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INERTIAL EVOLUTION OF NON-LINEAR VISCOELASTIC SOLIDS IN THE
FACE OF (SELF-)COLLISION

ANTONIN CESIK', GIOVANNI GRAVINA}* AND MALTE KAMPSCHULTE'

ABsTrACT. We study the time evolution of non-linear viscoelastic solids in the presence of inertia and
(self-)contact. For this problem we prove the existence of weak solutions for arbitrary times and initial
data, thereby solving an open problem in the field. Our construction directly includes the physically
correct, measure-valued contact forces and thus obeys conservation of momentum and an energy balance.
In particular, we prove an independently useful compactness result for contact forces.

1. INTRODUCTION

The study of contact and dynamic collisions between (elastic) bodies has a long history, starting from
classical, 18th-century, physical considerations about conservation of energy and momentum and ranging
into modern continuum mechanics. However in this, and in particular in the mathematical treatment
of the latter, until now, there has always been a divide between more phenomenological and ab initio
approaches.

This divide is a direct consequence of the difficulty and irreducibility of the full problem. If one is
not able to fully treat dynamic contact between deformable elastic bodies, then one has to simplify the
problem in one of several directions.

The first is to remove the ability of the bodies to deform, treating them as rigid bodies. However,
when this is done, the problem immediately becomes ill-posed and needs to be supplemented by a
phenomenological contact law. The second is to soften the contact itself, replacing the hard dichotomy
of “in contact” vs. “not in contact” with a soft repulsion potential. Yet this also introduces an indirect
contact law. The third possibility is to remove the dynamic aspects and focus on the static or quasistatic
situation instead.

Additionally, even in this last case, there is a difference in difficulty between the collision of an elastic
solid with a static obstacle and the collision of two elastic solids with each other or even an elastic solid
deforming so far as to collide with itself. In this work for the first time, we prove the existence of weak
solutions to this general case involving inertia and large deformations.

Specifically, consider one or more elastic solids, given in Lagrangian coordinates by a reference con-
figuration @ C R™ (with multiple solids represented by multiple connected components of @), as well as
a deformation n: Q@ — © C R™ to describe the current configuration. To each deformation we attach
an elastic energy E(n) and to each change in configuration a dissipation potential R(n, d:n), which for
physical reasons has to also depend on the deformation itself [2].

If the solid has density p in the reference configuration, then by Newton’s second law we expect the
solid to evolve according to

pOun + DE(n) + DaR(n, 0in) = f,

where DE and Dy R denote the formal Fréchet derivatives with respect to n and 0;n respectively, and f
is an external force.

Of course this only works in the absence of collisions. As alluded to before, to deal with collisions,
there needs to be another modeling assumption, which in turn needs to be justified. We choose here to
adopt the absolute minimal assumption, which is also the only assumption that we can be sure holds
universally, namely non-interpenetration of matter. Translated into the mathematical framework this
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2 INERTIAL EVOLUTION IN THE FACE OF (SELF-)COLLISION

means that the only additional information we assume in modeling is that 7 is injective, except possibly
for a set of measure zero.!

Such a restriction of the set of admissible deformations by its very nature results in a Lagrange-
multiplier, which we can readily identify as the contact force o. This force has to be supported on the
contact set and because of considerations involving conservation of energy and momentum, it has to be
of equal magnitude and opposite direction at each pair of points where solids touch. Additionally, if we
do not assume any friction, it has to point in the same direction as the respective interior normal of the
physical configuration.

With this, we can summarize the system under study as

pOun + DE(n) + D2R(n,0in) = o + f,
o =|oln,, supp(o) C Cy,

(1.1)

where C,, is the set of (self-)contact points and n, denotes the interior normal of the deformed configu-
ration. Additionally, we require an “equal and opposite” assumption on the contact force, which is easier
to write in weak form (see Definition 3.6 below). We can then give an abridged version of out main result
as

Theorem (Theorem 2.5 (abridged)). Under some (physical) assumptions on E and R, for any suffi-
ciently reasonable initial data (injective a.e. and of finite energy) and any time T > 0, the system (1.1)
has a weak solution in the interval [0, T]. This solution obeys conservation of momentum and the physical
energy inequality.

We mention here that in the full result we also treat the case in which the evolution happens in the
presence of rigid, immovable obstacles.

The proof of the theorem relies mainly on variational methods. On one hand, this is not surprising, as
more classical PDE methods (e.g., fixed-points or Galerkin approaches) are often inadequate to handle
the difficulties that arise from the fact that the non-interpenetration constraint results in a non-convex,
non-linear state space. On the other hand, so far, variational methods have generally been restricted to
static and quasistatic systems. Indeed, for the problem at hand, we build quite explicitly on the work
[15] by Palmer and Healey, where the authors study self-contact for the static case. Their results have
been recently extended to the quasistatic case by Krémer and Roubiéek [13].2

The crucial ingredient in our proofs is the method of using two time-scales developed in [3], which
shows a way to lift almost any quasistatic weak existence result to a corresponding weak existence result
for the associated inertial problem.

For the details of this approach, we also refer to [3, Sec. 3], where the corresponding result without
collisions is shown (see also the introductory sections of [4], where an attempt is made to elaborate on
some of the more general underpinnings of this method). However, we aim to keep the use of this method
in the current paper self-contained.

Finally we note that throughout the paper we will restrict our attention to generalized second order
materials (compare in particular with [10] and the references therein), i.e., we assume that the elastic
energy will depend on the second derivative V27 of the deformation. While at first glance this might
seem like a departure from the classical theory of elasticity, we note that for the study of (self-)contact
such a restriction is necessary. Indeed, not only is it needed to avoid issues arising from points where the
Jacobian det V7 vanishes, but also because without the resulting C'-regularity that the theory implies,
microscopic oscillations of the exterior normal can lead to boundary microstructure and produce artificial
friction (see Remark 3.11), all of which is outside of the scope of the current paper.

1.1. Structure of the paper. In Section 2, we will give a precise definition of the assumptions we
require in terms of energy and the dissipation, as well as a precise statement of the main theorem and
some possible extensions and corollaries. Next, in Section 3, we will go on and derive some of the
properties related to contact forces as well as their convergence behavior, which might be of independent
interest. The bulk of the paper will then be devoted to the proof of the main theorem, first by showing
an auxiliary quasistatic result in Section 4 and then by using this to generate an approximating sequence
of time-delayed solutions to the actual equation in Section 5.

IIn the absence of rigid bodies and point-masses this turns out to also be a sufficient assumption. For more details see
the discussion in Section 6.

2As a necessary step towards the proof, we also improve their result to give a quantization of the contact force as a
measure, which in [13] was only characterized as part of a distribution. We thus in fact solve both of their open problems
(See Remark 5.1). In particular, we believe that the more detailed treatment of convergence of contact forces used for this
might be of independent interest.
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Finally, in Section 6 we then relate this result to the actual physics we are aiming to describe by
giving an example energy-dissipation pair that satisfies the assumptions and by discussing how the
result is connected to momentum conservation. We also show by an example that the condition of non-
interpenetration of matter that we use is indeed sufficient and there are no phenomenological contact
laws needed to arrive at the correct behavior.

1.2. Notation. Throughout this paper we use the following notation, unless stated otherwise.
Deformations will be denoted by n: Q@ — Q or n: [0,T] x @ —  in the case of time-dependence,
where (Q C R™ is a reference configuration, and 2 C R™ a possibly unbounded containing domain.
Points in @ are notated as x. Functions which depend on space and time are always notated time
first e.g. n(t,x). If we want to consider deformations for a fixed time, we will also use n(t) = n(t,-) to
ease notation.
For any x € 0Q), the vector ng(x) denotes the interior unit normal to Q) at z. Given additionally a
sufficiently regular deformation n: Q — €2, we will use

i () = cof Vn(z)ng(z)

|cof Vi(z)nq (z)|
to denote the interior unit normal of n(Q) at n(z). In case 7 is also time-dependent we use n,(t,z) in
place of n, ) (x). Finally for y € 09, the vector no(y) denotes the exterior® unit normal at y.

We use the usual notations W¥*P(Q;R") for Sobolev spaces and L4((0,T); WkP(Q;R™)) for the re-
spective Bochner spaces. A subscript I" is used to denote spaces of functions whose trace vanishes on
that set, e.g. W{f’p(Q) = {u € WFP(Q) : ulr = 0}. Additionally, we denote by M (K;R"™) the space of
R"-valued Radon measures and by M T (K) the set of non-negative Radon measures on a compact set
K. For a measure 0 € M(K;R") and ¢ € C(K;R") we denote

(,) :=/Kga-da.

Spaces are written out in full (e.g., L2((0,7); W12(Q;R"))), but when writing norms, we usually
omit both the domain and the image if there is no chance of confusion (e.g., we write || f||, . instead of
£l z2(Q.rn))- Additionally, when dealing with linear operators on Sobolev spaces, we write the linear
argument in angled brackets, e.g.

A<U> = <A, U>(Wk,p)* xWkp
for A: WkP(Q) — R and u € WFP(Q).

1.3. Acknowledgements. The authors acknowledge the support of the the Primus research programme
of Charles University under grant No. PRIMUS/19/SCI/01. The research of A.C. and M.K. was partly
funded by the ERC-CZ grant L1.2105. A.C. further acknowledges the support of Charles University,
project GA UK No. 393421. The work of G.G. and M.K. was partially supported by the Charles
University research program No. UNCE/SCI/023 and by the Czech Science Foundation (GACR) under
grant No. GJ19-11707Y.

1.4. Research data policy and data availability statements. Data sharing not applicable to this
article as no datasets were generated or analyzed during the current study.

2. MODELLING OF VISCOELASTIC MATERIALS AND STATEMENT OF THE MAIN RESULTS

2.1. Viscoelastic solids. The time evolution of a viscoelastic solid body in R™ can be described in
Lagrangian coordinates by a (time dependent) deformation of a reference configuration ¢ C R™, which
in the following we typically denote by n: [0,7] x @ — R™. The set Q C R" will be a C*“-smooth,
bounded domain, or alternatively a disjoint union of finitely many of such domains in order to describe
multiple bodies. We assume that the movement of the solid is confined to the set Q C R™ which is a
C1%-smooth domain, but possibly unbounded (e.g. = R”, half-space, etc.). Furthermore, in order to
rule out non-physical phenomena such as self-interpenetration, we restrict our attention to deformations
that are almost everywhere globally injective and orientation preserving. These assumptions are encoded
in the class of admissible deformations, which we define using the Ciarlet-Nec¢as condition [5] as

£m {n€W2”’(Q;Rn)tn(Q)CQ,nlrzno,detVn>0, and £7(n(Q)) = /Q detVn(a:)dx}. (2.1)

3To reduce the distinction between cases, it is best to not think of ©Q as the domain, but of R™ \ Q as a fixed, rigid
obstacle. Thus ng is the interior normal of that obstacle, in the same way n, is the interior normal of the movable solids.
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Here we use 19 to denote a given admissible (initial) deformation and let I be a (fixed) measurable
subset of Q. Note, however, that for the main result of this paper we do not assume that #"~*(T") > 0
and refer the reader to Remark 2.2 for more information. Here and in the following we assume that
p > n. In particular, this implies that every n € £ admits a representative of class chl-r. Throughout
the rest of the paper we identify 7 with this regular representative without further notice. Additionally,
we assume a constant Lagrangian density p € (0,00), but remark that all our arguments also work for
variable densities, as long as these are bounded from above and away from zero.

Next, we specify the assumptions on the energy-dissipation pair (E, R). To be precise, we assume
that the elastic energy E: W2P(Q;R") — (—o00,00] has the following properties:

(E.1) There exists Epi, > —oo such that E(n) > Epy, for all n € W2P(Q;R™). Moreover, E(n) < oo

for every n € W2P(Q;R") with infg det Vi > 0.

(E.2) For every Ey > Emnin there exists €9 > 0 such that det Vi > ¢q for all n with E(n) < Ey.

(E.3) For every Eg > E;, there exists a constant C' such that

IV?nll» < C

for all n with F(n) < Ejy.
(E4) E is weakly lower semicontinuous, that is,

E(n) < liminf E(ny,)
k— o0

whenever 7, — 7 in W2P(Q; R"™). Moreover, E is continuous with respect to strong convergence
in W2P(Q;R").
(E.5) E is differentiable in its effective domain with derivative DE(n) € (W?2P?(Q;R"))* given by

DEG(9) = ZE0+29)| .

Furthermore, DE is bounded on any sub-level set of E and DE(n;){(¢) — DE(n){(p) whenever
e — n in W2P(K;R") for all K compactly contained in @ with dist(K,I') > 0 and ¢ €
W2 (QiR").
(E.6) DE satisfies
liminf(DE(ne) — DE(n)){(me —n)¥) 20

k—o0

for all ¢ € C(Q;[0,1]) and all sequences nx — 7 in W2P(Q;R™). In addition, DFE satisfies the
following Minty-type property: If

lim sup(DE (1) — DEn)) (e —n)¢) <0

k—o0

for all ¢ € C°(Q;[0,1]), then n, — n in W2P(K;R") for all K compactly contained in @ with
dist(K,T) > 0.
Additionally, we assume that the dissipation potential R: W2P(Q;R") x WH2(Q;R") — [0, o) sat-
isfies the following properties:
(R.1) R is weakly lower semicontinuous in its second argument, that is, for all n € W2?(Q;R") and
every by — b in WH2(Q;R") we have that

R(n,b) < liminf R(n, by)
k—o0

(R.2) R is homogeneous of degree 2 with respect to its second argument, that is,
R(% Ab) = )\QR(TL b)
for all A € R.
(R.3) R admits the following Korn-type inequality: For any eg > 0, there exists Kp such that
Kgr|bllfyre < [Ibll72 + R(n,b)
for all n € £ with det Vi) > ¢ and all b € W2(Q; R™).
(R.4) R is differentiable in its second argument, with derivative DoR(n,b) € (WH2(Q;R™))* given by

DaR(n, b)) = - Rlu,b+ )|

€ e=0

Furthermore, the map (7, b) — D2 R(n,b) is bounded and weakly continuous with respect to both
arguments, that is,

Jim Da R(n, be) (p) = D2R (1. b){p)
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holds for all ¢ € WH2(Q;R") and all sequences n, — n in W2P(Q;R") and b, — b in
WI2(Q: "),

We also introduce a variant of (R.3) that will be used for the quasistatic case in the form of

(R.34) R admits the following Korn-type inequality: For any ¢ > 0, there exists K such that
Kr|bllfy > < R(n,0)
for all n € £ with det V7 > g and all b € W2 (Q; R™)

We mention here that the assumptions on the energy-dissipation pair are standard within the frame-
work of second-order viscoelastic materials (see in particular [10], [13], and the references therein). For
the convenience of the reader, explicit examples of E' and R that satisfy the assumptions above are given
in Section 6.

