k
m=0 Z O Ym—ktv = CkYm + Ck—1Ym—1+ - + QVm—tk = gy =1 (3.4.69)
v=0
k
m > 1 Z QO Ym—k+v = Ym + 0k—1Ym—1 + - .. + @0 Ym—k =0
v=0

From this we can see that y; can be defined as the solution of the linear difference equation

k
> Yjte =0 (3.4.70)
v=0
forj=—(k—=1),...,—1,0,1,... with the initial condition
Y—(k=1)s-+-»Y-1 =0 (3.4.71)
1
Y= —-
oy

3.5 Discrete formulation

Now we are ready to introduce the discrete problem. To this end, we consider an uniform
partition ty = s7 s = 0,...,r of the time interval [0,7] with time step 7 = %, the exact
solution u(ts) will be approximated by an element u® € Sjp, as test functions w we shall
use functions wy, € Sp and to overcome the time derivative in (3.3.19) is used the backward
differential formulae. In order to obtain a stable and efficient scheme, the forms aj, Jj and
£y, will be treated implicitly whereas the nonlinear form b, will be treated using an explicit
extrapolation. We will use extrapolation @*t* to the u*** such that we don’t loose the order
of accuracy. In this way we arrive at the following method.
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Definition 4 Let «a, are coefficients of some k step BDF method of order k. Then we define
the approximate solution of problem (2.0.11) a)—c) as functions quJrk, tsyk € [0,T], satisfying
the conditions

a)  uithe Sy, (3.5.72)
Z avus+v
b) f:wh +an(up ™ wn) + o (@5 wn) + e J7 (up ™ wn) = Gy (wn) (tsyr)

Ywp €Sy, s=0,1,2,...,r—k,
a k
fLZ+k:—Z(—1)U ( ” )uz-‘rk—v

c)  (u),wp) = (ulwy) Yw, €8S

The function uj, s called the approximate solution at time ts.

s+k—1

Remark 6 We can see that u depends on Uy, ..., Uy and is independent of us+k.

Remark 7 The approzimate solution u$) att =0 given by (3.5.72), c) is the L*-projection of
the function u® from the initial condition (2.0.3). If we define the operator I . L3(Q) — S,
of the L2(Q)-projection on Sy, i.e. for w € L2(Q) we assume that ITX*w € S}, and

(HLQw, Lp) = (w,p) V€S, (3.5.73)
then ug = IT-° 0

Remark 8 Since (3.5.72) , a)-c) represents a k-step formula, we have to define the solution
u}L,.. uz Yat time t1,... ts_1. It can be done by a one step formula or either by k order

Runge-Kutta scheme.

The discrete problem (3.5.72),a)—c) is equivalent to a system of linear algebraic equations
for each tsyp € [0,7], which can be solved by a suitable solver. In what follows we shall be
concerned with the analysis of method (3.5.72),a) —c).

Lemma 8 The discrete problem (3.5.72) a)—c) has a unique solution.

Proof. Problem (3.5.72) a)—c) can be rewritten in the following way.

Given uj, .. uffk Le Sy, 7> 0, we seek us'H€ € S}, such that
Ap(us™ wy) = fi(wp)  Ywp € Sp, s=0,1,...,r —k (3.5.74)
where
At ) = (g™, wn) + 7 (an(up ™ wn) + 7 (™ wn)) (3.5.75)

k—1
Filwn) = <—Z%“Z+U h) +T(€h(’wh) (tsr) — bn( 5+k,wh))-

22



Using the definition of forms (3.3.15) — (3.3.18) and (3.3.20), it is easy to observe that Ay, is a
bilinear form on the finite dimensional space S}, and f7 (wp,) is a linear functional on Sj, (for a
given tg iy € [0,7]). Moreover, the form Ay, is coercive, since

ah(wh, wh) Z 0 (3.5.76)
J,‘l’(wh, wh) > 0 (3.5.77)
Ah(wh,wh) = ak(wh,wh) + T(ah(wh,wh) —i—EJg(’LUh,’U)h)) (3.5.78)
> Oék||whHQL2(Q)th € Sh.
Hence, equation (3.5.74) has a unique solution u;™ € S, 0
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Chapter 4

Some auxiliary results

In this chapter we summarize some important results and properties which have been proved
in [7] and [8].

4.1 Geometry of the mesh

Let us consider a system {7}}xe(0,n0)> o > 0, of partitions of the domain €, ie. 7), =
{Ki}ier,,» In C Z*. For the sake of simplicity, we shall write I instead of I, (h € (0,hp))
and the dependence of index sets I, I, s(i),v(i) and S(i) on h will not be emphasized by the
notation.

We shall assume that the system {%}he(o,ho) has the following properties:

(A1) Each element K € 7;,, h € (0,hg), is a star-shaped domain with respect to at least one
point xx = (xk1,...,TKrq) € K°, where K° is the interior of K. We assume:

i) There exists a constant x > 0 independent of K and h such that

maXxyepK ‘.%' - xK‘

- <k VK €T, Vh € (0,hp). (4.1.1)
MINzcHK ’.’L‘ — xK|

ii) The element K can be divided into a finite number of closed simplexes:
K= |J s (4.1.2)
seS(K)
There exists a positive constant C9 independent of K, S and h such that

hs <(Cy VSeSK) (shape regularity), (4.1.3)
ps

where hg is the diameter of S, pg is the radius of the largest d-dimensional ball
inscribed into S and, moreover,

h
1< th <k<oo VSeS(K), (4.1.4)
S

where % is a constant independent of K, S and h.
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(A2) There exists a constant C3 > 0 such that

hKi < C4 d(Fij), 1e€l,j€ S(l),h S (0, ]’L[)). (4.1.5)

Let us note that these properties can be verified, e.g. in the case of dual finite volumes
constructed over a regular simplicial mesh.

4.2 Some important inequalities and estimates
Under the above assumptions, the following results can be established.

Lemma 9 (Multiplicative trace inequality) There exists a constant Cy > 0 independent of v,
h and K such that

[wl2000) < Ca (lwll 2y [l ey + b ]2 ) (4.2.6)
KeT, we H(K), h€(0,hg).

Proof. See [8]. ]

Lemma 10 (Inverse inequality) There exists a constant Cs > 0 independent of v, h and K
such that
lwlp (k) < Cshiglwll 2y Yw € Ppy(K) VK € Ty, (4.2.7)

Proof. See [8]. O

Lemma 11 (Approximation properties of Sy) There exist a constants Cg > 0 independent of
w and h and a linear mapping 11 : HY(K) — P,(K), p > 0 such that

Cohhd |w] ot (1), (4.2.8)

CGh}[?(’/w|Hp+1(K)a

[TTw — wl[r2ky <
Mw —wlgir)y <

for allw € HPYY(K), K € T;, and h € (0, ho).

Proof. If 73 is a simplicial mesh, then standard results from the finite element method
can be employed (see, e.g. [3] or [2]). In our case, when general nonconvex elements are used,
the approximation properties (4.2.8) are derived under assumptions (A1), (A2) in [16]. 0

Remark 9 The operator 11 is not L2- projector IIX* on S, introduced in (3.5.73).
It is clear that Illw = w for w € Sy,. Moreover, we have

lw — T w]| 2y < |Jw — Tw| 2(q) < Ceh?*w| i), w e HPTH(Q), (4.2.9)

as follows from (4.2.8).
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4.3 Properties of the form b,

Let assumptions (2.0.4), a), Assumptions (H) and Assumptions (A1), (A2) be satisfied. Then

the form by, has the following properties.

Lemma 12 There exist constants Cg > 0, Cg > 0 and C19 > 0 independent of h € (0, hg) such

that

[bn (o, w) = b (@) < Cs (7 (w,0) 2 + | a7,

1/2
x (”“ — 20 + (Z hi,|lu — ﬂl!i2(am>> ) :

i€l
u, U, w e Hl(Q,’]}L),
b (un, wp) — bp(tn, wp)| < Cy (Jﬁ(ﬂma wy) /% + |wh|H1(Q,Th)> |un — |20
Up, Up, Wp € Sp,
|bn, (w, wp,) — by, (Hu, wy)|

IN

Cioh?* (Jif(’whﬂﬂh)l/2 + ‘wh|H1(Q,Th)> |l e+ ()

u € Hp+1((2), wy, € S,

where 1lu is the Sp-interpolant of u from Lemma 11.

Proof. In [8], Lemma 5 gives (4.3.10) and (4.3.11), Lemma 8 proves (4.3.12).
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Chapter 5

Error estimates

5.1 Preparation lemmas

Our goal is now to analyze the error estimates of the approximate solution uj, s =0,1,...,r
obtained by the method (3.5.72) under the assumptions that the exact solution u satisfies
(2.0.13). We consider a uniform partition t; = s7, s = 0,1,...,r, of the time interval [0, T
with time step 7 = T'/r, where r > 1 is an integer.

Let ITu® be the Sp-interpolation of u® = u(ts) (s =0,...,7) from Lemma 11. We set

€ =ul —u® €8y, n° =1’ —u’ec HHQ,T,). (5.1.1)
Then the error ef can be expressed as
e =uj —u'=&4+n° s=0,...,r (5.1.2)
The (3.5.72), b) say
k
( > ayuy', wh) +7 (ah(uffk’ wn) + bp (@5, wp,) (5.1.3)
v=

e g (™ wn) = by(wn) (1)) = 0, to,- ot € [0, 7).
Moreover, setting ¢ := ¢4, in (3.3.27), we have
(W (tsir)s wn) + an (W™ wp) 4+ bp(u wy) + e J7 (W, wp,) (5.1.4)
_£h<wh) (tSJrk) =0, ts4x € [07 T]?

where u/(ts) = Ou/0t (ts), ts € [0,T).
Multiplying (5.1.4) by 7, subtracting from (5.1.3) and using the linearity of the forms ay,
and Jy, we get

k
(Z apust?, wh> — 7 (v (tssr), wp) (5.1.5)
v=0

+7 (ah(uffk —ustk, wp) + bh(ﬁff’“, wy) — bh(us+k, wp)

e (usth — u5+k7wh)> —0, s=0,....r—k
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Taking into account relations (5.1.1) and (5.1.2), from (5.1.5) we obtain

k
(Z &5, wh> +7 (ah(ﬁerk, wy) + eJ7 (€51, wh)> (5.1.6)

v=0
k
= 7(u(tssr), <Z U wh> - (Z av778+v,wh>
v=0
+7 (bh(us+k ) - bh( S+k7 ’U)h) - ah(775+k7 ’U}h) - EJ;{(??S—HC, U}h)) 5
where wy, € S),. In what follows, we estimate the individual terms

on the right-hand side of (5.1.6).
The Cauchy inequality implies that

JT°,€5) < (JT(E )Y (JP (€, N2, s=0,...,T (5.1.7)

Lemma 13 Let f € W™tL10,T). Then fort,s € [0,T] we have

—f(t) +jz;f<f>< >j,< W= [ e an, G8)

where s — t = «..

Proof. Using notation f = f(t), f+ = f(s) we will prove:
n SN ad . s ps s

—f+2ff)?(—1)7 _ (f1)n/t / / FOH (2 ) Az - 2 (5.1.9)
j=0 . Z1 Zn

For n = 0 it is obvious, because of

fy—[f= /t f'(z1)dz, (5.1.10)

which is proved in [4].
We could also find useful this identity

(] Y1 Yn—1 o™
/ / / 1dy, ... dy1 = —. (5.1.11)
0o Jo 0 n!

Using induction we gain:

—f+Zf+ o1y ——f+Zf+ O Y =

n!

n n— n) Q"
1// / F™ (zn) dzy ... dzy — (—1) 1fi)ﬁ
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Y, t=1,...,n

_ s s s . N o
1)” 1/// f( )(zn)dzn...dzl_(_l) 1—(&-)F:
z1 i
n Y1 Yn— 1 . an
1 (/ / / dyl_fi)n!)

Now we could use identity (5.1.11).

Y Yn—
”1(//1 / U FO(s — ) dya ... dys — (")n)z

We will use substitution z; = s —

3 — Yn) dYn ..

n 1 Y1 Yn—1
/ / / S_Qn) f+ dyy, ... dy1
To finish the proof we use the same substitution z; = s —y;, i = 1,...,
step.
Y1 Yn— 1
nl/ / / S_yn) (n)dyn~--dy1

= (—D’“/t /Zl.../znlfm(zn) — ™z, ... dn

1)"/ / / f("H)(an) dzpg1 ... dz
t Z1 Zn

Lemma 14 Under assumptions (2.0.13), for ts, ...,
k

(Z OZU’LLS—"_U
v=0

k

v k s+k—v

k
Z(_l)v ( k )us+kv
v=0 v

|us+v+1 _

ts+x € [0,T] we have

< Cum™ M wallr2 o),

wh) — 7 (v (tgs1), wp)

< Cppt*,
L3(Q)

< Cl3Tk7
HY(Q)
w T gy < Cuat,

with C11, Cia, Ci13 and Ci4 depending on u and k, but independent of s and T.

Proof.
i) Using (3.4.38) and (3.4.39) we get

k
(Z a,u T, wh> — 7 (' (tgt1), wn)

v=0
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k—1 k—1
- <Z au T, wh> — (Z ayutF, wh> — 7 (v (tkt1), wp)
v=0
k—1 k—1
= (Z avus+”,wh> — <Z a,ust wh> + 7 Z ay(k —v) (v (tgs1), wp)
v=0 v=0
k—1 1
. TI(k —v)/ ;
S ((u ) SOt >(.)<1>J) .
v=0

!
j=0 J:

When we use (3.4.40) we have

k—1 . .
—;av( — ) Zav (tsir), h)T(—w (5.1.21)
and after summing (5.1.21) over j = 2,..., k we get
k k-1 j i

Tk —v)’ ;

=22 (U (tern), h)i( , ) (—1) (5.1.22)
j=2v=0 J:
Tj k—wv)l ;

Putting (5.1.20) and (5.1.22) together we have

k
<Z a,uTY, wh> — 7 (' (tg41), wn) (5.1.23)
v=0
k . .
ot : T (k —v)? ,
( ) - Z<u<ﬂ><ts+k>,wh>(.,)<—1>f) |
j=0 I
Now we can estimate this term using Lemma 13 and Lemma 5.
k—1 k j j
T (k —v) ;

Zav ( S wp, Z (ts+)s )(ﬂ)(_l)J)| (5.1.24)
v=0 7=0 :

s+k s+k s+k

< Z || / / / u ) (241), wp) dzgys - day
s+'u
s+k s+k s+k
< Z \av’ \ / / (u(k+1)(zk+1)7 wh)’ deJrl . le
s+v
AR TR
< A(k:+1)!T D oo 0722 () 1w 22 (62)
which proves (5.1.16) with
AR )
Ci = A(k 1! [ | Lo (0,7, 22(02))- (5.1.25)
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ii) Since u € Wk (0, T; HP1(Q)) ¢ Wk(0,T; L?()), we can write

b k b k
> (-1 ( . >u5+’” =D (-1 < . )u”” (5.1.26)
v=0 L2(2) v=0 L2(Q)
= |lu*TF + Z ay(k —v)u®t?
= L)
Using (3.4.39) and (3.4.40) we get
k-1 k—1
AT Z ay(k —v)u*t? = Z ap(k —v)(ut —usTR)| (5.1.27)
L2(Q) v=0 L2(2)
it i Kl .
— ) — ) = 3D () T (1) Y (k- o)
j=1 J: v=0
L2(2)
k-1 -
) 2 (k= 0) 3 0 (1) T (<1 (k — o)
i=1 ' 12(9)
Ll i ‘ .
Z ap(k —v) | ust? - Z U(J)(terk)F(_l)J(k — o)
j=0 ' L2(Q)
This term we can estimate by Lemma 13 and Lemma 5.
Z ay(k—v) [wt =" ulD () = (1) (k = v)/ (5.1.28)
Jj=0 '] L2(Q)
e ([0 i as )
e 2 L2(©)
s+k s+k
< kzmv\/ L T I ez
9+1; z1
A
< kAT 1w | oo (0,7:22(2))
which proves (5.1.17) with
R+
012 = A*HU, HLoo(QT;LQ(Q)). (5.1.29)
iii) Since u € W (0, T; HPT1(Q)) c Wk (0,T; H' (), we have
Seor()e| ()] o
v=0 H(Q) v=0

L*(Q)
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Now we can use previous result for Vu instead of u. Using

0 [ Ou 0 [Ou
m(%)‘%(@t)’ I=1,....d, (5.1.31)

in the sense of distributions we get

kkJrl k” ak

<A T ﬁquLw(O,T;LZ(Q)) (5132)

I

k
v k s+k—v
(4
H1(Q)

]{Zk—H . L k+1 L L
T VP o 0.7, 12(02)) < A T [u® || oo (0.1 (02))

=A

which is (5.1.18) with
k‘k'H .
Ci3 = ATHU( N poe o, () (5.1.33)

iv) Taking into account property (5.1.31) and using a similar technique as in (5.1.32) we
derive (5.1.19) with C4 = ||UIHL00(O7T;Hp+1(Q)).