Remark 2.1. Note that in particular (R.2) and (R.4) allow us to derive some additional growth condi-
tions on the dissipation and its derivative. First of all, by taking the derivative of the identity in (R.2)
with respect to b and dividing by A, we get

DQR(T}, /\b) = )\DQR(T], b) (22)

i.e., Do R is homogeneous of degree 1 with respect to its second argument.
Furthermore we can prove that for any Ey > Enin there exists a constant C such that

DR, )l 1.2+ < C bllypr.z s (2.3)
2R(n,b) < C ||b||%1 2 (2.4)

for all b € WH2(Q;R™) and all n € W2P(Q;R") with E(n) < Eg. To see this, assume that (2.3) is
not true. Then there exist sequences {nk}ren and {bi}ren with || DaR(nk, bi)|| w12y« > K [bkllyyr.2 and
E(ni) < Ey. Additionally, due to the 1-homogeneity of DaR (see (2.2) above), we can assume without
loss that ||by||yy1.2 = 1. This allows us to use(E.3) to pick weakly converging subsequences (which we do
not relabel) and respective limits n and b. But then on one hand, by (R.4), DaR(nk,br) converges and
thus || Do R(n, bk)||(W1,2)* needs to stay bounded, and on the other hand, by our assumption it is larger
than k, which is a contradiction. This proves (2.3). Finally (2.4) follows from (2.3) by noting that due
to (R.2) we have

2R(1,b) = DaR(1,b)(b) < | DaR(1,b)ll 1.2+ Ibllyyraz < C ]Iy -

Remark 2.2. The difference between (R.3) and (R.3q) is subtle but central to the difference between
quasistatic and inertial evolutions. The reasons for this do not only become evident in the proof, but also
have a physical explanation. Indeed, in contrast to the full inertial problem, in the quasistatic regime
there is mno automatic conservation of linear or rotational momentum. As a result, when considering
physical dissipations such as R(n,b) = fQ |VnTVb + VbT'Vn|? dx, which are invariant under Galilean
transformations, we need to include additional restrictions to the admissible deformations in &€, such as
(partial) Dirichlet boundary data or a fized center of mass and rotation around it.

Remark 2.3 (On Dirichlet boundary data and contact). As it is a common occurrence in various
applications, we incorporated the potential for Dirichlet boundary data into our formulation. The handling
of these boundary conditions during the evolution is mostly standard; however, some subtleties arise when
it comes to contact. When a freely moving part of the body comes into contact with a section of the solid
where the Dirichlet boundary condition is specified, the latter behaves like a fized obstacle. Since we are
able to deal with fized obstacles, this situation does not present any issues.

What can potentially be more problematic, however, is the transition between the fized and the free
part of the boundary. As we require to cut off test functions in proximity of the fixed part of the boundary,
we inevitably lose control over the resulting contact force. Notice that as long as this only happens to
one of the sides that comes into contact, this is not an issue. Indeed, there is a corresponding opposite
and equal force on the other side, which carries the same information that was lost due to the cut-off. In
particular, we only run into issues if contact happens on both sides at points or regions where the fixed
portion of the boundary transitions into the freely moving boundary.

To avoid this situation and keep the mathematical details manageable, we require no|r to be injective
and that no(T) N QL = 0. We note however that more general situations can be handled with some
additional care as well.
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2.2. Statement of the main results. The precise definition of (weak) solution to the initial value
problem considered in this paper can be formulated as follows.

Definition 2.4. Let T > 0, no € £, n* € L2(Q;R™), and f € L?((0,T); L*(Q;R™)) be given. We say
that

n € L((0,T):€) NWHA((0, T); WH(Q; R™))
with E(n) € L>=((0,T)) is a weak solution to (1.1) in (0,T) if n(0) = no and the variational inequality

T
/U DE(n(t)){e(t)) + D2R(n(t), Oim(t))(¢(t)) dt

— " p(0)) 2 — / p(Om(t), Bup(t)) 12 dt > / (), o) g2 dt (25)

0

holds for all ¢ € C([0,T); T,,(€)) N CL([0,T); L?(Q;R™)). Here the set T,,(€) denotes the class of admis-
sible perturbations for the deformation n; its precise definition is given below in Definition 3.24.
Furthermore, we say that this n is a weak solution with a contact force if additionally it satisfies

T
/0 DE(n(t)){»(t)) + D2R(n(t), Oim(t)){e(t)) dt

T T
— ol p(0)) 2 — / p(0un(t), Do () 2 dt = /{Ww p(t,z) - do(t,z) + / (), (1)) 12 dt

for all ¢ € C([0,T;; W2P(Q;R™)) N CL([0,T); L*(Q; R™)), where o € M([0,T] x dQ;R™) is a contact
force satisfying the action-reaction principle in the sense of Definition 3.6.

Observe that in view of its regularity, n belongs to the space C,, ([0, T]; W2P(Q;R™)). Therefore, we
have 7(t) € W2P(Q;R™) for all t € [0,7], and in particular the initial condition 7(0) = 19 holds in the
classical sense.

With this in hand, we can state the main result of this paper.

Theorem 2.5. Let E and R be as in (E.1)—~(E.6) and (R.1)~(R.4), respectively, and let T >0, ny € €,
n* € L2(Q;R™), and f € L*((0,T); L*(Q;R™)) be given. Then (1.1) admits a weak solution with a contact
force in (0,T) in the sense of Definition 2.4, where the resulting contact force o has no concentrations
in time. Additionally this solution satisfies the energy inequality

EGt) + 5 10m(0)13: + [ 2Rn(s),0m(o) ds < Bm) + 5 1732+ [ ((5),0m(o)) 1 ds
0 0
for almost all t € [0,T].

Let us now give a brief description of the method used in the proof. Following the approach developed
in [3], our goal will be to approximate solutions to the original problem with solutions to suitably defined
initial value problems for equations of first order, gradient flow type. Thus, we begin by considering a
version of (1.1) where the inertial term is replaced by a time discretization. To be precise, for a fixed
h > 0, we consider the problem

O™ (t) — 9™ (t — h)
p h

complemented by an initial condition in the form of 7 (0) = no. We begin by finding a solution to
(2.6) in the interval [0, k], under the assumption that 9™ is known for t < 0 (to be precise, one can
assume that 97" = n* on [~h,0]). This way, the term 9;n" (¢t — h) on the left-hand side of (2.6) can
be regarded as a forcing term, and the standard machinery of minimizing movements (see [8]) yields a
solution (") defined on [0, h]. We then consider (2.6) on the interval [h, 2h], again with the understanding
that the time-shifted time derivative 9,(® (t — h) should not be regarded as part of the solution, but
as a known term, in this case given by the solution found in the previous step. Iterating this procedure
leads to a piecewise-defined function, still denoted by 7™, defined on the whole time interval [0,7]. A
solution to the original problem can then be obtained by passing to the limit with h — 0%. This delicate
limiting process is explained in detail in Section 5.

It is worth noting that this method allows us to derive a corresponding existence result (including
contact forces) for the quasistatic case (see Corollary 5.2). In particular, in this paper we solve the two
open problems formulated in Remarks 3.2 and 3.3 in [13].

+DEn™ (1)) + D2R(n™M (t), 00" (1)) = f(t) + oM (2), (2.6)
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2.3. Outlook and future research directions. The flexibility of the methods suggests that the results
obtained can be generalized to different situations. The list below includes some of the directions that
we plan to investigate in the future.

e Irregular domains: To simplify proofs and discussion, we have focused on domains that are
somewhat regular, i.e. per construction the normals vary continuously and there are no edges or
corners. In order to deal with more complex geometries, more care needs to be taken to study
admissible directions for the contact force. In the static case (see [16] and [18]), this difficulty
has been dealt with via the use of the Clarke-subdifferential [6]; it would be interesting to extend
these results to the fully dynamic case as well.

e Friction: Similarly, we have simplified the situation by ignoring the effects of friction. In par-
ticular, dynamic friction could be of interest here, as it is purely dissipative as well as dependent
on the contact force itself. It would thus perfectly fit into the framework presented.

e Homogenization: A common explanation of friction is via microscopic irregularities in the sur-
face. As our result allows us to consider the effect of contact between macroscopic irregularities,
it should be worth studying the resulting limit regimes when the scale of these irregularities is
sent to zero.

e Fracture mechanics: A longstanding, active topic in solid mechanics is the study of fractures.
While these represent the pulling apart of material and thus the opposite of collisions, they
naturally result in situations where disconnected parts of the solid are close to each other. In
particular in shear fractures immediate contact is to be expected. Extending our methods to
this case thus seems like a natural target for future research. We mention here an important
contribution of Dal Maso and Larsen [7], where the authors introduce a minimizing movements
scheme for the study of the wave equation on domains with (evolving) cracks.

e Fluid structure interactions: Collisions between elastic bodies rarely occur in a vacuum.
Instead, in numerous physical applications the volume that separates the solids is typically filled
with a fluid (for example, air). Depending on the fluid, the boundary conditions, and the
regularity of all surfaces involved, the presence of a fluid can result in large changes in behavior,
in some situations even entirely preventing collisions (we refer to [11] for more information and
to [9] for a study of rebound dynamics). When contact is theoretically possible, existence results
for this kind of systems generally break at the time of first collision. Thus, it is natural to ask
whether the methods presented in this paper can be used to extend solutions past that point.

3. CONTACT FORCES, ADMISSIBLE TEST FUNCTIONS, AND THEIR CONVERGENCE

Before we begin with the proof of the main theorem, we first need to complete its statement with a
more precise discussion of two related concepts: contact forces and the set of admissible test functions.
These and their properties will not only be crucial in what follows, but some of the considerations here
should be of independent interest for proving related results. Throughout the section we let I C R be a
closed time interval. For consistency with the strategy outlined at the end of Subsection 2.2, I will play
the role of [0, h] in our study of the quasistatic problem (see Section 4) and [0, 7] when considering the
full problem (see Section 5).

3.1. Contact set and forces. Let us begin by giving the definitions of contact set and contact force
for a given deformation 7. For the convenience of the reader, we recall some well-known properties that
will be used throughout the rest of the section.

Definition 3.1 (Contact set). (i) Letn e &. The (Lagrangian) contact set of n is defined via
Cy = {z € Q:nlx) € 0Q orn ' (n(z)) # {x}}.

Note that C;, consists of points of self-contact as well as points of contact with the boundary of
the fized domain €.
(i) Let m: I x Q — R™ be such that n(t) € € for all t € I, then we define its (Lagrangian) contact
set as
Cp={t,z)eIxQ:xeCyy}l,
where Cy ) denotes the contact set for the deformation n(t,-), defined as in (i).

The following result contains well-known structural properties of the contact set. In particular, by
the regularity of n and the Ciarlet-Necas condition (see (2.1)), one can show that there are no contact
points in the interior.
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Lemma 3.2. Forn € &, let C, be given as in Definition 3.1. Then C, C 0Q. Furthermore, for v € C,
we have that
(i) if n(z) € 09, then n~ (n(x)) = {z} and ny(z) coincides with the interior unit normal vector to
o at n(x);
(i1) if 1= (n(x)) # {z}, then n~'(n(x)) = {z,y} for some y € 9Q and ny(x) + ny(y) = 0.

For a proof of Lemma 3.2 we refer to Theorem 2 in [5] (see also Lemma 2 in [15]). The time-dependent
version stated below follows from the same argument with straightforward changes. Below we use n~1
to denote the inverse with respect to only the space variable, that is, n=1(t,n(t,z)) == {z € Q : n(t, 2) =

n(t, )}
Lemma 3.3. Forn: I x Q — R™ withn(t) € € for allt € I, let C, be given as in Definition 3.1. Then
C,, C I x 0Q. Furthermore, for (t,x) € C;, we have that

(i) if n(t,x) € O, then n~'(t,n(t,z)) = {z} and n,(t,z) coincides with the interior unit normal

vector to O at n(t, z);

(id) if n~t(t,m(t, @) # {x}, then n~ (t,n(t, 2)) = {z,y} and ny(t,2) + ny(t,y) = 0.
Remark 3.4. Note that (E.2) guarantees that the normal field n,, inherits the continuity of V. Indeed,
if n € € is such that E(n) < Ey, then by (E.2) and (E.3) we have that

_ Vn|n—1
1 < ‘7 <
(V)1 s ey <

for some constant C that depends only on Ey. In particular, this implies that |(Vn)~Tng| > ¢ for some

gg depending on Ey. In turn, we have that
_cof Vpng (Vn)’TnQ

n, = =
" Jeof Vingl (V)" ng]

belongs to C%*(9Q;R™), with Hélder seminorm bounded by a constant that only depends on Ey.
Additionally, for time dependent deformations, we note that if n: IxQ — Q is such that E(n(t)) < Ey,
then by an application of the chain rule, we see that n, ) inherits some of the reqularity of 9;Vn, e.g.

Hatnn(t)HLz < C o)l 2
for a constant C depending only on @ and Ey.

From this we can derive a well-known result about up-to the boundary local injectivity.

Lemma 3.5. Let n € £ with E(n)f 00. Then there exists a positive radius r depending on E(n) such
that the restriction of  to B.(x) N Q is injective for all x € Q.

Proof. Suppose that we have z,y € Q with n(z) = n(y) and = # y. Then by Lemma 3.2 we have that

z,y € 0Q and n,(z) = —n,(y), so in particular |n,(x) — n,(y)| = 2. As noted in Remark 3.4, the
seminorm |n,|co.« can be bounded in terms of only E(n). Therefore |z — y| > 27 with  depending only
on E(n). This implies that 7 must be injective on every ball of radius 7. O

With this in hand, we can define contact forces as follows.

Definition 3.6 (Contact force). (i) Let n € £. Then a contact force for n is a vector valued mea-
sure 0 € M(0Q;R™) with suppo C C,, and with the property that on its support o points in the
direction of n, in the sense that there exists a non-negative measure |o| € M*(0Q) such that

do = nyd|o|, that is,
/ go-da:/ - ny,dlo]
aQ aQ
for all ¢ € C(0Q;R™).

(i1) Letn: Ix0Q — R™ be such that n(t) € € for allt € I and assume that 1 is Borel measurable when
considered as a mapping from I into W?P(Q;R™). Then a contact force for n is a vector valued
measure o € M(I x 0Q;R™) with supp o C C,, and with the property that on its support o points
in the direction of n, in the sense that there exists a non-negative measure o] € M*(I x 9Q)
such that do = n,d|o|, that is,

/ @-dU:/ - nyd|o]
Ix0Q Ix0Q

for all p € C(I x 0Q;R™).
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(#it) We say that a contact force o satisfies the action-reaction principle at self-contact if

[ won-an=o

for all ¢ € C.(;R™). Similarly, for time-dependent deformations, we say that o satisfies the
action-reaction principle at self-contact if

/ (pon)-do=0
Ix0Q
for all ¢ € C.(I x Q;R™).

Remark 3.7. By the polar decomposition of measures (see, for example, Corollary 1.29 in [1]), every
measure ;1 € M(I x 0Q;R™) can be decomposed as dp = gd|p|, where |u| € Mt (I x 0Q) is the total
variation of p and g: I x 0Q — R™ is Borel measurable with |g| = 1 everywhere on I x 0Q. Thus, if
suppo C Cy,, the definition above says that i is a contact force whenever this decomposition holds with
g=mny onlxoQ.

3.2. Compactness-Closure theorems for contact forces. In this section we investigate compactness
and closure properties of contact forces. These will enable us to conclude that contact forces associated
to approximate solutions will converge to the contact force of the limiting solution. We present time-
independent and time-dependent versions of these results, as both will be needed throughout the rest
of the paper. However, we omit the proofs for the former case since these follow from analogous (but
simpler) arguments.

Theorem 3.8 (Compactness-Closure for contact forces). Let {ni}ren C € be given and assume that
there exist n € £ and a constant Ey, independent of k, such that n, — 1 in CH(Q;R™), E(ny) < Eq for
all k, and E(n) < Ey. For every k, let o, € M(0Q;R™) be a contact force for ny and assume that

sup lokllroqmrn) < C.

Then there exist a subsequence (not relabelled) and a limit measure o such that oy, — o in M(dQ;R™).
Moreover, o is a contact force for n, and if oy satisfies the action-reaction principle at self-contact for
all k, then so does o.

Theorem 3.9 (Compactness-Closure for contact forces, time-dependent). Let ng,n: I x Q — R™ be
such that ni(t),n(t) € € for all t and all k € N and assume that E(ni(t)) < Ey for all k, E(n(t)) < Ey
for some Eqy independent of k. Furthermore, assume that ni.(t) — n(t) in C1(Q;R™) uniformly in t for
t € I, that ny, is Borel measurable in time for all k, and that n, € C(I x 0Q;R™). For every k, let
ox € M(I x 0Q;R™) be a contact force for ni and assume that

Sup okl (1xoQirn) < C.

Then there exist a subsequence (not relabelled) and a limit measure o such that o), — o in M (I xdQ;R™).
Moreover, o is a contact force for n and if oy, satisfies the action-reaction principle at self-contact for all
k, then so does o.

Proof. By Definition 3.6, we have that doy, = ny,d|oy| with |oyx| € M1 (I x Q) and suppoy C Cy,.
Since the sequence {0} }ren is bounded in M (I x 9Q;R™), we must have that {|ox|}ren is bounded
in MT(I x 8Q). Thus, eventually extracting a subsequence (which we do not relabel), we have that

lok| = |o| for some |o| € M+ (I x dQ). Let 0 € M(I x dQ;R™) be defined by setting do = n,d|o|. We
claim that o = ¢ in M (I x dQ;R™). To prove the claim, let g € C(I x Q;R") and observe that

[ gemdiod= [ gomgdiol= [ gt—n)dond+ [ gnyd(on = o). ()
Ix0Q Ix0Q Ix0Q Ix0Q

It is worth noting that the first term on the right-hand side of (3.1) is well defined since n,, is Borel
measurable by assumption and |oy| is a non-negative Radon measure. Moreover, observe that

/ g (. — n)dlore]
Ix0Q

as k — oo since n,, — n, uniformly on I x dQ). Finally, the continuity of g - n, and the fact that

< e = ng o< llowlllar+ < Cllng, —nyl[Le =0

log| = |o| imply that, as k — oo, the last term on the right-hand side of (3.1) vanishes as well. This
proves the claim.
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Next, we prove that suppoc C C,. To this end, fix (t,2) € suppo. By the weak convergence
of measures, we can find (ty,zx) € suppoy C C,, such that (tx,xx) — (¢,x). There are now two
possibilities: either there is a further subsequence (not relabelled) such that ny(tx,zr) € 92, or there
exist points yi € 0Q with y, # x such that ng (g, vx) = nr(tk, yx). In the first case, using the estimate

In(t,z) —nr(te, zr)| < [0t 2) — n(te, o)| + In(tk, o) — 01 (tr, 1)

the uniform convergence of 7 to n and the uniform continuity of 7, we get that ny(tx, zx) — n(t, x).
Since n(tr, ) € 0N for all k, we must also have that 7(t,z) € 0Q, and therefore (¢,z) € C,. In the
second case, in view of the fact that E(ny(tx)) < Ep, Lemma 3.5 gives the existence of a minimal distance
r (which only depends on Ey) with the property that |z, —yx| > 7. By the compactness of 0Q, eventually
extracting a further subsequence, we can assume that y, — y € 0Q). Reasoning as above, by the uniform
convergence we see that 7(t,z) = n(t,y). Since necessarily = # y, we conclude that (¢t,z) € C, also in
this case.

Finally, we note that for any ¢ € C.(Q;R™) we have ¢ oy — ¢ on uniformly. This, together with
the convergence of o, — o, implies that the action-reaction principle continues to hold in the limit. [

Remark 3.10. An added difficulty in the proof is that we do not have continuity in time, but only Borel
measurability. This makes justifying that o, — o not an immediate consequence of the convergence
lok] A |o|. However, as shown above, continuity of the limit and uniform convergence can be used to
justify this convergence. While these assumptions may not seem natural at first glance, we mention
here that they arise from the construction of solutions to the quasistatic problem. To be precise, we will
consider approrimations that are piecewise constant and uniformly bounded in time and prove that these
converge uniformly to a limiting deformation that is continuous in time.

Remark 3.11. Theorem 3.8 and Theorem 3.9 are designed for higher order materials and the associated
sense of convergence. In fact, the statements are in general not true if the convergence is not strong
enough. Specifically, if there is no pointwise convergence of Vny, then the limit measure might not lie in
the contact set. Additionally, it is necessary to have a strong sense of convergence for the normal vector
to guarantee that the limit measure is still pointing in the normal direction. Indeed, take Q = [0,1]? and
consider a sequence of deformations such that

1 .
e (0,22) = np(1,1 — xg) = (kz sin(kxs), 372)
for all zo € [0,1]. This can be done in such a way that Ny converges to some n with

n(0,z2) = n(1,1 — x2) = (0,22)

in a sense that does not imply pointwise convergence of Vg, e.g., weakly in W22(Q;R?).

Now, observe that every contact set C,, contains points x for which n,, (x) points in direction (1,1).
In particular, we can construct contact forces o, which only point in this direction and have unit mass.
But then there exist a subsequence and a limit measure o with the same property. However, all normals
assoctated to C, are of the form (0,+£1).

Yet, we also note that if we are not studying self contact, but contact between a deformable solid and an
immouvable obstacle, the approach presented above can be adapted to work also for lower order materials,
as the obstacle’s normal is fized.

Finally we note that if the measures o}, are additionally uniformly L? in time, as will be the case for
the corresponding quasistatic result, then the same holds for the limit. Before stating this result, we
discuss the notion of a measure being “L? in time”, namely the space L2.(I; M (0Q;R")).

Remark 3.12 (Definition of L2. (I; M (0Q;R™))). We use L2.(I; M(0Q;R™)) to denote the space of all
o: I = M(0Q;R™) which are weak* measurable, satisfy

”O-”ifﬂ*(l;M(aQ;R")) = /1 ”U(t)”?\/I(OQ;]Rn)dt < o0,

and any such two a,G are considered to be equivalent if o(t) = G(t) for L -a.e. t € I. Here we recall that
o is said to be weakly* measurable if

t— - do(t)
o0Q
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is measurable for all p € C(0Q;R™).
Observe that any o € L2.(I; M(0Q;R™)) can be regarded as an element of M(I x dQ;R™) by setting

/ ot 3) - do(t z) = // o(t,z) - do(t)dt, o e C(I x 00;R™),
Ix0Q IJoQ
Conversely, if o € M(I x 0Q;R™) can be represented as

| etwydotin)= [ [ s anot oe ot xogrY

Ix9Q I1J0Q
with ¢ € L*(I;R) and {v;}rer C M(0Q;R™) a bounded weakly* measurable family of measures, then one
can regard o as belonging to o € L2 . (I; M(0Q;R™)) by setting
o(t) = o(t)ve,

for L'-a.e. t € 1.
Lemma 3.13. Let o), € L2.(I; M(OQ;R™)) with |low|lr2  (r.m(o0rn)) < C be such that oy, Xooin
M(I x 9Q;R™). Then o € LZ,.(I; M(8Q;R™)) and |02 (r.m(00r) < C-

Proof. By the disintegration theorem (see e.g. [1, Theorem 2.28|) if we define u € M (I) by u(A) =
l|o|(A x 0Q) for any Borel set A C I, we obtain a weakly* measurable family of measures {v;}ic; C
M(0Q;R™) with ||v¢]|amr(aQirn) = 1 such that o = u(dt) ® vy. More precisely, we have that

/I.XBngda = /I/BQ o(t, ) dvg(x) du(t), e C(I x 9Q).

We now show that p has L? density with respect to the Lebesgue measure on I. To see this, let g € C(I)
with ||g||z2z < 1. Then for all k¥ we have that

C = okl (rmogrn)) 2 /1 low (D)l aroQirm)g(t) dt :/1 6QsOd|Uze| (3.2)
X

where ¢(t,x) = g(t). Since |o}| = |o| in M(I x 8Q), (3.2) implies that

oz/lxmsadlo /I/aQ sﬁ(t,x)dz/t(x)d,u(t):/lg(t) du(t). (3.3)

Since this is true for all g, (3.3) shows that u defines a linear functional on C(I) which is bounded with
respect to the L?-norm. By the Hahn-Banach theorem, this functional admits an extension to L?(I)
and can be represented by ¢ € L?(I), in the sense that

/Igd,u:/lg¢>dt, ge ().

Thus, as argued at the end of Remark 3.12, we see that o € L2.(I; M(0Q;R")). Moreover, we have
lollcz . (r;mo0mny) = |9llL2(ry < C. This completes the proof. O

Remark 3.14. Even the stronger assumption of o € L*(I; M(0Q)), i.e. strong measurability, (which
is satisfied for our approzimation in Theorem 4.6) does not help, as the strong measurability may be
lost in the weak® limit. This is closely related to the fact that L?(I; M(0Q)) is not the dual space to
L3(I;C(0Q)), as M(0Q) does not satisfy the Radon-Nikodgym property (see e.g. [12, Section 1.3]).

3.3. Normals and almost normals. In the core sections of the paper, it would prove convenient to use
the normal field n, as a way of perturbing an admissible deformation. This will however not be allowed
as normal vectors lack the needed regularity. We overcome this difficulty by introducing an “almost”
normal field that is sufficiently regular for our purposes.

Definition 3.15 (Almost normals). (i) Letm € €. Then fi,: Q@ — R™ is an almost normal to 7, if
1 —
A () - 1y () > 3 Vo € 0Q and |y (z)] <1 Ve e@.