O
Lemma 15 Under assumptions (2.0.13), for ts,ts+1 € [0,T], wy, € S, we have
(™! =%, wn)| < Crh? Jwnll 20, (5.1.34)
with 616 = élg(u).
Proof. The Cauchy inequality, relations (5.1.1), (4.2.8) and (5.1.19) imply that
(* ™ =% wn)| < T = Pl 2y llwnll 2 ) (5.1.35)
= It —w®) = (W = u) | 20wl 20
< CehP M u' ™ — | v o) lwnll 20
< CeCrath” w2 ()
which proves the lemma with 6'16 = CgCly. O

Lemma 16 Let (3.4.29) satisfies (3.4.32). Then under assumptions (2.0.13), forts, ... tsig €
[0,T],wp, € Sy, we have

< Crgh?H Jwn | 20, (5.1.36)

k
(z avns+v,wh>
v=0

with C¢ depending on Cig and k.
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Proof. From (3.4.32) follows that 1 is a root of the characteristic polynomial p(y).
We set polynomial 7 such that :

p(y) = (y — D (y) (5.1.37)

Now we should compute the coefficients of 7(y) = 2_: Boy®.
=0

k
Bo = (0) = p_(? = —qp = Z:l% (5.1.38)

When we compute v > 1 derivations of p(y) and enumerate them in 0 we get

P (y) = ZU: ( : ) 7D (y)(y — )V (5.1.39)

j=o\ 7
vl = p(0) = =7 (0) + vrV(0) = —v!B, + v!By_1

From this we can easily obtain by induction

f: a; (5.1.40)

j=v+1

Because 7(y) has property (5.1.37) we can write

k
‘ (Z av778+va wh) ’ ‘ <Z ﬁ s+u+1 s+v )
v=0

When we also use (3.4.57) and (5.1.34) we get

Z 15s|

< Z |ﬁ | ‘( s+v+1 778+anh)¢5~1-41)

( stv+l _ s+v7 wh) ‘ < kAC'lGThp+1 ||whHL2(Q), (5.1.42)

which proves the lemma with Cig := kACh6. |

Lemma 17 There exist constants C17 > 0 and Cig > 0 independent of u, h, s, wy and € such
that

lan(n®,wn)| < Crreh?|u®| gor1(q) (Jﬁ(wh,wh)1/2 + |wh|H1(Q,Th)) ; (5.1.43)
T ) < Cish®|u’[fpia gy b€ (0,ho), ts €[0,T]. (5.1.44)
Proof. See [8], Lemma 9. O

Lemma 18 Let us set

~s+k k v k s+k—v
ayth==>"(-1) ( >uh (5.1.45)

v=1
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for h € (0,hg), ts,tsik € [0,T]. Then we have
’bh(us+k»wh) - bh(aiJrk’wh)‘ < Chg (Jﬁ(wh,wh)l/g + |wh|H1(Q,T;L)> (5.1.46)
X (iﬁ_:; 165 L2y + AP + Tk) ,
where Crg = Chg(u) is independent of h, T, s.

Proof. At first we set

k
k
~s+k _ 1\ st+k—v
asth = ;( 1) < . ) u : (5.1.47)
We can write
bh(us+k,wh) — bh(ﬂ‘ffk,wh) = bh(us"’k,wh) - bh(ﬂs+k, wp) (=:¥y)

b (@5FF wp) — bp (MasTF,wy) (=2 Uy)
b (T, wy,) — by (a5 ™, wy) (= Uy).

We estimate the individual terms in (5.1.48). From (4.3.10) we have

@] < Cs (5 (wn,wn) 2+ wil i 0,1, ) (5.1.48)
k " & L 2 1/2
X Z(_l)v ( . >u5+k—v + (Z hi, Z(_l)v ( . ) uSHE—v )
v=0 L2(Q) i€l v=0 L2(0K;)
Using (4.2.6), (5.1.17) and (5.1.18) we find that
k 1 2
> hg D (-1) ( . )uerkU (5.1.49)
i€l v=0 L2(8K;)
k 2 . k 2 .
< _1\v s+k—v _1\v s+k—v
_C4ZhKi Z( 1)<U>u Z( 1)<U>u
il v=0 L2(K;) lv=0 H(K;)
k 1 2
+C4Z Z(_l)v ( ) uerkf'u < 0217'2k,
i€l llv=0 v L2(K;)
where Cy; := Cy4(C12C13ho + C%). Then (5.1.48), (5.1.49) and (5.1.17) give
@1 < Cs (5 (wn,wn) 2+ |wnlip 0,13 ) 78V Cort + Cra). (5.1.50)
Moreover, on the basis of (2.0.13) we can set
Ca0 = ||ull Lo 0,710+ (22))- (5.1.51)
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From (4.3.12) and (4.3.11) from Lemma 12 we find that
[Wa| < Caoh”™ (JF (wnwn) 2 + Jwnl iz ) (18 e @), (5.1.52)
Ws] < Gy (Ji({(whywh)lm + \whlﬂl(g,ffh)> (Tt — @37 p2q)).-

By (5.1.48), (5.1.1), (5.1.50), (5.1.52) and (5.1.51),

’bh(us-i-k’ wh) — bh(ﬂ?‘k’ wh)‘ < Cqg (Jg(wm wh)1/2 + ’ wh‘Hl(Q,Th)) (5.1.53)
k—1
X (Z 167 || L2y + PP +Tk> ,
v=0
with
k k
Cig :=max | k {EJ Cy, k {EJ C10C9, 08(012 +vCo |, (5.1.54)
2 2

which proves the lemma. H

Definition 5 Let assumptions (2.0.4), a) - e), (H) from Section 3.3 and (A1)-(A2) from
Section 4.1 be satisfied. Let u be the exact solution of problem (2.0.11) satisfying (2.0.13). Let
te =s7, s=0,1,...,7, 7 =T/r, be a time partition of [0,T] and let uj, s =0,...,r be the
approzimate solution defined by (3.5.72). We set

ep, = uj—u®, s=0,1,...,7 (5.1.55)
2 2
||e||h,T,Loo(L2) = Si%%)iTHeZHLQ(Q)
T
lell? - rory = 7€ 3 (i + I8 (e ei)
s=0

Lemma 19 Let assumptions (2.0.4), a) - €), (H) from Section 3.3 and (A1)-(A2) from Section
4.1 be satisfied. Let u be the exact solution of problem (2.0.11) satisfying (2.0.13). Let ts =
st, s = 0,1,...,7, 7 = T/r, be a time partition of [0,T] and let uj, s = 0,...,r be the
approzimate solution defined by (3.5.72), where k > 1. Then if we set £ = uj — IIu® € S
there exists constant K independent of h, T, s and € such that

k
2 (Z &5, wh> + 27 (ah(55+k, wy) + eJg (€5TF, wh)) (5.1.56)

v=0
< 7l|lwhllF2 ) + T— Y120
v=0
+7e (|wh|%—[1(Q,Th) + chzr(whvwh)) + TKq(57 haT’ k),
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where
g, h, 7, k) = B (= + B2 + B2 /e) + 72 (14 1/e) (5.1.57)

Proof. Asin (5.1.1), we set §* = u; —u® € Sp, n® =1lu® —u®, s =0,...,7. Then
(5.1.2) holds: e} = uj —u® = £° +n°. When we multiply (5.1.6) by 2 we get

k
2 (Z &1, wh> + 27 (ah(§8+k, wp) + 5Jﬁ(§5+k, wh)> (5.1.58)

v=0

k k
= 27(u(tssr), wn) — 2 (Z a,ut?, wh> -2 <Z avn5+”,wh>
v=0

v=0
+27 (bh(us+kawh) — b (5, wp) — an(n®*, wy) — SJﬁ(nsM,wh)) =: RHS.