(i1) Letn € L®°(I; W2P(Q;R™)) N WE2(I; WH2(Q; R™)) be such that E(n) € L*(I). Then a vector
field 7uy: I x @ — R™ is called almost normal to 7, if

ﬁn(t,x)~nn(t,m)>%V(t,x)e]x@@ and  |iiy(t,2)| < 1Y(t,2) € T x 0.
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Notice in particular that almost normals are defined also in the interior of Q). While the existence of a
sufficiently regular (with respect to the space variables) almost normal 7, is well known to specialists in
the field, the precise statement used in the following and its proof are included here for the convenience
of the reader. As before, we present both the time-independent and time-dependent versions, but only
prove the slightly more complicated time-dependent version.

Proposition 3.16. Let n € £ with E(n) < oo. Then there exists an almost normal 7, to n with
iy € CM(Q;R™) for all ko € N satisfying ||7iy||cro(qrn) < Cho, where C, depends only on E(n) and ko.

Proposition 3.17. Let n € L>®(I;€) N WE2(I; WH2(Q; R™)) be such that E(n(t)) < Eqy for all t € I.
Then there exists an almost normal 7, to n with n, € L*(I; Cko(Q;R™)) for all kg € N, satisfying
1725 || oo (r;c%0 (@imm)) < Cho» where C, depends only on Eo and ko. Moreover, we can have that i, €
WE2(1; L2(Q; R™)) with |0y || 2(1xqirny < CllO:V || L2(1x@:rn), where C depends only on Ey.

Proof. Reasoning as in Remark 3.4, due to the uniform bound on E(n(t)) and the fact that n €
C(I; C1*(Q;R™)), we obtain that n,, € C(I; C%*(dQ;R™)). Notice that we can find § > 0 such that for
all t € I and all z, & € 9Q it holds that

ny,(t, ) -n,(t, &) > 3/4

whenever |z — Z| < §. We then consider an extension of ng (still denoted by ng) to the é-neighborhood
of @, namely Qs, such that ng € C%*(Qs; R™) with

InQllco.e(@srmy < C(6)lIngllco.agrn)

and with the property that |ng| = 1 on Ps, where Ps denotes the d-neighborhood of 9Q. We then
consider the extension of the deformed normal n, to I x Qs (again, still denoted by n,) by
cof Vn(t, z) ng(x)

nal1:8) = oo S MRl (@) € 1x Qs i Ing(@)] £ 0

and by zero otherwise, where we use an extension of 1 to I x Q5 by a standard extension operator
from the fixed domain I x ), which in particular can be chosen linear and so that it preserves the
norms in L (I; W2P(Qs; R™)) and W2(I; W12(Qs;R™)) up to a constant. Note that this in particular
implies sufficient regularity on the extended domain, so that the previous expression is well defined as
cof Vn(t, z) ng(x) is uniformly continuous and bounded away from zero on 0Q).

Arguing as in Remark 3.4 we see that n,, € C(I; C%*(Qs; R™)) with Holder seminorm dependent only
on Fy. Moreover, by an application of the chain rule, we see that

10eny (D)l 12(q) < CNOVN(E)] 12

for a constant C' depending only on @ and Ep.
Choose then § > 0 (possibly smaller that J, dependent only on Ey) so that for all ¢t € I, all z € 9Q),
and all Z € Q5 we have that

ny(t,x) - ng,(t,z) > 1/2
whenever |z —Z| < 4. Finally, we mollify the (extended) normal field in space, that is, we set 7, = n, *&;
in IxQ, where * is convolution with respect to « and ¢ 5 is the standard mollification kernel with parameter
0. Then, for each time ¢, we have that

1720l oo (@iny < Chollnn (Dl co@imn),

where Cy, depends only on Ey and ko, and

100 ()] 20y < 1910 (0)] 2y < CHATN(O) | 20 -

As one can readily check, 7, is an almost normal to 7 in the sense of Definition 3.15. This concludes the
proof. O

3.4. Test functions for problems involving self-contact. We can now introduce the cone of admis-
sible test functions for our variational inequality and provide practical characterizations that are used
throughout the rest of the paper. For our purposes, we need to develop this theory for both the static
and the dynamical case. We believe that these characterizations are of independent interest and thus
provide the precise statements for both cases.

In the following we use X to denote a Banach space that embeds compactly into CH(Q;R™).
Throughout the paper we apply the results of this section for X = Wko-2(Q; R") and X = W2P(Q;R")
(with suitable conditions on kg and p).
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3.4.1. Test functions for static problems. We begin by giving a definition of the admissible test functions.

Definition 3.18. Let n € £ be a given deformation with E(n) < co. Then we define the corresponding
cone of admissible test functions (i.e., the tangent cone to £) as

T,(ENX) =S e W*P(QR)NX :VzeCy > @z) -ny(2) 20,¢r=0p. (3.4)
zen=t(n(=))
In case X = W2P(Q;R™), we omit it in the notation.

We remark here for clarity that in view of Lemma 3.2, the sum in (3.4) consists of either one (in
the case of contact with Q) or two (in the case of self-contact) elements. Intuitively, the inequality in
the definition of T;, (€ N X) signifies that admissible test functions, i.e. admissible perturbations of the
deformation 7, cannot point outside of {2 whenever 7 already lies on 92, and cannot further displace the
deformed configuration in a way that would cause interpenetration of matter.

Lemma 3.19. Let U,V C R"™ be open, disjoint sets with OU N OV # (). Let p € OU N OV be such that
oU, OV are C' near p and let vectors u,v € R™ be such that
w-ny(p)+v-ny(p) <-4 <0.

Then there exist £g > 0 and p > 0 depending on 6, |u — v|, and the C* moduli of continuity of U and
OV (in a neighborhood of p), such that By.(p +eu) C V +ev for all € € (0,e0).

Proof. As the proof follows from elementary consideration, we only give a sketch of the general idea. By
assumption, the vector w = u — v at the point p points inside V. Since the boundary of V is of class
C', there exists a non-empty open cone in V with vertex at p in the direction w. The height of the cone
gives g9, and the aperture of the cone gives p. O

Proposition 3.20. Letn € & and p € Wg’p(Q;R"). If there exists x € Cy, with
b= Y ) () <0,

z€n=1(n(x))
then there is €g > 0 depending on §, ¢, and E(n) such that n+ecp ¢ £ for all e € (0,&p).

Proof. Let x and § > 0 be as in the statement. If n(z) € 90 we set U = n(Q), V =R"\ Q, p = n(x),
u = @(x), and v = 0. Recalling that the C'-modulus of continuity of 7(9Q) depends on E(n) (see
Remark 3.4), the previous lemma gives g9 > 0 such that n(z) + ep(z) ¢ Q for all € € (0,gp), which
implies (74 e¢)(Q) ¢ 2, and therefore that n +ep ¢ £.

If this is not the case then by Lemma 3.2 we have that n~!(n(z)) = {x,y} for some y # x. Then
by Lemma 3.5 we can find a radius r > 0 (which depends on E(n)) such that U = n(B,(z) N Q) and
V =n(B,(y) N Q) are disjoint. As before, denote p = n(x), v = n,(z), v = n,(y) and apply the previous
lemma. We thus have €9 > 0 and p > 0 such that

Boe(n(x)) + ep(x) Cn(Br(y) N Q) +ep(y)
for all e € (0,&9). Eventually replacing r with a smaller number so that |p(w) — ¢(y)| < p for all
w € B,(y), we get that

dist(n(B(y) N Q) + e¢(y), (n+€9)(Br(y) N Q)) < pe.
Consequently, we have that
n(x) +ep(x) € (n+e9)(Br(y) N Q).
for all € € (0,e¢). Since by Lemma 3.2 self-contact cannot happen at an interior point, this implies that
1N+ ep ¢ €. This concludes the proof. O

Equipped with this, we can derive some useful characterizations for the cone of admissible test func-
tions.

Proposition 3.21 (Characterizations of T,,(€ N X)). Let n € €N X and ¢ € X. The following are
equivalent:

(1) peT(ENX).

(73) There exists a sequence {@y}r such that o, — v in X, v, =0 on T, and

Z or(2) - ny(z) >0 (3.5)
z€n~1(n(x))
for allk € N and all x € C),.
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(#it) There exist a sequence of positive real numbers {er }r and a sequence of test functions {¢y }r with
v — ¢ in X such that n+epy € € for all € € [0,ey).

Additionally, the condition

(iv) there ezists a curve ® € C([0,£0);E N X) N CL([0,e0); X) such that ®(0) =n and ®'(0F) = ¢
implies any of (i)-(i11) and conversely if ¢ satisfies the condition imposed on ¢y, in (3.5), then this implies
(iv).t
Proof. (i) = (ii): It is enough to consider ¢, == ¢ + 1&rn, where 7, is the smooth almost normal

to i given by Proposition 3.16 and &r: @ — R is a smooth function that vanishes on I' and is
otherwise positive. Indeed, then for € C,, we have that

1 1
Y e w2 Y ra@nE) ez Y &)>0
zen~!(n(=)) zen~*(n(x)) zen~t(n(=z))
(i) == (44i): This is proved in Proposition 3 in [15] for the case of self-contact and X = W?2P_ but the
argument easily extends to general X. The case of contact with the boundary is the same, as it
can be treated like a part of the solid on which ¢ = 0.
(19i) = (i): Let {¢x}x be asin (3¢). We claim that ¢ € T,,(ENX). In fact, in view of Proposition 3.20
i ¢ T,(EN X) implies n + ey, ¢ £ for € arbitrarily small, which is a contradiction with (éi%).
Now it is apparent that 75 (£ N X) is closed with respect to uniform convergence, therefore also
with respect to convergence in X. Thus ¢ € T,,(£NX). This proves that (7)-(i7i) are equivalent.
(iv) = (i): To see this, let z € C;, and set

- D(e,z) — n(x
Ple,x) = 7( )6 ( )
We claim that we must have

li b . > 0. .
im, Z P(e,z) -ny(z) >0 (3.6)
zen~t(n(z))

Notice that the limit in (3.6) exists since ® € C1([0,e0); X) and that furthermore it equals
> cen-1(n(x)) P(2) ny(2). To prove the claim, arguing by contradiction, assume that there exists
a number § > 0 with
> e 2) ng(z) < -3<0
z€n~1(n(z))
for all € small enough. Then, by Proposition 3.20 we have that ®(e,-) = n(-) +ep(e,-) ¢ € for
all ¢ > 0 sufficiently small and we have thus arrived at a contradiction.

(i)+(3.5) = (iv): Set ®(e,z) = n(z) + ep(x). Then clearly ®(0) = n and ®'(07) = ¢. Additionally
® has the required regularity. It is only left to check that ®(e,-) € £. For this, we note that per
definition ®(0) € £ and there is g9 > 0 such that ®(e,-) is globally injective (and maps to the
interior of Q) for any € € (0,¢).

In fact it is enough to check for injectivity at the boundary. For any points z,y € 0Q
such that n(z) and n(y) (resp. n(x) and 0N) have a fixed minimum distance, this follows from
continuity. Similarly for any points x,y € @ that are close to each other, the same follows from
local injectivity (see Lemma 3.5). This allows us to restrict our attention to pairs (x,y) in an
arbitrary neighborhood of the compact set {(Z,¢) € 0Q x 9Q : n(Z) = n(g§)} (resp. points z in a
neighborhood of {z € 9Q : n(&) € IN}).

But then we can choose this neighborhood small enough so that the condition in (3.5) extends
to those pairs as well. Together with the definition of the normal vector, for any such pair (z,y),
this allows us to pick a unit vector n such that n - (n(x) —n(y)) = 0 and (p(z) — ¢(y)) - n > 0.
This then implies that ®(e,2) and ®(e,y) cannot coincide. A similar result holds for z € 9 in
place of n(y). O

Remark 3.22. Note that the approximating sequences in (ii) and (iii) are necessary. For a general ¢
satisfying one of the conditions, it is not true that n + cp € & for any € > 0. Fven if one excludes
tangential movement, a condition like ¢ -n > 0 only guarantees that the points of C,, themselves are not
displaced in a way that would violate interpenetration of matter or move outside of ), but it cannot be
used to conclude the same about any neighborhood.

4Note that this implies that (3.5) characterizes the interior of Tj, (€ N X). Additionally, for a sufficiently regular 7, it is
not hard to prove that (iv) is in fact equivalent to the other three conditions. However, this proof involves splitting ¢ into
its precise normal and tangential components and is thus not easily transferred to the general situation.
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To see this in a simple example, consider the following situation. Take €2 to be the upper half-plane,
Q a subset of the upper half-plane such that 0Q includes (—1,1) x {0} and n(x1,x2) = (z1, 72 + 23) as
well as o(x1,22) == (0,2x1). Then there is contact only at (0,0), where ¢ -n =0, but for any € > 0 we
have (1n(s,0) + €9k (s,0))2 < 0 for some s small enough and thus a non-superficial intersection with the
boundary.

However, ¢ is still an admissible test function in the sense of (i) and one can even construct the curve

O(t,x) = (21,22 + (21 +1)?)
which satisfies ®(0,-) = n and &|,_o® = ¢ and as such is admissible in the sense of (iv).

The next result shows that the set of admissible test functions is well-behaved with respect to sequences
of approximating deformations.

Proposition 3.23. Let {nitren C ENX be given with E(ng) uniformly bounded and assume that there
exists n € ENX such that i, — n in X. Then, for every ¢ € T, (€N X) there exists a sequence {Qr }ren
such that o, — ¢ in X and with the property that ¢, € T, (€N X) for all k € N.