With the aid of Lemmas 14 — 18 and (5.1.7) we estimate the right-hand side of (5.1.58) denoted
by RHS:

RHS| < 2(Cur™™ + Crorh?) flwn o) (5.1.59)
+27 {0175hp|us+k|m+1(n) (Jﬁ(wh,wh)l/Q + |wh|H1(Q,Th))

+V/CrgeP |u | s () I (wh, wp) /2

k-1
+Cig (Jﬁ(wh, wp) 2 + \wh|H1(Q,Th)) <Z 1€ | L2y + AP+ Tk) } :
v=0

Adding some nonnegative terms to the right-hand side of inequality (5.1.59) and using the
notation (5.1.51), we have

RHS| < 2(Cur™*! + Ciorh?*) [|wnl| 20 (5.1.60)

+27 (Jﬁ(wm wp) 2 + \wh|H1(Q,Th)>
k-1
X (CQQé‘hp + Chg <hp+1 +7F + Z ”§S+v’L2(Q)>> ,

v=0

where Coy = C(C17 + v/Cis).

Now we want to use Young’s inequality in the form:

« b?
b< —a®+ —. 5.1.61
ab < 4a + o ( )
From (5.1.61) follows for j =1,2,...
J J
O w)<jid af (5.1.62)
i=1 i=1
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Now with the aid of (5.1.61) we estimate both terms from (5.1.60). First we use (5.1.61) with
a = CllTk+016hp+1, b= ||wh||L2(Q) and o = 2 and then (5162)W1th a1 = CHTk, a9 = Clﬁhp+1
and j = 2:

2 (CllTk+1 + ClﬁThp+1> HwhHLz(Q) =27 (CHTk + Clﬁhp+1) Hwh”L2(Q) (5.1.63)
2
< T”wh”%Q(Q) +7 (CHTk + Clghp+1> < 7'||’wh||%2(9) + 203 72+ 4 202 rh2 P,

The second term we estimate with (5.1.61) a = Jg (wp,, wy)*/?

k=1
b= Caeh? + Cig (hp+1 +7F + Z:o H§s+”\|L2(Q)> and a = ¢

+ (w51 (0,75)

27 (J;j(wh,wh)l/? + whyHl(Mh)) (5.1.64)
k—1
X <C22€hp + Chg (th +rh Y H§s+vHL2(Q)>>
v=0
1 2
< —7e (J7 (wp, wh)1/2 + ‘wh‘Hl(Q,Th) (5.1.65)
2
9r k—1 2
+— (thp + C1g (hpﬂ +7 43 |y§S+v|yL2(Q)>> . (5.1.66)
v=0

The term (5.1.65) we estimate with (5.1.62) a1 = J7 (wp, wp)"/?, ag = |wh| 10,7, and j = 2

1 2 .
57‘5 (Jh (Wh,wh)l/Q + |wh|H1(Q7Th)) <Te (Jh (Wh,wh) + |wh|%’11(Q,Th)) (5167)
The term (5.1.66) we estimate first with (5.1.62) with a; = Caeh?,
k—1
= Clo (hp+1 +7F ||§S+U||L2(Q)> and j = 2 and then with (5.1.62) a; = h?T, ag = 7%,
v=0

k42 k—1 ) .
Sai= H§S+”HL2 oy, and j =k +2:
=3 v=0 ()

2
- <022€hp + Cg <hp+1 +T + Z ||§S+U|| 2( >> (5.1.68)

v=0

k—1 2
< 4r <5022h2p+ ~C%, <hp+1+T ) IET ) )

v=0

k42,
< 4r <eC’22h2p+ il h21’+2+72’“+2\|58+”||L ))
v=0

Taking (5.1.58), (5.1.60), (5.1.63), (5.1.64), (5.1.67) and (5.1.68) together we get:

(Z S wh> + 27 (ah,(fs+ K o) +eJ7 (&5, who§.1.69)

v=0

37



2 k—1

4(k +2)C .
< 7lwnlfag) + 200 + 208 R 7 == B 16 g
v=0

4(k +2)C3 4(k + 2)C?
+7e (J;f(wh, wp) + |wh]2H1(Q7Th)) + 47'50222h2p + 7'7( )Cly h2PT2 4 7'2’”17( ) 19

€ €
When we use (5.1.57), we get
k
2 (Z ., &5, wh> + 27 (ah(§s+k, wy) + eJg (€5TF, wh)) (5.1.70)
v=0

Kkl
< rlhunlsey + 77 22 1€
+7e (|wh’%[1(977'h) + eJj (wp, wh)) +7Kq(e, h, 1, k),
with
K = max (20}, 20, 4(k + 2)Ch, 4C3, ) . (5.1.71)

U

Because there exists unique sequence ; satisfying (3.4.70), we know from Lemma 7 that this
sequence 7y; is bounded. To prove our result we need to know that v; is also nonnegative. This
we will prove in the next lemma for k = 2, 3.

Lemma 20 Let o, are coefficients of k step BDF' of order k = 2,3. Let vy, is the sequence
defined in Lemma 7 by (3.4.64). Then ~v; >0 for j=0,1,....

Proof. We know that ~; defined by (3.4.64) for j = 0,1,... and 7; = 0 for j =
—(k—2),...,—1 satisfy (3.4.70). Because all the coefficients of difference equation (3.4.70) are
real constants o, the solution «; € IR. For k = 2 it is easy to see that

1 )
=1 20 j=01.... (5.1.72)

For k = 3 we can compute that v; is the solution of

11 3 1
B Vi3 T 3V T 5 3% = 0 (5.1.73)

for j = —-2,—1,0,1,... with the initial condition
Y—2 = Y-1 = 0 (5.1.74)
_5
Yo = 1
We set 0; = j_1 — 7;—2, which is the solution of

11 7 1
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for 7 =0,1,... with the initial condition

5o=0 (5.1.76)
_6
1

When we solve (5.1.75) with the initial condition (5.1.76) we get

o1

—6i (T+iv39\ 6 [(7—iv39)’
P +— ! . (5.1.77)
V39 22 \/39 22
Now we can easily estimate |d;|
6 |7+iv30) 2\’
0l <2—|— <2 — | . 5.1.78

If we compute 71, v2,73,74 We can realize that all of them are positive and v4 > 1. Then for
every j > 5 we can estimate «y; in the following way.

j+1 j+1 j+1 5\ ! g & 5\
R S _ . _ - _ il 1.
Vi 74+Z§1_74 Z|5Z|>1 22(”11) >1 21331‘ ( 11) (5.1.79)
=6 1=6 1=6 1=0
16 1 16

e > 1 —-2>0
1331, _ 2 1331

5.2 FError estimation of the second order

Theorem 1 Let assumptions (2.0.4), a) - €), (H) from Section 3.3 and (A1)-(A2) from Section
4.1 be satisfied. Let u be the exact solution of problem (2.0.11) satisfying (2.0.13). Let ts =
st, s = 0,1,...,r, = = T/r, be a time partition of [0,T] and let uj, s = 0,...,r be the
approzimate solution defined by (3.5.72) with k = 2 and let 7 < 1. Then there exists constant
C = O (exp(3TT(1 + 2K /¢))) such that

lell? 1, pooz2y < C (B (2 + B2+ B2 /2) + 74 (1 + 1/e) + max(|leh 320, e 2 (0) ) (5.2:80)
where K is defined in Lemma 19.