Proof. By Proposition 3.21 (i), we can approximate ¢ by a sequence of {¢;};en for which (3.5) holds.
Additionally, as we have seen in the proof of Theorem 3.9, any converging sequence of contact points
{zp} with z;, € Cy;,, has to converge to a contact point « € C),. But then by the fact that C), is compact,
Ny, converges uniformly, and since each element of {¢;};en is continuous, we have that for fixed I, (3.5)
holds for all 7, with k large enough. In particular, we can use this to pick a non-decreasing sequence [
such that ¢;, € T, (€N X). O

3.4.2. Test functions for evolutionary problems. Throughout this section, let
ne L®(ENX)NWEA(I°, Wh3(Q;R™)) with  E(n(t)) < Ep for all t € 1. (3.7)

Note that this matches exactly the regularity that we ask for solutions to our time-dependent problem (see
Definition 2.4). Recall that by the Aubin-Lions lemma 1 admits a representative in C(I; C1*(Q;R")).
In the following, we always work with this representative without further notice.

Our aim here is to present the time-dependent versions of the results in the previous section. They
follow along the same lines, therefore we will be brief and only indicate the differences to the static
versions.

Definition 3.24. Let n be given as in (3.7). By a slight abuse of notation, we denote

C(ILT)(EN X)) = {p € CLWP(QiR™) 1 X) : p(t) € Ty (EN X), 1 € T},
where Ty +) (€ N X) is understood as in the time-independent Definition 3.18.
Lemma 3.25. Let n be given as in (3.7) and let ¢ € C(I; X) be such that p(t,-) = 0 on T'. If there
exists (t,z) € C,, with®

—§ = Z (t,z) -ny(t,z) <0,
zen=1(t,n(t,x))

then there is g9 > 0 depending on &, and Ey such that n(t) + ep(t) ¢ € for all € € (0,2p).

This is a straightforward consequence of Proposition 3.20. Therefore, we can formulate the time-
dependent version of the various characterizations of our test functions.

Proposition 3.26 (Characterizations of C'(I;T,(£ N X))). The following are equivalent:
(i) p € C(L;TH(ENX)).
(13) There exists a sequence {@y}r with o, — ¢ in C(I; X) such that ¢(t,-) =0 on T, and
Z oi(t, z) - ny(t,z) >0 (3.8)
zen~1(tn(t,x))
for all (t,x) € Cp and all k € N.
(#it) There exist a sequence of positive real numbers {ei }r and a sequence of test functions {¢y }r with
ok — ¢ in C(I; X) such that n(t) + epi(t) € € for L -a.e. t € I and all € € [0,ex);
Additionally the condition
(iv) there exists ® € C([0,e0); L°°(I;ENX))NCL([0,0); L°°(I; X)) such that ®(0) = n and &'(0F) =
P

5As before, ! denotes the preimage of n(t, -).
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implies any of (i)-(ii1) and conversely if ¢ satisfies the condition imposed on @y, in (3.8), then this implies
(iv).

The proof follows analogously as the proof of Proposition 3.21 with the following changes: The smooth
almost normal 7, is now the time-dependent version from Proposition 3.17; instead of Proposition 3.20
one has to invoke the time-dependent version Lemma 3.25.

Proposition 3.27. Let {nx}r, C L(L;E N X) N WE2(I°;WH2(Q; R™)) with E(nk(t)) < Eo be given
and assume that there exists n satisfying (3.7) such that ni(t) — n(t) in X, uniformly in t for t € I.
Then, for every ¢ € C(I;T,(€ N X)) there exists a sequence {@}r such that v, — ¢ in C(I;X)
and with the property that ¢ € C(I;T,, (€ N X)) for all k € N. Additionally, if J C I and ¢ €
C(L;T,(ENX))NCLHIT; L2(@Q;R™)), then we can find a sequence {¢k}r as above but with the property
that o, € C(I; T, (EN X)) N CL(J; L*(Q; R™)) for all k € N.

Again, the proof is the same as in Proposition 3.23, using the time-dependent almost normal and
uniform convergence in time.

4. EXISTENCE RESULTS FOR THE QUASISTATIC REGIME

This section is concerned with the study of the quasistatic counterpart to (1.1). To be precise, for a
given energy-dissipation pair (E, R), we prove existence of solutions to

DE(n) + D2R(n,0m) = f (4.1)

in a framework compatible with the standard assumptions of second-order nonlinear elasticity. As a
particular case of our analysis, we obtain an existence result for a parabolic variant of (1.1), that is,

p=- T DE() + D2R(1,0im) = f + p%,
where ((t) will later correspond to 9;n(t — h) and the two terms thus form the difference quotient
Oy (t) — n(t — h)
p h :

While (4.2) has no direct physical relevance, solutions to this problem will play a fundamental role
when inertial effects are taken into account (see Section 5).

Similarly to [15], where the authors study equilibrium configurations for a second-order nonlinear
solid, our presentation is divided into two parts. First, we prove the existence of solutions to a variational
inequality via minimizing movements. Then, in the second part of the section, we recover the governing
equations by reintroducing contact forces. These forces can be interpreted as a Lagrange multiplier
associated to the global injectivity constraint.

Oun (4.2)

4.1. Existence of weak solutions via minimizing movements. Throughout the section we con-
sider an energy-dissipation pair (F, R), which can be thought of as a regularized version of the energy-
dissipation pair introduced in Section 2 where, roughly speaking, the underlying space W?2? is replaced
by Who2 with kg — % > 2 — 2, so that Wko:2(Q; R™) compactly embeds in W2?(Q;R"). Note that the
leading term in E is now quadratic (see Section 5), which results in a corresponding linear term in the
equation. The assumptions (E.1)—(E.5) and (R.1)—(R.4) are thus replaced by their regularized versions
as follows.
We assume that E: WFo:2(Q;R") — (—o0, 00| satisfies the following properties:

(E'1) There exists Epi, > —oco such that E(n) > Enyi, for all n € Wo:2(Q;R™). Moreover, E(n) < oo
for every n € Wko:2(Q; R™) with infg det Vi > 0.

(E'.2) For every Fy > Enin there exists ¢g > 0 such that det Vi > ¢ for all n with E(n) < Ep.

(E'.3) For every Fy > Ep,n there exists a constant C' such that

[VFon|2 < C

for all n with E(n) < Ejy.
(E'4) E is weakly lower semicontinuous, that is,

E(n) < liminf E(ny)
k—o0

whenever 1, — 7 in Wko:2(Q; R").
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(E'5) E is differentiable in its effective domain with derivative DE(n) € (Wko-2(Q;R™))* given by

DEG(9) = B0 +29)| .

Furthermore, DE is bounded and continuous with respect to weak convergence in W+o:2(Q; R")
on any sub-level set of F.

Furthermore, we assume that the dissipation potential R: Wko-2(Q;R™) x Wko:2(Q;R") — [0, 00)
satisfies the following properties:

(R.1) R is weakly lower semicontinuous in its second argument, that is, for all n € W*0:2(Q; R"™) and
every by — b in W*02(Q;R™) we have that

R(n,b) <liminf R(n, by).
k—o0

(R’.2) R is homogeneous of degree 2 with respect to its second argument, that is,
R(n, \b) = A*R(n,b)

for all A € R.
(R.3) R admits the following Korn-type inequality: For all €9 > 0, there exists a constant Kp such
that

Er|[blfyso.2 < IIbll 2 + R(n,b)

for all 77 € €N WFo2(Q; R™) with det Vi) > eo and b € T, (€ N Wko:2),
(R’4) R is differentiable in its second argument, with derivative Dy R(n,b) € (WF0:2(Q;R™))* given by

d
Dy R(n,b){p) = £R(n7 b+ep)|.
e=0

Furthermore, the map (7, b) — Do R(n, b) is bounded and weakly continuous with respect to both
arguments, that is,

e Do Ry, be) (9) = DaR(n, b)(p)

holds for all ¢ € W*0:2(Q;R™) and all sequences n — 1 and by — b in Wo:2(Q;R"™).
The quasistatic equivalent of (R’.3) is formulated as follows:

(R’.3q) R admits the following Korn-type inequality: For any ¢y > 0, there exists K such that
Kg[bllyro < R(n,b)
for all ) € £ with det V1) > go and all b € W}?(Q; R™).

Next, we give the precise definition of a solution to (4.1).
Definition 4.1. Let h > 0, ng € ENW2(Q;R™), and f € L*((0,h); L>(Q;R™)) be given. We say that
n € Wh2((0,h); WF2(Q;R™)) N L((0, h); ENWH2(Q;R™))  with  E(n) € L=((0,h))
is a solution to (4.1) in (0,h) if n(0) =no and

h h
/0 DE((1))((t)) + DaR(n(t), dem(t)) (o(t)) dt > / (F(t). o(t)) = dt (4.3)

0
holds for all p € C([0, h); T,,(E N Wko:2)).

Remark 4.2. Let us comment here on Definition 4.1.

(i) It is worth noting that the initial condition n(0) = ng in Definition 4.1 is satisfied in the classical
sense since every element n of W12((0, h); Wke-2(Q;R™)) admits a representative in the space
Co([0, h]; WHo2(Q; ).

(13) We also remark that the variational inequality (4.3) is preserved along sequences of test functions
{er}n such that ), — @ in L*((0, h); W*(Q; R™)).

(#i7) The inequality in (4.3) is a consequence of the injectivity constraint imposed on the class of
admissible deformations. In particular, it is evident from the fact that C2°(Q;R™) C T,,(€ N X)
that if o(t,-) € C°(Q;R™) then (4.3) holds as an equality. Similarly, equality holds if collisions
can be excluded a priori.

The existence of solutions to (4.1) is established in the following theorem.
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Theorem 4.3. Let E satisfy (E.1)~(E’5), R satisfy (R.1), (R'2), (R".3q) as well as (R’.4) and let h,
no, and f be given as above. Then there erxists a solution n to (4.1) in the sense of Definition 4.1.
Furthermore, for every t € [0, h], n satisfies the energy inequality

E(n(t)) +2 / R(n(s), den(s)) ds < E(no) + / (F(5), 0un(s)) 12 ds. (4.4)

Proof. For the convenience of the reader, we divide the proof into several steps.
Step 1: Given M € N, we set 7 := h/M and decompose [0, h] into subintervals [k, (k + 1)7] of length 7.
Moreover, for every 1 < k < M we let

fo= / T fwae @Ry,
T J(k—1)7
We then define recursively n € & N W¥*0:2(Q;R™) to be a solution of the minimization problem for
Teln) = Bln) + 7R (meoy, ) = 7 (i ) (4.5)
that is,
M € argmin { T, (n) 1 n € ENWH2(Q;R™)}. (4.6)

We remark that the existence of 7, is a consequence of the direct method in the calculus of variations.
Indeed (E'3) and (R’3,) imply that Jj is coercive and the rest follows from (E'1), (E'2), (E'4) and
(R’1). Therefore, in view of (4.6) we have that Ji(nr) < Jk(nk—1); moreover, since R(n,0) = 0 for all n
(see (R'.2)), the inequality can be rewritten as

() + 7R (o1, B ) < B(mey) +7 (fi, B2 (4.7)
Additionally, (R".3,) implies that
K _
TRH??k —me1l7: < TR (771@71, AL ;”H) : (4.8)

Notice that by Young’s inequality we have that
Mo =Nk —1 T 2 £ _ 2
(o B < fullFe o — e e (4.9)

Thus, combining (4.8) and (4.9) with (4.7) yields

T _ T
E(ﬂk)+§R (Uhh%) < E(kal)-i-?cufk”%z. (4.10)
Summing over k =1,...,m in (4.10), where m < M, we arrive at
m T 1 m
Nk —Nk— 2
E(nm)+;§R (%—h%) SE(UO)"’%ZT”kaL?- (4.11)

Notice that an application of Jensen’s inequality yields

m m kT
Sorlfle <30 [ I dt < 1 (1.12)
k =1 (k—1)T

=1

Combining (4.11) and (4.12) we can find a constant Cy which depends only on @, Kgr, E(n) and
| fll2(z2) such that the following estimates hold uniformly in 7:

sup E(ny) < Co, (4.13)
k<M
_ 2
T‘ e e (4.14)
k=1 T L2

M

2R (77’“‘1’ w) < Co. (4.15)

k=1

Next, for t € [(k — 1)7, kT) we let
n_(t) = nk—1, 7, (t) == g, and na(t) == kr tﬂk—1 N Mnk.

T T T
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Notice that due to the coercivity of E, the families of functions {n_}-, {1, }-, and {n:}, are uniformly
bounded in L>((0, h); WFo:2(Q; R™)). Moreover, from (4.14) and (4.15) we also obtain that

h
/nwmw%ﬁs%,
0

h
1@/|wwawéﬁs%,
0

where K is the constant in the Korn’s inequality for R (see (R’.3,)), which is bounded thanks to (4.13).
Reasoning as above we have that 07, is bounded in L?((0,h); Wko-2(Q;R™)). Consequently, {n,},
is bounded in W2((0,h); Wko:2(Q;R™)), and eventually extracting a subsequence (which we do not
relabel) we find n, 7 € LOO((O, h); Wko2(Q; R™)) and n € WH2((0, h); WFo:2(Q; R™)) such that

n_—n in L=((0,h); Wk2(Q; R™)),

7, =7 in L=((0,h); Wk2(Q;R™)),

and
ne =m0 WH2((0,h); W2 (Q; R™). (4.16)
Next, we claim that = 7 = 7. Indeed, by (4.8) and (4.15) we see that
Cot
I = sl < = (4.17)

In turn, we have that for ¢ € [(k — 1)7, k)
kT —t

2
< G (4.18)

Hm@)nAﬂ@mz‘ (s — )

o

Wko.2

To prove the claim, it is enough to notice that in view of (4.18),

. Cor [
< tim /5 [ o0l dt =0
holds for all ¢ € L'((0,h); WFo2(Q; R™)*).

We conclude this step by proving that € L*((0,h);E N Wko2(Q;R™)). The result, in turn, is
obtained by showing that the sequence {7, }, converges to n uniformly; to be precise, we will show that
(up to the extraction of a subsequence)

7y = n in L((0,h); WP(Q;R™)). (4.19)

Notice that this readily implies the claim since n € L>((0, h); W*0:2(Q; R™)) and furthermore since & is
closed with respect to weak convergence in W2P(Q; R™). To prove (4.19), we argue as follows: By (4.16),
together with an application of the Aubin-Lions lemma we see that n, — n in C([0, h]; W2P(Q;R")).
Therefore, (4.18) implies that
1n(t) =7 llw2r < [In(t) =17 () w2 + [0 () =77 () [l w2
< In = el w2ey + Cllng (8) = 77 (O) [weo 2
C()’T

h
[ﬁmmm@fm@Mt

<|m=n-lleewzry +C

holds for £!-a.e. t € [0, h]. Letting 7 — 0 concludes the proof of (4.19).

Step 2: Next, we show that the function 7 obtained in the previous step is a solution to (4.1) in
the sense of Definition 4.1. To this end, consider ¢ € W*0:2(Q;R") such that there is a curve ® €
CY([0,£0); € N Wko2(Q; R™)) N C([0,e0); WFo:2(Q; R™)) with ®'(07) = ¢, as in Proposition 3.21 (iv).
By the minimality of 7 we obtain that

0< d%jk(‘l)(ﬁ)) = [DE(W) + D2R (kah Lﬁfk_l)} (@) = (fr- ) L2 (4.20)

e=0
By Proposition 3.21 (ii), the same is then also true for all ¢ € T, (€ N Wko:2),

Let {7j}jen C (0,1) with 7;, — 0" be a decreasing subsequence for which (4.16) and (4.19) hold,
and consider ¢ € C([0,h]; T,(€ N Wk:2)). By Proposition 3.27, there exists a sequence {(,};jen such
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that p; — ¢ in C([0, h); WH2) and ¢; € C([0, h]; T3 (€N Wk0:2)). In particular, since this implies that
0 (t) € Ty (ENWko2) for t € [(k — 1)1y, k7)), for El a.e. such ¢ we can rewrite (4.20) as

[DEG,, ) + DaR(n, (0), 015, ()] (25(8)) = (fr,(8), 25(8)) 12 = 0, (4.21)

where f; (t) = fy for all t € [(k —1)7;, k7;). Integrating (4.21) over [(k —1)7;, k7;) and summing up the
resulting inequalities we get

h h
/0 [DEG,, (1) + DaR(n,_(£), 001, ()] (o5 (1)) dt = / (Fr, (1), 5 ()12 . (4.22)

Notice that fr,(¢t) — f(t) for L'-a.e. t € [0, h] (to be precise, for every ¢ which is a Lebesgue point). Then
by Lebesgue’s dominated convergence theorem we also have that f. — f in L?*((0,h); L*(Q;R™)). In
turn, we can pass to the limit pass to the limit as 7, — 0% on the right-hand side of (4.22). Convergence
for the terms on the left-hand side is a consequence of (E.5) and (R’4). Thus, we have shown that 7
satisfies (4.3) for all ¢ € C([0,h]; T,,(€ N Who:2)).
Step 3: As it remains to verify that 7 satisfies the energy inequality (4.4), the goal of this step is to show
that —0;n is an admissible test function. For ¢ € (g, h —€), let

on(t) = M
Let {x:}e be a family of smooth cut-off functions with the property that x. € C.((g,h — €);[0,1]) and
Xe — 1in L%((0,h)). Then, x.0fn — —0n in L2((0, h); W*o:2(Q; R™)). Fix (t,z) € C,. We claim that

lim Z o;n(t, z) - ny(t,z) > 0.

e—0t h
en=—1(t,n(t,z))

Indeed, if this is not the case then we can find a sequence £; — 07 and a number § > 0 such that
D cen—1(tn(t,e)) 9, n(t, z) - ny(t,z) < =4 for all j. In turn, by Proposition 3.20, we must have that
n(t—ej) =n(t.") + 07 0(t,) € €
for all j sufficiently large. We thus reached a contradiction and the claim is proved. Now let
Pe,5 = Xaafn + (%Fﬁm

where ¢ér: Q — R is a smooth function that vanishes on I' and is otherwise positive. Then, for all
small values of § > 0, in view of Proposition 3.26 we have that ¢. s € C([0, h]; T,/(€ N Wk0:2)) for all &
sufficiently small. The desired result follows by testing with ¢, 5 in (4.3), letting ¢ — 07 first, and then
§ — 0%, A similar argument shows that —xjo ;7 is an admissible test function.
Step 4: In view of the previous step, we can substitute ¢ = —x[g,07 in the variational inequality (4.3)
and obtain that

t

/0 [DE(1(s)) + DaR(n(s). 0un(s))] (Gen(s)) ds < / (f. Ben(s)) 1 ds.

Using the fundamental theorem of calculus for the term involving the elastic energy and (R'.2), the
previous inequality can be rewritten as

E((t) - E((0)) +2 / R(n(s), din(s)) ds < / (F(s), Br(s)) 2 ds.

This concludes the proof. O

As a corollary, we show the existence of solutions to (4.2).

Corollary 4.4. Let E and 1y be given as above and assume that for some h > 0
5 P
R(n,b) == R(n,b) + %”bH%% (4.23)

where R now satisfies (R'.1)~(R’.4). Define additionally f = f + p% for some ¢ € L2((0,h); L2(Q; R™)).
Then the conclusions of Theorem 4.3 continue to hold. In particular, this yields the existence of a weak
solution to (4.2) (in the sense of Definition 4.1), where (4.3) can be rewritten as

4 = h am(t) — ¢ g
| PEG®)+ DR ). ame)) (o) i+ | <ph,go<t>>p ar< [ (0. pl0) 10t (420
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Furthermore, for every t € [0, h], n satisfies the energy inequality

+2/R ). O ds+f/||3t77 )12 ds

< B(no) + / (F(s), Oun(s)) 3 ds + L2 / ¢l ds. (4.25)

Proof. We note that since R satisfies (R’.3) then (R’3,) holds for R. Similarly, since (R’1), (R’2) and
(R’4) hold for R, they also hold for R. As a result, we can apply Theorem 4.3.

What is left is the energy inequality. For this we note that rewriting the energy inequality for R and
f in terms of R and f and using Young’s inequality yields

2

B - B0) +2 [ R0 060 + £ 10 ds < [ (16) o505 ds
</ [<f(5),8t77(8)>m+ IC) s + 2 Joum(s)]2:) ds.

Rearranging the terms on both sides then results in the claim. O

4.2. Existence of the contact force. We now refine the results of the previous section to show that
the inequality (4.3) can be characterized by the existence of a contact force.

Definition 4.5 (Solution with a contact force). Let ny € ENW¥02(Q;R™) and f € L?((0, h); L*(Q; R™))
be given. We say that

n € Wh2((0,h); W2 (Q;R™)) N L®((0,h); ENWH2(Q;R™)), o € L2.((0,h); M(0Q; R™)),

where o is a contact force forn (see Definition 3.6), is a solution with a contact force to (4.1) if n(0) = no
and

/0 IDE((1)) + DaR(n(t), ()] () dt = / (o(t). (1)) dit + / 0.0 dt (426)

for all p € C([0, h]; W2 (Q; R™)).

Theorem 4.6. Let E satisfy (E'1)—<(E'5), R satisfy (R'1), (R.2), (R'.3,) as well as (R'4). Given
no € ENWF2(Q;R™) and f € L2((0,h); L?(Q;R™)), there exists a solution with a contact force to
(4.1). Moreover, n satisfies the energy inequality (4.4) for all t € [0, h], and the contact force satisfies
o€ L2.((0,h); M(0Q;R™)) with estimate

h
| o ot < oy (b + N0y + 1) - (4.27)

Remark 4.7. If we applied the Lagrange multiplier theorem to our constrained minimization problem, we
would get the contact “force” only in the form of a distribution, namely as an element of (WF02(Q; R™))*.
An estimate in the same space for the time-continuous, parabolic solution is directly available by using
the equation, cf. [13]. However [15] proved that in the steady case, one in fact obtains a measure—valued
contact force in the sense our definition. We will use their argument here, but in addition to that we
employ a quantitative estimate on the norm of the measure to retain the desired regularity when passing
to the limit as T — 0.

Proof. We use the approximation 7, resp. 77, and all other relevant notation from the proof of Theo-
rem 4.3. Fix k € {1,..., M} and recall that we have that

DJx(m) = DE(ny) + D2R (771%17 Lfk_l) — fr € (WF2(Q;R™))".

Step 1: By the assumptions on 7g|r (see Remark 2.3) and the local injectivity, we can pick a com-
pact subset K C 0Q such that 7(t)|sg\x is always injective. Then by the action-reaction principle,
estimating ||ox||ar(x;r») is enough to estimate ||o% | rr(aQ;rn). Without loss of generality, we can choose
ér € O(Q;[0,1]) such that &r(z) = 1 for all € K. We will now follow® [15] to get the existence of a

6To avoid confusion, we note that since we use interior normals, some signs and inequalities have to be turned around.
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contact force for the auxiliary problem. Let us denote

M} :{(E,w) e R x C(AQ) : Jp € WE*(Q,R™) s.t. DJi(ni){y) < ¢

and Vz € C,, we have Z o(2) -1y, (2) > Z w(z)},
zen~1(n(z)) zen~t(n(x))
M~ ={{,w) e Rx C(0Q) : £ <0,w > 0}.

Now, if £ < 0 and w > 0, then any o € W/*(Q; R™) satisfying

Yoo e )= Y w(kz)>0
zen~1(n(2))) z€n~1(n(x))
for all « € C,, is an admissible test function by Proposition 3.21. Hence ¢ satisfies (by the previous
proof) the variational inequality
DJk(m){e) 2 0> £,

and thus (£,w) ¢ M, . This means that M, Nint M~ = (). Since both sets are convex, we can find a
separating hyperplane. That is, there exists (A, 09) € (R x C(9Q))* = R x M(9Q) with (Ao, 00) # (0,0)
such that

)\0£+<0'0,’LU> <0, (€,w) eM*

Nk’

Aol + (o, w) >0, (L,w)e M™.

(4.28)

The latter inequality shows that for every w > 0, since (0, w) € M~ , we have that (og,w) > 0. Hence the
measure oy € MT(9Q) is non-negative. Furthermore, for any w € C(9Q) with w > 0 and suppwnC,, =
() we see immediately that (0,w) € M) N M~ and thus (o, w) = 0. This proves that supp oo C Cy, .

Now, given ¢ € Wllfoz(Q;R") we have that (DJy(nk)(#), ny, - ) € M,f, and so
Ao DTk (i) () + (00, 7y, - p) < 0.
Repeating the argument with —¢ in place of ¢ we obtain that
Ao DT (1k)(@) + (90, 1y, - ) = 0. (4.29)
Fix ¢ > 0 and denote 5 = {17y, , where 7y, is :che smooth almost normal from Corollary 3.16. Then
@s € CR(Q;R™) and moreover |[¢;lyyro2(grn) < C8, where by the estimate from Proposition 3.17 and

the energy estimate (4.13), C' depends only on Cy = E(no) + Ilfllz2(z2)- Then, for every z € Cy, N K,
we have that

NI ST

Z 905(2) nnk(z) =0 Z ﬁnk(z) nnk(z) 2
zen=(n(x)) zen~*(n(x))
This shows that (DJx(nk){ps),0/2) € M}, where §/2 is treated as a constant function. Hence by
(4.28) we obtain that

Ao DTy (nr){(es) + (00,6/2) < 0. (4.30)

From this we can see that A\g < 0. Indeed, if Ay = 0, then oy # 0 and (09, d/2) > 0, and we thus reach a

contradiction; if Ag > 0, take £ > DJx(nx)(ws) with £ > 0. Then (£,0/2) € M," and Xo/ + (00,9/2) > 0,
yielding a contradiction in this case as well.

Therefore, we can define o, € M (0Q;R"™) via doy, = —)%Onnk doy, which is a contact force for 7 since

we have verified that Ao < 0, 09 € M (9Q) and suppog C C), .
Step 2: Now we estimate

2 4
lokllarogirny < 2llokllmxrny < —/\fO(Uo,&) < ngk(nk)<%0§>-

Setting o, (t) :== o, on t € [(k — 1)7,k7), we multiply this last inequality by ¢ € C([0,h];RT) and
integrate over [0, k] to obtain

h h
/0 lor ()l aroqumn) ¥ (t) dt < 4/0 DJ\1/7) (0, (8))(Ernm, () (t) dt

h
<4 [ (IDE@ () + DaRla, (). 001, (O)] (e, () = (F(0). i, () 2) (0 .
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Since by (E’.5) DE is bounded on sublevel sets of E, in view of Proposition 3.17 we obtain that

h h
| DE@ @) eris, (0)00)di < Cuy max IDE) wsaey- [ 0(0)dr
0 0

Furthermore, by (2.3) we arrive at

h h
| D20, (0,00 (0)) e )0) dt < sy [ 0t st e

Finally, since the remaining term satisfies the estimate

h h
/ (1), €, (D)(E) dt < C, / 1) et) dt,
0 0

we conclude that

h
/0 o (131 00w dt < Cro (B + 10me 32wy + 1 32(z2)) - (4.31)

In view of the energy estimate, the right-hand side in (4.31) is bounded by a constant (independent of
7). This means that we have estimated o, in L2 .((0,h); M(0Q;R™)), so in particular also in M ([0, k] x
0Q;R™).