Proof. Asin (5.1.1), we set {* = uj —lu® € Sp, n® =1u® —u®, s =0,...,7. Then
(5.1.2) holds: e} = uj —u® = &° +n°. It is easy to see that

leq 320y < C (h% (2 + B2 + B2 fe) + 74 (1 + 1/2) + max(||e |3y e F2(y)) (5:2:81)

for s = 0,1. So we should only estimate e} for s = 2,...,r. Putting wy = £ in (5.1.56) and
using the relations

ah(55+2a58+2) = 5|£8+2|%{1(Q,Th) (5282)
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and

9 (%£s+2 _ 255—&-1 4 %53755—%2) — §||£s+2||2 _ 2||£s+1”2 2 ||£s||L2(Q) (5.2.83)
+2[¢5%2 — €12, ) — 311612 — €113y = 3||58+2u - 2H£$“||Lz(m + 31122
+2/|65+2 = €25 ) — 16572 — €7 22 — Hﬁs“ — &[22y =

1672020 0 — 2067 [y + 31 2y + 16 — €510y — € — €12
fors=0,...,7 — 2 we get
3 1
§||fs+2\|i2(9) =2/ 2 ) + *||58||%2 ) + 1€ =& T q (5.2.84)

—llg=tt = €%l132qy + 27e (|ss+2\H1 oz T IR(ETET)

x
< 7)€ 22 () + T Do EH 2 gy
v=0

e (1€ B 0,5 + 7 (€2, €42)) + T Kqle, h,7,2).

We want to estimate H{mH%Q(Q),where m =2,...,r is arbitrary, but fixed.

For simplicity we modify (5.2.84) by adding some non-negative terms to RHS and omitting
some non-negative terms from LHS

3 S S 1 S S S S S
2 l€ a0 — 206 2 ) + S M€ 22 () + 16772 = € T2 i) — €77 = €172 (5:2.85)

KL
< T||£S+2||%2(Q) + (e Z ||£S+U||%2(Q) +7Kq(e, h, 7,2).
v=0

where s =0,...,m — 2.

First we multiply (5.2.85) by

1\J 1!

where j = m — s — 2. This sequence ; satisfies condition (3.4.69) and is bounded because of
Lemma 7. We can see that v; > 0 for j =0,1,....
After summing over s =0,...,m — 2 we get

1 1 0
1€ HLQ(Q)+( Ym—3 — 2Ym—2)||¢" HL2(Q)+ Sym—2ll€ 1720 g”f — & T2y (5:2.87)
+2

25 () b e g~ sl — Ol < Tl e
=0
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m—3 m—2

K
13 Il sy o 3 ameans (1€ sy + 1)
s=2 s=0
m—2

+TK Z ’Ym—Q—SQ(F:? h7 T, 2)
s=0

Using |v;| < I',putting some terms together and omitting some non-negative terms on the left
side implies

2Km1
(1= m0) €™ 220 <ﬁ@+)zmmg (5.2.88)

AT 22 () + F||€OHL2 y +TTKq(e, h,7,2).

e A By + 41
2K /e + 1 § + 4l€ TTK
P ek L@ Q) 7 - (5.2.89)
1—7v 1—7v 1—7v
we can write
m—1
€™ 1720 < 7X Z 1501 2() + Y + Zale, b, 7, 2). (5.2.90)
It is simple to see that for s = 0,1
1651220y < (Y + Zg(e, b, 7, 2)) (1 + 7X)°. (5.2.91)
We want to prove this estimate for s = m. We will prove it by induction.
Let’s assume that this estimate holds for s =0,...,m — 1. Then we can substitute
0 (5.2.90) and derive
m—1
€™ 1720y S Y + Za(e, 7, 7,2) + TX(Y + Zq(e,h,7,2)) Y (14 7X)° (5.2.92)
s=0
1 X)m—1
=Y + Zq(e,h,1,2) + 7X(Y + Zq(e, h, T, 2))(+TX)
-
= (Y + Zq(e,h,7,2))(1 + 7X)™
Using
1
<3, (5.2.93)
1— 70
(14+7X)° <™ < eTX, (5.2.94)
”58||L2(Q < 2||€h||L2 +2||n° ||L2 (9)) (5.2.95)
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we gain
1€™ 172 0) < (Y + Zg(e, h, 7,2))e” (5.2.96)
<(5 FH&”HLz(m +120)|€" 720y + BTTKq(e, b, 7,2))e* TR/

< (9T(|eR 1320 + 24T [kl () + ITIIn° 1320
+24FH77 ”Lz +3TPKq<5 h,T, 2)) 3TT(2K /e+1)

By (5.1.1), (4.2.8) and (5.1.51),
I*l720) < CER*PHV|w i (q) < CCRA"PHY. (5.2.97)
Now, using (5.1.55), (5.1.1), (5.2.96) and (5.2.97), we find that
lellirpomsy < 2 max (161520 + 10720 (5.2.98)
< 2(90|epll72(q) + 24T [len |72 () + Clasah*®
+3TTKq(e, h, 7,2))e’ 1K/ f+1>
with Cosq = C2C%,(1 + 33T), which implies estimate (5.2.80). n

5.3 Error estimation of the third order

Lemma 21 Let assumptions (2.0.4), a) - €), (H) from Section 3.3 and (A1)-(A2) from Section
4.1 be satisfied. Let u be the exact solution of problem (2.0.11) satisfying (2.0.13). Let ts =
st, s = 0,1,...,7, 7 = T/r, be a time partition of [0,T] and let uj, s = 0,...,r be the
approximate solution defined by (3.5.72) with k = 3. Then form =3,...,r

m—1 m—1
S S— 9K S 3
>l ¢ 1H%2(Q>ST<3+4 ) X 1€ ey + §THa m8) G39)
23 3
F 20 a0+ I gy + SN ey + 572 (1€ oimy + TH(E.ED)

where K 1is defined in Lemma 19.

Proof. When we set w;, = &3 — ¢5+2 in (5.1.56) with the notation y* = £% — ¢571
fors=1,...,r, we get

11 18 9 2
2 ( c €s+3 €s+2 + 6gs—i-l o 665’ ys+3) +or (ah(£s+3’ys+3) + 8Jg(£s+37ys+3))<5‘3.100)

< 7lly ) + 7 Z 1 1720

e (ly™ ) + T y")) + 7Kq(e, b, 7, 3).
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When we rewrite (5.3.100) using

6 6 6
=9 s+31|2 § s+312 _ z s+21|2 g s+112
=2[ly" 72 + GH?J 1720 6”3/ 172(0) + 6”1/ 1720

) (161534-3 o %és-i—? + %Es-i-l o %gs’ ys+3) —9 (Hys-i-S _ Zys+2 4 gys-i- s+3> (5 3. 101)

7 2
+olly* " — g2 — EHyHS S e

6
17 7 2
> glly”?’\l@ - *ll?f”ll%m) + *llyS“ll%z(Q)
3
+6||?JS+3 s+2||L2(Q) - *||’ys+2 S+1||L2
17 9 3
> gllysﬁllﬂ(m — gl Y20y + gllys+3 v T2 — *llyS” S e

and

2 (ah<£s+3,ys+3) 4 8Jﬁ(£5+37y5+3)) =T (ah(§s+3’§s+3) + €Jg<€s+3,§s+3)) (5.3.102)
—7 (an(€2,672) + e (€72, 6%)) 4 7 (anly™ y+P) + e (1 y )

and (5.2.82), we get

17 9 3
EHyS-H))H%?(Q - 6|| v 2320y + *||ys+3 A 6]\y3+2 v Teg) (5:3.103)

+7e (\5 Pnm) T I ET ) - ’§S+2 men) t Jg(fsﬁafs”))

S S K STv
<27 (Hf e + 1€ +2H%2(Q)) tT— Z 1€ 1720 + TK (e, by 7, 3).
v=0

After summing over s =0,...,m — 4 we get
8 S s+3112 9 m—112 9 212 3 m—1 m—212
g Z 1™ 22 ) + Y™ 2 ) — g1y 22y + 5 lly™ " = 4™ 7 llL265.3.104)

3 m— T (¢m— m— o
—6\\1/2 —y' 72 +7E (\5 Yenqs) + €L e — 18 o, + IR (52752))
m—4 m—2

S S K S
<27y (Hf +3H%2(Q) + 1€ +2H%2(Q)) +3T? > g HL2 y +TKq(e, h,7,3)
s=0 s=0
m—1

K s
. <4+3€> S €2 g + TKa(, b 7,3).
s=0

Omitting some non-negative terms on the left-hand side of (5.3.104) and moving the initial
terms to right we get