Step 3: Upon dividing by —\¢ and summing over k, (4.29) can be rewritten as

h
| DT 0)() = (o000t =0
By compactness of contact forces (see Theorem 3.9) we can find a converging subsequence (which we do
not relabel) such that
or =0 in M([0,h] x OQ;R"),
where o is a contact force for . By this convergence, upon sending 7 — 0, the equation (4.26) holds for
all ¢ € W#O’Q(Q;R"), and by a density argument for all ¢ € C([0, h], Wllfo’Z(Q; R™)). Moreover, thanks

to (4.31), we are in a position to apply Lemma 3.13 to conclude that o € L2.((0,h); M(0Q;R™)) and
that it satisfies (4.27). This concludes the proof. O

We now state a version of Corollary 4.4 that includes contact forces.

Corollary 4.8. Let E and 1y be given as above and assume that for some h > 0

R(1,5) = R(n.5) + - [b] 2. (4.32)
where R satisfies (R.1)~(R’4). Define additionally f = f + p% for some ¢ € L?((0,h); L*(Q;R™)).

Then the conclusions of Theorem 4.6 continue to hold. In particular, this yields the existence of a weak
solution with a contact force to (4.2) (in the sense of Definition 4.5), where (4.26) can be rewritten as

h
/0 IDE((t)) + DaR(n(t). dm(t))] (1)) dt

b o) — () e "
+ p<h,¢<t>>L2 dt= [ toOpt) dat+ [ (10O dr (433)

Furthermore, for every t € [0, h], n satisfies the energy inequality in (4.25) and the contact force satisfies
o€ L?.((0,h); M(0Q; R™)) with

1C12 .
h

h
/o ||U(t)H%\/[(8Q;Rn)dt < Cg, (h + + ||f||%2(L2)> . (4.34)

Proof. The result is an immediate consequence of Theorem 4.6 and Corollary 4.4, thus we omit the
details. O
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5. PROOF OF THE MAIN THEOREM

In this section we present the proof of Theorem 2.5. Additionally we conclude the section by returning
to the corresponding quasistatic problem. In particular, we present an improvement of the existence result
of a solution with contact force that was previously obtained by Krémer and Roubicek in [13].

Proof of Theorem 2.5. We divide the proof into several steps.
Step 1: Given L € N, we set h := T/L and decompose [0, 7] into subintervals [(j — 1)h, jh], with 57 > 1,
of length h. Let B : Wko:2(Q; R™) — (—o0, 00| be defined via

EM () = E(n) + h*||V*n||Z, (5.1)

where kg — 5 > 2 — > and ag > 0 is to be determined. Let 1y be given as in the statement. In this

step we prove that there exists a sequence {néh)}h C Wko2(Q; R™) such that n(()h) — no in W2P(Q;R")

as h — 0, and for all but finitely many values of h we have that n(h)(Q) C Q and n(()h) is a.e. globally
injective on @. Furthermore, we show that this sequence can be chosen with the property that

E® () — E(n). (5.2)

We present the proof for the case 19 € €. Indeed, if g € int £ the proof follows from a similar but simpler
argument. We begin by considering perturbations of the initial condition of the form ng + h% fpy, With
by > 0, where 7, is given as in Proposition 3.16. Reasoning as in Proposition 3.21 (see also Proposition
3 in [15]), if h is sufficiently small we have that (g + h%f,,)(Q) C Q and furthermore ng + htf,, is
a.e. globally injective on @Q. Recall that ng + hbofzno is injective in B,.(z) N Q for all z provided that r is
given as in Lemma 3.5. Moreover, if h is sufficiently small, for x,y with | — y| > r we have that

Ino(z) + AP 7, (x) — no(y) — R 7, (y)| > ch®

for some ¢ > 0. Similarly, dist(no(z) + h*7i,, (z),0Q) > ch® for all x € Q. This implies that there exist
a smooth open set Q' such that Q C Q" and dist(Q, Q") > ch®, and an extension of ng + h*7,, to Q'
(not relabeled) with the property that (no + hbonno)( Q)cQ and such that 7y + h%7i,, is a.e. globally
injective on @Q’. Fix b; > by and consider

1 T
gh(x) = hnblg <hb1 ) ) (53)
where ¢ is the standard mollifier. We then define
no” (@) = [(n0 + h™in,) + &4)(2) (5.4)

and claim that 17(() ) has the desired properties for all i sufficiently small. Since 77( ) no in W2P(Q; R™),

(E.4) implies that E(n (h)) — E(no). Moreover, as one can readily check, we have that
I9%0n6 122 < R R (gl + B g | 2). (5.5)
Consequently, if ag > b1 (ko — 2), by (5.5) we obtain that
B VR 2 = 0
as h — 0, thus proving (5.2).
Step 2: Next, we consider the time-delayed equation
On(t) — Ot —h
P h
on the interval [0, h], where E(" is defined as in (5.1) and
R® (1, b) = R(n, b) + b V] 7.

Problem (5.6) is complemented by the initial condition 1n(0) = 77(() ), with n(()h) given as in the previous

step. Moreover, we define 9;n(t) .= n* for all ¢ < 0. Notice that (5.6) can be recast as
DE(n) + D2R(n,0yn) = /, (5.7)

) & DEW () + DyR® (n(t), (1)) = F(1), (5.6)

where
B) = EW@), R0 = RO+ 5 blds 0= S0+ Lane—n). 69

As one can readily check, the energy-dissipation pair (E , R) satisfies the assumptions of Section 4. Thus,

an application of Corollary 4.4 yields the existence of a solution to (5.7) in [0, 4], denoted ngh). For
j > 2, we can then iteratively construct solutions to (5.7) in each of the intervals [(j — 1)h, jh], with the
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difference, however, that the initial condition for 1 and the time-shifted derivative d;n(t — h) are given

by the solution in the previous time interval. To be precise, n](-h) is a solution to (5.7) on the interval

[(j — 1)h, jh) with initial condition 1" ((j — 1)h) = n\" ((j — 1)h) and forcing term (see (5.8)) given by
F(t) = )+ Zom™, (t — ).
Note that the result of each such step yields well posed data for the next step by the energy estimate
(4.25).
We then define
h

™ (8) = i (1) (5.9)
for all t € [(j — 1)h, jh].
Step 3: Recall that each of the nj(-h) satisfies the energy inequality (4.25) with the respective initial time
(j — 1)h and corresponding initial data. Fix ¢t € [(j — 1)h, jh]. Adding together the energy estimate for

n§h) as well as all those for the previous steps with respect to the final time of the corresponding interval,
we end up with

t

t
W 0) + [ 280 00(5), 0 s)) ds + 1 190" (5)]3: ds
0 t—(j—1)h

t
< B+ Gl + [ (60,0 5)12
(h) (. (h) P w2 1 2 5 [ (h) 2
<EW(ny )+ §||Tl 22 + %Hf”m(m) t3 ; [0m'™ ()72 ds

T
<c+3 [ lon® )R ds (5.10)
0

where C is a constant that depends only on 79, 7%, p, T, and f. In view of (E.1) and recalling that R(")
is nonnegative, the previous inequality implies that

t T

p 1)

o o™ ) ds < 0+ 5 [ 0™ (93 ds. (5.11)
t—(G—1)h 0

If we now let ¢t = T', by multiplying both side of (5.11) by h and summing over j we obtain

T 5 T
¢/ ||am<h><s>||%zds<Lh(c+2 [ 1o @) ds).

Recalling that Lh = T and setting ¢ := T'/2 gives the bound

T
| 100 s) 2 ds < c. (65,12
0

where C is a constant independent of h. Furthermore, as an immediate consequence of (5.10) and (5.12),
we obtain

t
sup {EOGO0)+ 5 [ o)l ds} < c.
t€[0,T t—h

. (5.13)
| RO )00 ds < .
0
In view of (5.8), (5.13) implies that
T
/0 VO™ ()22 + h||[V*8,n" (s)]2. ds < C. (5.14)

From (5.13) we see that {7}, is bounded in L>((0,T); W??(Q;R")). Furthermore, (5.13) and (5.14)
imply that 9;7") is uniformly bounded in L2((0,7); W2(Q;R")), from which it follows that n(*) is
bounded in W12((0,T); W12(Q;R™)). In particular, we obtain that (eventually extracting a subse-
quence, which we do not relabel)

n™ Zop in Lo°((0,T); WP(Q; R™)),

(5.15)
n™ —n i WH2((0,T); WH(QR™),



26 INERTIAL EVOLUTION IN THE FACE OF (SELF-)COLLISION

to some function n € L>((0,T); W2P(Q; R™))NW12((0,T); W12(Q;R™)). An application of the classical
Aubin-Lions lemma can be used to show that, up to the extraction of a further subsequence,

n™ —nin CO([0,T}; CV*(Q;R™)), (5.16)

where « is any number in (0,1 — n/p). In particular, we have that n € L*°((0,7);). Note also that
with these convergences and the lower-semicontinuity of its left hand side, the first inequality in (5.10)
converges to the desired energy inequality.

Step 4: Recall that each of the néh) solves a variational inequality on the interval [(j —1)h, jh]. Rewriting

these inequalities in terms of (") (see (5.9)) and summing over j yields that

/ " [DEW (1)) + DR (™ (1), 001 0)] (0

T T
+/O %@n(h)(t) — O™ (t = h), @(t)) L2 dt > /O (f#), () r2dt  (5.17)

holds for all ¢ € C([0,T]; T, (£)), as well as

[ DB 6O @) + DR 0,00 tot0)
0

T p T
+ / Z@mM (t) — M (¢ — h), () 2 dt = / (F(t),0(t)) 2 + (0™ (t),0(t)) dt  (5.18)
0 h 0

for all p € C([0,T7, WILCO’Q(Q; R™)). The goal of this step is to obtain the technical intermediate results
needed to pass to the limit as h — 0% (or, alternatively, as L — 00) in (5.17) and (5.18). As observed
in [3], the main difficulty is in passing to the limit with DE(n(h)). Indeed, by assumption DFE is only
continuous with respect to the strong topology of W2?. To improve the convergence of ™ from what
is provided by (5.15) and (5.16), we rely on the Minty property of DE (that is, (E.6)). A key step in
this direction is to obtain a uniform estimate in L%((0,7); L?>(Q;R™)) for the difference quotients that
approximate the inertial term. To this end, we let

t+h (h) t h) — (h) t
p(h) ::7{ 6tn(h)(s) ds =" (t+ lz n () (5.19)

Then, (5.13) and (5.14) imply that (" is bounded in L?((0,T); W2(Q;R")). Recall that if ¢ €
C((0,T) x Q;R™) then (5.17) holds as an equality. Then, reasoning as in Lemma 3.7 in [3], we obtain
that 9;b(") is bounded in L2((0,T); W~%0:2(Q;R™)). Indeed, we have that

T T
/0 %@M’” (t) — 0m™M(t — h), p(t)) 2 dt < /0 <|DE(n(h)(t))||(Wz,p)* + hao||[WVFopM (1)]| .2
+ | Do R(n™ (£), 0™ (1)) || (w.2)-

+ RV o (8)] 2 + ||f(t)|L°°> (@) l[wro 2 dt. (5.20)

In view of (5.13), (5.14), (E.5), and (R.4), it follows from (5.20) that

T
I
0
for some constant C' independent of h. Consequently, an application of the Aubin—Lions lemma shows
that b is precompact in L?((0,T); L*>(Q;R™)). As one can readily check (see in particular Lemma 3.8
in [3]), up to the extraction of a subsequence (which we do not relabel), we have that b(") — 9,1 in
L2((0,T); L*(Q;R™)).

Regarding the contact force, we can apply Corollary 4.8 with E®, R f and ¢ = 8t77(h)(~ —h), and
use &rn, ) as a test function in (4.33), where {r € CR°(Q; [0, 1]) is given as in the proof of Theorem 4.6.
Note that this is allowed, as it follows from Proposition 3.17 that 7, m) € L>((0,T); C*o(Q;R™)). Using
this together with the fact that [|o(") Ol amogrn) < 4(c™ (t), &, m (1)), we obtain that for Ll-a.e.

B () — am™ (¢t — h)|?

h HW’CO,2

dt < C, (5.21)
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te(0,T)

PO lasoamn < [DEO (M (1) + DaRW (1), 301 ()] €y (1)

(M) () — (h) (¢ —
+p < O (1) (Ztﬂ D) NS NI (t)> = (f(t), Ertigm (1)) L2
L2

Reasoning as in the proof of Theorem 4.6, we multiply the previous inequality by % € L>((0,T); R™)
and integrate the resulting expression over (0,7) to obtain

T T
3 | 1o Olaamyvtoran < [ [DEGY @) + DR @, 00 0)] tiy 1)

+ 20 (VR (1), VR (Enigon (1)), + 2k (V500 ™) (8), V* (€nfiyon (1))

(h) () — (h) (¢ —
+ p<8“7 () 2t77 G h),gpﬁn(m (1&)>L2 — (f(t), Erfiyym (t>>L2}1/J(t) dt. (5.22)

L2

We now estimate all the terms on the right hand side. Recall that prﬁ < C by Proposi-

tion 3.17. By (5.13) and (E.5) we see that

n(h) HLOO(Cko)

| PR @) ey )

< [oEm®|

607500 |2 gy 10l 2 < C 5 (5.23)

Lo (W29

similarly, by (5.14) and (2.3) it follows that

T
/0 DaR(1 ™ (8), 8™ (8)) (xiy o (£)) () dt

< HD2R(77(h)7 8t"7(h))‘

L2((W12)%) |€F'Fln(h) ”Loo(W1,2) HwHL2 < ¢ HwHL2 : (524>

Notice also that by (5.13) we have that

L2

T
2 (T 0,V g (1)), wlt) de
0

< 2R%0

vho® )|

~ a9
Hann(’l) L2(Wko-2) H'(/}HL2 <hz2C Hw”[P ) (525)

Loo(L2)
that an application of (5.14) yields
T
/ 2h <vkoa“7(h) (t), Vko (Ernym (t))>L2 P(t) dt
0
< 2h HvkoathLZ(LZ) Hgl—‘ﬁn(h) HL"’(W’CU'Z) ||¢HL2 < \/EC Hw”[,2 ) (526)

and that the estimate

T
/0 —(f(t), Ertigm (1)) L2 (t) dt < Hf||L2(L2) Hfl‘ﬁmh) ||Loo(Lz) [l e < Cllbll 2 (5.27)

follows as simple consequence of Hoélder’s inequality.
Finally, for the inertial term, we first consider the case where ¥y = 1. Then we have by a discrete
partial integration (i.e., by a change of variables)

T (h) (+) _ (h) (¢ —
/ P < ) 2'577 (t—h) , é_F’an(h) (t)> Y(t)dt
0 u

T=h N,y (8) — Ny (E+ R
=/ p<8m(h)(t),£rn"( () = Ay (4 )> dt
0 h L2

+ /T I <3m(”) (t), 07y (t)>L2 dt — /h % <5’t77(h) (t = h), Erfyom (t)>L2 .