] m—1 . . 8 m—1 .
o 2 € =€ e = 5 2 1002 (5:3.105)
5=2 s=2
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8
< Q1+ (1495) S 1 + Tl )
9 2112 3 2 1 o(¢2 2
5177150 + 5l9° = v a0y + 7€ (€30 0. + TR (E%.69)
(4+3 )Zugsup +TKq(e, h,7,3)
P12 a0y + 1 oy + 7= (1€ ) + T E)
6 WY llL2@) T IV 1Lz (@) H(Q,1,) T 7rls
(4+3 )ZHszLz +TKq(e, h,1,3)

23 o
§|’§2H%2( H§ |Z2() + 201€° 720 + 7¢ (|§2 m@z) +Jh (52752))
which implies the estimate (5.3.99). H

Theorem 2 Let assumptions (2.0.4), a) - €), (H) from Section 3.3 and (A1)-(A2) from Section
4.1 be satisfied. Let u be the exact solution of problem (2.0.11) satisfying (2.0.13). Let ts =
st, s = 0,1,...,r, 7 = T/r, be a time partition of [0,T] and let uj, s = 0,...,r be the
approzimate solution defined by (3.5.72) with k = 3 and let 7 < 1. Then there exists constant
C = O (exp(T(30 + 117K /4¢))) such that

lellreqzzy < C (W (e 12+ h2/e) +7° (1 +1/¢)) (5:3.106)
0 (e + 7= i ey + IRl )

where K 1is defined in Lemma 19.

Proof. It is easy to see that for s = 0,1,2 holds (5.3.106). So from this moment we
should estimate HeZH%Q(Q) for s = 3,...,7. When we use notation (5.1.1) and (5.1.2), then to

obtain the estimate for He;";H%Q(Q), we can estimate ”58"%2(9’) and HUSH%z(Q) induvidually. First
we will use (5.1.56) and we substitute wy, = £573. Then we get

11 18 9 2
) (6§s+3 o €£s+2 + 6584-1 o 655’534—3) +or (ah(§s+3’€s+3) + 8Jg(£s+37€s+3))(5‘3.107)

< e ) + 7 Z 1€ 1122
e (165 3 0.z + J(ETS,€)) + 7Kq(e, b, 7, 3).
With the relations

an(€3, 68 = ele 2 o) (5.3.108)
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and
11 18 9 2
9 [ 1lest3 _ 542 4 Zestl _ “Ses S+3) 5.3.109
< o6 R 558 ( )

_u 18
6

€+ ey — € Bacay + 16+ ey — 31E° By
FLNE = g — I — e gy + 6~ 1)
> TIE 3y — IE W aay + I Iy — 1€ o)
PN — ) — SIS — £ gy — U — £ g

11 18 9 2

> 1€ T2 ) — NE TP T2y + 1€ 12 () — SIIE 720
6 6 6 6

18

_E ”fs+2 o é-s+1

1720

we get

11, . 18, . 9. . 2
g”f N 2aq) — g”f 2 2aq) + ng Nz - 6”5 I72() (5:3.110)

+re (|€s+3|§{1(Q,Th) + Jg(€s+3’£s+3)>
S K 2 STvU S S
< 7)€ T2 0 + T— DTz + 3172 = €2 ) + TK (e, hy 7, 3).
v=0
When we omit non-negative term 7e <|§S+3|12L]1(Q 7yt J7 (€53, §S+3)) we finally get
1, 18 . 9. . 2.
g”f N2 — g”f 220y + ng 2 — 6”5 |72 (5:3.111)
S K 2 STvU S S
< 7)|1E 22 ) + T DTy + 31172 — & T2 ) + TK (e, by T, 3).
v=0

There exist the sequence 7y; such that ; is the solution of

Y-2,7-1 = 0 (5.3.112)

_5

Yo = 11

11 18 9 2

5 Vi3~ g2t gl — g% =0
for j = —2,-1,0,1,.... From Lemma 7 we know that there exist constant I" such that |v;| <T'
for j =0,1,... . From Lemma 20 follows that v; > 0 for j = 0,1,... . We multiply (5.3.111)
with 7,,—3_¢ and after summing over s = 0, ..., m — 3 using the property of v; (5.3.112) we get

18 9 2

1€™ 172y + (—6%_3 + 5 m—1 — 6vm_5> 1€%132 () (5.3.113)
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9 2 2
+<’m3—-%nQH€ﬁmz—am3M%§@

6 6
m—4 2
<7l€ 7200 + T D Ym-3-s1E 172y +T* Z Ym-3-s ) 1€ 2(q)
s=0 v=0
m—3 m—3
+3 Z ’Ym—3—SH€S+2 - €s+1”%2(Q) + TK Z 7m—3—sq(5a h7T73)'
s=0 s=0

Omitting some non-negative terms from the left-hand side of (5.3.113) and estimating terms
on the right-hand side we have

1€™MZ2 < T0lE™ o) + 7T (1+) Z 1€%17 20 (5.3.114)
+30 ) €8 = €772y + TTKq(e, h, 7,3)

20 2 2
+5 DI 220y + STIE () + GTIIE 720
When we estimate (5.3.114) with (5.3.99) we get

m m 39K s
1€ 72y < 70l 720 + 7T 10+ —7— Z €772 (5.3.115)
(@) ()

13 9 .
+—=TTKq(e, h,7,3) + 4rTs(y§2|H1 oz + I (52,52))
27 265

FH§2HL2(Q)+ STE 220 KFHSOH%%Q)

If we set

39K

10 13 TTK
X=T—, ML
1—7"}’0 4 1—7")’0

(5.3.116)
Sre (1€22n o g + T (E%6D) + 2L 20 0y + 22 11€M 1220 + 2N1E°N22 g

Y =T
1—7v

we can write

m—1

1€™ 1200y S TX Y €720 + Y + Zale, h, 7,3). (5.3.117)
s=0

It is simple to see that for s =0,1,2

165172y < (Y + Zg(e, b, 7,3)) (1 + 7X)°. (5.3.118)
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We want to prove this estimate for s = m. We will prove it by induction.
Let’s assume that this estimate holds for s = 0,...,m — 1. Then we can substitute
0 (5.3.117) and derive

m—1
||§m||L2 <Y +Zq(e,h,7,3) + XY + Zq(e, h,T,3)) Z (1+7X)° (5.3.119)
s=0
1 xX)m_1
=Y + Zq(e, h,7,3) + TX(Y + Zq(e, h, T, 3))(+TX)
-

= (Y + Zq(e,h,7,3)) (1 +7X)™

Using
1
< 3, (5.3.120)
L =7
(1+7X)° <™ <X (5.3.121)
1€°172() < 2llenll72() + 21n° 720 (5.3.122)
TE (|§5|12L11(Q’Th) + JO(E5, %) ) < 27¢ (\eh]Hl @)+ J7 (e}, €7 ) (5.3.123)
+27'5(|77 3 @z +Jn %0’ )
we gain

€™ 320y < (Y + Zg(e, b, 7,3)e™  (5.3.124)
29 L 265 247
< (ST ey + - TNE W2y + - TUER 2y

27 i 39
+5 Tre (1€ @m) + JR(E.€) + TTTKq(e, hy7,3))e T 440

y (5.1.1), (4.2.8) ,(5.1.43) , (5.1.44) and (5.1.51),

1732y < CeR* PV w30 q) < CECHAYPHY (5.3.125)
TE (|ns|§11(Q,Th) + J7(n°, 778)) < 7e (Cgh2p|us|%{p+1(Q,Th) + C13 h2p|u3|§{p+1(9)()3.3-126)
< T€C27h2p7

where Co; = C3,(C2 + Cig). Now, using (5.1.55), (5.1.1), (5.3.124) , (5.3.125) and (5.3.126),
we find that

el rzmey < 2 max (€172 + 17200 (5.3.127)

265
< 2025h2(p+1) +2( I‘Hf0||/;2 @ T F||51H%2(Q)
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247 27 i
+TFH£2H%2(Q) + e <|£2|§{1(Q,Th) +J7 (€, 52))
+@TFKQ(€ h.T 3))6TF(117K/4€+30)

4 ) ) )

265 247
< 20297l I72(0) + TFHQ}LH%Q(Q) t—

27 22 o2 2 2(p+1)

toIre (\eh\Hl(Q,Th) + Ji, (€ eh)) + Casalt

27 39
%5 Corlreh™ + =TT Kq(e, h, 7,3))eT T TR0

Tlleill72@

with Cos = C2C3, and Cas, = Ca5 (1 + 285T), which implies estimate (5.3.106). H

5.4 Main result

Theorem 3 Let assumptions (2.0.4), a) - €), (H) from Section 3.3 and (A1)-(A2) from Section
4.1 be satisfied. Let u be the exact solution of problem (2.0.11) satisfying (2.0.13). Let ts =
st, s = 0,1,...,r, 7 = T/r, be a time partition of [0,T] and let uj, s = 0,...,r be the
approzimate solution defined by (3.5.72) with k = 2,3 and let 7 < 1. Let

L lellfzg) < Ca(h?0HD 4% (5.4.128)
max (|ef 7. + R (€hrei)) < Cunlh? +72), (5.4.129)
s=0,....,k— ?

where C,, and Cy,,, are independent of T,e,h. Then there exist constants C and C such that

~ h? 1
el poiny < C (mp ( iy ) w14 )) , (5.4.130)
2 A 2 2 I h? 2k 11
el ooy < € (W (e 42+ = 41455 ) 47 <g Pl €2> (5.4.131)
Proof. Asin (5.1.1), we set £ = u; — IIu® € Sy, n° = u® —u®, s =0,...,r. Then
h n
(5.1.2) holds: e} = uj —u® =&° +n°.
i) For k =2 (5.4.130) is a direct consequence of Theorem 1 and (5.4.128).
lellf rpoeqzzy < 20330 max([lef |72 (qy, llenlZz() + Casah® Y (5.4.132)
+3TTKq(e, h,7,2))e’T T K/=+1)

2(330C,, (R2PFY 4 74) 4 Oz, h*P )
+3TTKq(e, h,7,2))e3 TCE/e+1)

IN

which implies the estimate (5.4.130) for k = 2, where C' = O (exp(3I'T(1 4 2K /¢))).
For k =3 (5.4.130) is a direct consequence of Theorem 2, (5.4.128) and (5.4.129).

265 247
lellf rrooqray < 2(29T|eplZ2(q) + TFHG}L”%Q(Q) + TFHG%LH%Q(Q) (5.4.133)
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27 "
tolre ('63@1’1(9,%) + J7 (e, 6%)) + Oz h2PHY
27 39
+?Cg71“7'5h2p + 5 TTKq(e, b, 3))e T (117K /4=-+30)
< (BTO0Cy (h*PT) 4 76) 4 2C95,h*PHY) 4+ 27C,,7eT (W7 + 7)
+27C277-5Fh2p 4 %TPK(](E, h, T, 3))6FT(117K/4&‘+30)’

which implies the estimate (5.4.130) for k = 3, where C' = O (exp(I'T(30 + 117K /4¢))).

ii) Now let as derive (5.4.131). When we substitute wy = £*7* in Lemma 19 and use (5.2.82)
we have

k
2 (z @5, W) + 76 (16 B oz + TR (€7, €)) (5.4.134)
v=0
K k—1
< T||£S+k”L +T*Z H£S+UH%2(Q) +TK(](€,h, T, k)a
v=0

For k = 2 using the same step as in (5.2.83) we get

3 1
SRy — 2 By + 516 ey + 162 — € By (5.4135)

—llg=tt = €%l132 0y + 7o (|58+2|H1 @) + T (ET,€42)
< TH§S+2HL + T* Z H§S+vHL2 +7Kq(e, h,T,2).
Now after summing (5.4.135) over s =0, ..., — 2 we obtain
3 T2 1 r—1/2 3 12 1 012 T r—1/2
M€ N2 () = SIE r2(0) = 1€ 2200y + 1€ 720y + 16" = € II72(q) (5-4.136)

—ll€" = €320 +Tez(|sS|Hlmh+Jh<ss &)

r—1

- S K S s—
<7y €720 + T > (Hf 720y + 1€ IH%Q(Q)) +TKq(e, h,T,2).
s=2 s=1
From that follows
. S ag S S 1 T— 7
TEY <’§ . T IN(E°€ )) < §H§ YZ2) + §H§1H%2( *|’§0HL2 (5.4.137)
5=2

S 2K S
+TZH€ [ +T*ZII€ 720y + TKale, h,7,2).

When we use

1€° 11220 < 2lellf 5, oo 2y + 2C25h**HY, (5.4.138)
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where Co5 = C3C3,, we get
TEY (Ifsl?ql(g;;h) + J;‘Z(Ss,fs)) (5.4.139)
s=2
K
< <11 + 2T + 4T€> (HeH%me(Lz) + 025h2<p+1>) + TKq(e, h,T,2).

Then (5.4.139), (5.4.129) and
€53 0,3 + TR (€5,€°) < 2lei [z, + 277 (eh,eh) + 2Crh™  (5.4.140)

give
T K
re 3 (1€Bn @ + FE€) < (1420477 ) (Jell 1 pgray + Cosh?P 8.141)
s=0

+TKq(e, h,7,2) + 4Cy (K + %) + d7eCo7h*.
Using (5.4.141), (5.4.132) and notation Cp, = max(11 + 27,4TK),
Cp = 33I'Cy, + Ca5, and Cp), = 4C,,y, + 4C27 we get
re Yoo (1€ R, + T (6,€) < (5.4.142)
Cha(1+ 1)(33TC, (R2PHY 4 74) 4 Cosoh2PHY) + 3TT K (e, h, 7, 2)) 3T (2K/e41)
+Cha(1 4+ 1)Cosh®PH) + TKq(e, h,7,2) + ACpn (WP + 74) + 47Corh®
< 2Ch, (1 + 1)(330C, (R2PHD 4 74) 4 Cy5,h2 L)
+(B3T + DT Kq(e, h, 7,2) 4+ 4C, (h? + 74) + 47eCo7h?P) P T (2K /e +1)
< 2013 (1 + 1) (Cp(h2PHY + 74) + Cpp(1 + €) (h% + 74) + (3T + 1)T K (e, h, 7, 2)) €3 T K/e+1)

From (5.1.1), (4.2.8), (5.1.44) and (5.1.51) we have

e 3 (I Bz + I (0 0")) (5.4.143)
k=0

T T
<rTe <062h2p Z |Uk|%{p+1(977'h) + Z 018 h2p|uk|%1p+1(g)>
k=0 k=0

< eCorh® (T + 7).

Finally, using (5.1.55), (5.1.1), (5.1.7), Young’s inequality, (5.4.142), (5.4.143) and the
inequalities 7 < 1, we have

IN

||€||%L,T,L2(H1) 276 ) (|§k|?11(9,7h) +J7 (") + |77k|§11(9,7h) + Jﬁ(nk,ﬁ%)%.lzlzl)
k=0

IA

ACha(1 + é)(Cp(hQ(PH) +74) 4+ Cpp(1 + ) (W + 74)
+(30 + 1)TKq(e, h,7,2))e T TCE/EH) 4 9 Cyr k(T + 7)
4Cha (1 + %)(Cp(hz(”“) + 71 4 Cpp(1 + &) (W% + 1)
+2eCorh® (T + 1) 4+ (3T + 1)TKq(e, h, 7,2))e* T TE/=+1)

IN
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Now, assertion (5.4.131) for k = 2 of the theorem follows from (5.1.57) and (5.4.144) with
C =0 (exp(3I'T(1 + 2K /¢))).

For k = 3 using the same step as in (5.3.109) we get from (5.4.134)

11, . 18, . 9. . 2
€ 2 agq) — 5 I€ P2 Zeg) + gl€ 2o — € 72 (0f5-4.145)

+re (1673 .z + TR (675, 6°79))

K 2
< 7)€ 22 ) + T— DNz + 3l1E°2 = €22 ) + TKale, hy 7, 3)
v=0
Now after summing (5.4.135) over s =0,...,r — 3 we obtain
11 T 2. . 11 7
S 1€ 2 = GlI€ M Tz i) + 1€ M20) = G 1€°1I T2 + 511€ 720y (5.4.146)

—fHé’HLz +TEZ(1551H1(M /AGRD) <TZH58HL2

r32

+T* D2 1€ ) +3 Z lg* — &7z () + TKale, h,7,3).

s=0v=0 s=2

When we use (5.3.99) omitting some non-negative terms on the left-hand side we have

229

- S ag S S 7 T— 3
re 3 (€0 om) T IREE)) < GIE ey + T3 1€ M52 + 1€ 1F2f-4-247)

s=3

||£°HL2 +TZ||58||L2<Q>+T ZH&SHLQ 41 TKq(ehT?»)

+7 <9+7K> leﬁsllp + 975(‘5 fn@m +IEE))

When we use
1€°117 20 < 2llell 7 poo(z2) + 2Co5h P+, (5.4.148)

where Co5 = C3C3,, we get

" 9
re Y (1€ @m) + IRE.€)) < 772 (1€ @) + T7(E.6) (5.4.149)
s=3

260 30K 13
+ (3 + 20T + T> (llell? 7 ooz + CashP*D) + < TKq(e, h,7.3).

Then (5.4.149), (5.4.129) and

|€s|§{1(Q,Th) + J5(€°,€°%) < 2|ei|§{1(9,7h) + 2Jj (ef,, €5) + 2C57h* (5.4.150)
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give

TEETI (‘55\%1(9,7,1) + Jﬁ(fif)) < <

s=0

260

13
4

39
20T+ T%) (el - o (z2) + Cosh®@t3 R 151)

K

21 21
+7TKQ(57 h) T, 3) + ?Onn(hm) + 7'6) + ?T5027h2p.

Using (5.4.151), (5.4.133) and notation Cj,, = max(252 4 207, 2225 ),
Cp = 570I'C), + 2095, and Cp, = (27T + %)(Cnn + Cy7) we get

TEY (|§5|12Hl(9,7h) + Jﬁ(58,58)>
s=0

+2C55,h2P+)
+27C, el (W + 7°) + 27Co77eTh?

+i;TFKq(€, h,T, 3))61‘T(117K/45+30)

1
< Che(1+ g)(57OFCn(h2(p“) +79) (5.4.152)

1 13
+Cha(l + E)C'25h2(p+l) +TKq(e,h,7,3)

21 21
—i-?Cm(hgp +7%) + 375027h2p

1
S 20’11}(1 + g)(57OFCn(h2(p+1) + 7.6) + 2025ah2(p+1)

21

+(27T + 5)(Cun + Cor) (1 + ) (W +7°)

39

13

_f_(?F + *)TKQ(&, h, T 3))€FT(117K/4€+30)

4

1
<205, (1+ g)(C,,(fﬂ(ff’“) +7%) + Cpp(1 + ) (h? + 79)

39

e =
+HG T+

2

13

)TKq(e, h,7,3))el TAITEK/4=+30)

Finally, using (5.1.55), (5.1.1), (5.1.7), Young’s inequality, (5.4.152), (5.4.143) and the
inequalities 7 < 1, we have

el c2qeny

<

IN

IN

21e ) <\5k\§11(9,fh) + I (€, €M) + ’ﬂkﬁ{l(g,:rh) + J5 (n, 77’(5)‘1-153)
k=0

4Chs (1 + é)(cp(hﬂp“) +78) + Cpp(1 4 ) (W + 79)

39 13

(5 T+ )T Kq(e, b 7,3))et TR0 4 92Corh (T + 7)

4

1
4Cha (14 )(Cp(B*P) 4 7%) + Cpp(1 + ) (WP +7°)

+2€Cg7h2p(T + 1) + (

52

39
—I
5 +

13

4

)TKq(a, h,T, 3))€FT(117K/4€+30)



Now, assertion (5.4.131) for k = 3 of the theorem follows from (5.1.57) and (5.4.153) with
C = O (exp(I'T(30 + 117K /4¢e))).

U
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Chapter 6

Numerical results

In this chapter we want to compute experimental orders of convergence and verify the orders
of convergence that we have derived theoreticaly in Chapter 5. We solve the problem (2.0.1)—
(2.0.3) with N =2, Q = (0,1)2, fo(u) = 2u? s=1,2, T =1, e = 0.01 and the functionts up,
ug and g are chosen in such a way that

el0t _
u(xy,xe,t) = 16
(21, 2,1) 210

.7}1(1 — xl)mg(l — mg). (6.0.1)

The computations were carried out on a triangular mesh having 591 elements with piecewise
cubic approximation in space, because we want to restrain the discretization error in space,
and with BDF method of order £ = 1,2,3 in time for different time steps. In the form b, we
use the numerical flux

2

H(uy,uz,m Z fs(up)ns if A>0 (6.0.2)
2
H(uy,uz,n Zfs ug)ns if A <0,
where
2 ur +u
A:sz::lf;< ! 5 2>n5 n = (n1,ng). (6.0.3)

To solve our problem we use programmes DGFEM and LASPACK. For time step 7 we set the
error e(7). We define the local experimental order of convergence for L>°(L?)-norm and for

L*(H*')-seminorm by
le(mllp, - Lo (12)
log (ll<>hm<>
O, — - (6.0.4)
log (;2)
lle(r)lly, - 21y
= - .
log ()
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7 | lellnrreowyy  Pr2 | llelnre@my P
% | 1.452E-01 - | 6.712E-01 -

1 | 6997 E—02 1.054 | 3218 E—01 1.061
% | 3431 E—02 1.028 | 1.574 E—01 1.032
T%o 1.698 E-02 1.014 | 7.779 E—02 1.016
6 | 8449 E—03 1.007 | 3.867 E—02 1.008
s | 4213 E—-03  1.004 | 1.928 E—02  1.004

Table 6.1: Errors of the first order scheme for different time steps 7.

7 | lellhrreowy  Pre | llelnrrz@my  Pm
% | 3.474 E—02 - 1.679 E—01 -

+ | 9.964 E-03 1.802 | 4.819 E—02 1.801
% | 2701 E—03 1.883 | 1.309 E—02 1.880
@ 7.062 E—04 1.936 | 3.431 E-03 1.932
5 | 1.808 E—04 1.966 | 8.839 E—04 1.957
o5 | 4575 E—05 1.982 | 2411 E-04 1.874

Table 6.2: Errors of the second order scheme for different time steps 7.

7 | lellnrreowsy  Pr2 | llelnrre@my  Pm
3 | 1066 E-02 - | 5432E-02 -

+ | 1.759 E—03  2.600 | 9.045 E—03 2.586
o | 2558 E—04 2.781 | 1.329 E—03 2.767
@ 3.461 E—05 2.886 | 2.025 E—04 2.714
5 | 4543 E—06 2.930 | 9.531 E-05 1.087
o5 | 8374 E—07  2.440 | 9.239 E—05 0.045

Table 6.3: Errors of the third order scheme for different time steps 7.
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Figure 6.1: Progress of error in L?norm for different time steps 7.
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Figure 6.2: Progress of error in H'-semininorm for different time steps 7.
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Errors and experimental orders of convergence of the schemes are presented in Tables 6.1—
6.3 and Figures 6.1-6.2. From the tables and graphs representing the progress of error we can
come to conclusion that the numerical orders of convergence satisfies the theoretically derived
orders. For the smallest time steps we get worse results, because the influence of error in space
starts to play an important role. When we compare the three used methods we should mention
that almost the same time for computation is needed in all three cases.
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Chapter 7

Conclusion

We presented a higher order numerical method for the solution of nonstacionary nonlin-
ear convection-diffusion problems, which is based on the discretization by the discontinuous
Galerkin finite element method in space and the semi-implicit backward differential formulae
in time. We have derived a priori error estimates, namely O(h? +7%) in L>(0,T; L?(£2))-norm
and in L2(0,T; H*())-seminorm for k = 2,3. This estimates are suboptimal in space with
respect to approximation property of finite element space Sp,. The obtained results show that
the DGFEM is a challenging method for the numerical solution of nonstacionary nonlinear
convection-diffusion problems. It is sufficiently accurate and robust and yields sufficiently pre-
cise approximations of solutions with steep gradients. There are also several items to do. In
the estimates we obtained the constants exponentially depending on é One of these items
is development of estimates avoiding this uncomfortable blow up behaviour with respect to
€ — 0+. Another issue is derivation of optimal error estimates in space or derivation of a
posteriori error estimates.
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