T—h h 0
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For the second to last term on the right-hand side of the identity above, we estimate

T - p Ok T e 2
/T_h h <8t77 (t), &ty (t)>L dt < 7 (/ Ha n )HL2 dt) (/T_h ngnnm(t)HLg dt)
T
< (fT |

and a similar, easier estimate holds for the first, as 9;n(®)(t — h) for t < h is in fact already given by the
initial data. This leaves us with

T—h - -
(h) Ty (k) (t) = Thy(n) (t -+ h)
/0 p <3t77 (), ér . L

Together with (5.22)—(5.27) this immediately shows that

1/2

1/2
2
o) dt) vy | o 12y < C

nWHL? (L) <C.

dt < Cp Ham””‘

L2(L2) |8t7’l

T
| 16® Ol < C.
0

thus proving that o™ is uniformly bounded in L'([0, T]; M (0Q;R™)).

Finally we want to prove the absence of concentrations. For this, fix ¢ty € [0,T), 6 > 0 and repeat
the previous estimate with ¢ as the characteristic function of the small time interval [¢g,to + J]. As the
normal direction cannot change too abruptly, if ¢ is small enough, we can choose 7, to be piecewise
constant in time. With this, as parts of the interval now cancels, we can estimate the inertial term using

tote /9 (t) — oM (t —n) . _
to L2

_ ]f'w p (0™ (1), &xn (1))

o+6—h L

to+9
<][ 0| W) dt+f 0|
to+6—h L2 to—h

t0+5 9 to 9
<C |0 (1), dt + ][ |0 (8)|| > dt | sup /| supp i, (t)]
to—h

0+6 h t€[0,T]

dt—]f:o_hp<8t77( (t), an )(t+h)>L2 dt

o)

™ (¢ H prn(h) t+h)H L di

< C sup /|supp i, m (t)], (5.28)
te[0,T]
where in the last step we have used (5.13).

From the construction of n,m (see Proposition 3.17), it is clear that the support can be chosen
arbitrarily small, albeit at the cost of increasing the norms of its derivatives. For any ¢ > 0, we can thus
choose 7, in such a way that the last term in (5.28) is bounded by /2. As all the other terms are
estimated in terms of [|1)| ;. (see (5.23)-(5.27)) with constant depending only on energy bounds and the
choice of support of 7, ), we can now choose ¢ small enough so that the contributions from all these
remaining terms also sum up to at most £/2. Then

1 to+9
1/ o™ ()| ar(o0mm) P (t)dt < & (5.29)
to

independently of to and h, which proves that ¢ € L'((0,T); M(9Q;R™)) in fact cannot develop
concentrations in time.

Step 5: With this at hand, we proceed to prove that (™ (t) — n(t) in W2P?(K;R") for L'-a.e. t € (0,T),
where K C @ is such that dist(K,T") > 0. Let 7" be the map obtained by considering the convolution of
an extension of 1 (given by a standard extension operator) with a standard mollifier with parameter h%:
(defined in space-time similarly to (5.3)). Let ¢ € C2°(Q; [0, 1]) be given. Straightforward computations
show that

17" | yyrro.2 < ChPMETRO|In||yyas,
107" Y |lyrro.2 < CREYETF |9y,

where C' is a constant that does not depend on h. Let
oM = (U(h) _ ﬁ(h))lb-
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Then, by (E.6) we have that

0< lirf?jgp/ [DE(n(h) (t)) — DE(n(t))} (™ () = n(0))(t)) dt

0
= limsup ' DEn™ () (™ (t)) dt

h—0 0
T T
=1imsup/ DE(h)(n(h)(t))<<P(”)(t)>dt—2h“°/ (VoM (t), VR oM (#)) L2 dt, (5.30)
h—0 0 0

where the first equality is obtained by using that 7" — 5 in L2((0,T); W??(Q;R™)) together with
the fact that DE(n() is uniformly bounded in L?((0,T); (W?P(Q;R™))*) as a consequence of (E.5).
Observe that

(VR (e), VR (™ ()0 (8))) 12 = (VFon ™ (8), (VR ™ ()9 (t) + LT (1)) 12
> (VR (), LM (8)) 1,
where L") only involves derivatives of ) of order less than kq. Using the fact that () is bounded
in L=((0,T); W2P(Q;R™)) (see (5.13)) and that h®V*op(") is bounded in L>®((0,T); L*(Q;R™)), a

standard interpolation inequality shows that h% ||L™"|| 2 — 0. Combining this with (5.30) we obtain
that

T T
0 < timsup [ DE® (™ () (O} de+ v [ 70 0]l 7 6Ol
h—0 0 0

T
< hr]?sgp / DEM (nM (1)) (o™ (£)) dt + ChZ b1 (2ho)
— 0

— limsup / " DEO (g™ (1))(oM (1)) . (5.31)
h—0 0

where the last step follows by choosing b; sufficiently small. Observe that this condition is strictly
stronger than what is required on by from the first step. We can then use (5.18) to rewrite the last term
in (5.31) as

/T DE™ (™ () (o™ (1)) dt =~ /T Do RM (™) (2), 0™ (1)) (o™ (8)) dt
0 0

T
— [ 2@ ™0 — o™ ¢ — . S 0) 2
0
T

n / 0 (1) 0t + / (™, o) (1)) dt.

0
Notice that

DyR™M (™M (2), 0™ (£)) (o™ (£)) = DaR(n™ (t), 8™ (£)) (" (1))
+ 2h(VF0 g, (1), VR oM (1)) 2. (5.32)

In view of (R.4) and (5.15), we have that DyR(n™ (t),9:n™) — DaR(n(t), d;n(t)) in WH2(Q;R™)* for
a.e. t € (0,7). Since o™ (t) — 0 in WH2(Q;R") for a.e. t € (0,T) we have get that

DaR(n™ (1), 8™ (1)) (o™ (¢)) — 0
as h — 0. Moreover, observe that
BV 0™ (1), TR o () 2] < hETF [REVR O @)]| 2 [hE P @) 2. (5.33)
Using (5.13) and (5.14), we obtain that the right-hand side of (5.33) vanishes, provided that ag < 1 (and

that by is chosen accordingly). In turn, Lebesgue’s dominated convergence theorem implies that

/ " DaRO (e, 00 () (1) dt - 0
0

as h — 0. Next, we claim that

T
lim 1<am<h> () — o™ (t — h), oM (t)) 2 dt = 0.
h—0 /o h
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To see this, we begin by rewriting the previous integral as
| 3 Yt +h) —P(t
[ 100000 0= [ (o 0,600 -0 o) DD
L

T H(h) _ (b (n) _
h) M+ h) —qM () "Mt +h) —n™(@)
+/0 <8t77 (1), < W A )w(t+ h)>L2 dt. (5.34)

Here, we notice that the first term on the right hand side of (5.34) converges to zero by recalling
that 9;n") — 9y in L2((0,T); L>(Q;R™)) (see (5.15)) and by also noticing that n® — 7" — 0 in
L2((0,T); L>(Q;R™)) by the properties of the mollification. Similarly, the second term vanishes as
h — 0 since we have previously shown that b (defined in (5.19)) admits a converging subsequence
in L2((0,T); L*>(Q;R™)) and the analogous convergence continues to hold when 7" is replaced with its
mollification 7("). For the term involving the contact force, we note that Step 4 and (5.16) together

imply
T
< hm/ Ho(h)(t)H
h—0 M(8Q;R™)

T

lim [ (f(t), o™ ()2 dt =0,
h—0 0

dt = 0.
CO(8Q;R™)

lim
h—0

/T<U(h)(t),<p(h)( t)) 12 dt

Since clearly we also have that

™)

we conclude that

T
mnwp/ DE® (5™ () (o™ () dt = 0.
h—0

In view of (5.31) and (E.6), this implies the desired result.

Step 6: Let ¢ € C([0,T];T,(€)) N CL([0,T); L*(Q; R™)) be given and let {¢p}s be given as in Propo-
sition 3.27. Then (5.17) holds for ¢, and we can pass to the limit as h — 0. To be precise, we have
that

T T
/O DE® (5™ (£)) (on (8)) dt — / DE(n()(p(t)) dt,
T T
/0 DR (1) (1), ™ (1)) (o (1)) dt — / DaR(n(t), () (p(0)) dt,

and clearly also

AUU% mﬁ%/ 1)) 2 dt.

Finally, recalling that 9,7 is to be understood as n* for ¢ < 0 and assuming without loss of generality
that ¢y, is extended constantly for negative times and that it vanishes for ¢ > T — h, we observe that

/T B@tﬁ(h)(t) — 0™ (t = h),on(t)) 2 dt
0

0
(1), nt+h) — on(t)) 12 dt—/_} (0 on(t + h)) g dt

D\b D‘\b
S

t+h 0
Bm ) / atgoh(s) dS>L2 dt — / <77*, Qﬁh(t + h)>L2 dt
t

—h

>

-~
-
/ %/ (@Om™ (s), Ovon(t) ds) 2 dt/ohz<n*,<ph(t+h)>p dt

0
/ OO0 dupn(Nrdt — [ Ll one + b)) de
—h

S / p(Ben(t), B () = dt — pn™ 9(0)) 2
0

This shows that 7 is a solution to the variational inequality (2.5).

The last missing piece of the main result of this paper is to show that the previous procedure in
fact yields existence of a solution to the full problem with a contact force. For this it is enough to
show the convergence of contact forces. By the estimate on o™ in Step 4 and the convergence of n(*
Theorem 3.9 guarantees the existence of a subsequence (which we do not relabel) such that o™ = ¢ in
M(]0,T) x 0Q; R™), where o € M([0,T] x 9Q;R™) is a contact force for n and satisfies the action-reaction
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principle (see Definition 3.6). Finally, in view of (5.29) we also obtain that o has no concentrations in
time. Since the weak* convergence of measures is enough to pass to the limit in the term with o™ and
since all the other terms in the weak formulation have been shown to convergence, this concludes the
proof. O

Remark 5.1 (On the relation to [13]). In [13], the authors studied the existence of solutions to the
quasistatic problem (4.1) via an implicit time discretization and arrived at results comparable with those
obtained in Theorem 4.6. We comment here on the two main differences between the results.

(1) The more important difference is that the methodology used in [13] does not allow one to recover
the contact force as a measure. In turn, devising techniques that allow to avoid this loss of
reqularity for the contact force was posed an open problem in Remark 3.2 in [13]. To be precise,
in their proof the authors derive all bounds on the contact force directly from the weak equation.
As a result, the best regularity that one can achieve is that of the worst other term in the equation,
and only allows to conclude that compactness holds in a negative Sobolev space. In contrast, we
use a more detailed analysis of the discrete setting to provide explicit bounds in the space of
measures, which in turn allows us to conclude existence of a proper limit measure.

(ii) The other difference is that throughout Section 4 we consider energies and dissipation potentials
for which the term of highest order is quadratic. In fact, this is only done in order to more easily
obtain the precise enerqgy estimate we need for proof of Theorem 2.5. However, as shown in the
proof of Theorem 2.5, as long as the remaining highest order term still guarantees the compact
embedding into C* and quasimonotonicity, we can use (E.6) together with a standard Minty-type
argument to get rid of the regularizing term. In fact, this provides another contrast to [13], where
this leads to an additional error term, as it is not possible to use the equation to both deal with
the contact force and the estimate needed for the Minty-type argument at the same time.

The existence of a solution with contact force for the quasistatic case is shown in the corollary below.
We can thus claim to have solved the open problem formulated in Remark 3.2 in [13].

Corollary 5.2. Let E and R be as in (E.1)~(E.6) and (R.1), (R.2), (R.3,), and (R.4), respectively,
T >0, and let ng € € and f € L*((0,T); L*(Q;R™)) be given. Then the quasistatic problem (4.1) admits
a weak solution with a contact force, that is, there exist

n € L=((0,17);€) nWH2((0,T); WH*(Q:R™))

with E(n) € L>=(0,T) and n(0) = 1o and a contact force o € L2.((0,T); M(0Q;R™)) (see Definition 3.6)
such that

T T T
/‘wmmm+Dﬁmw@mmuwmw=/ﬁdmwmﬁ+/<ﬂmwmpﬁ
0 0 0

holds for all ¢ € C([0,T]; ng’p(Q;R")).

Proof. The proof is analogous to that of Theorem 2.5, but simpler. To be precise, let E("), R(") be the
regularized energy-dissipation pair considered in the proof of Theorem 2.5, and let {néh)} n be given as in
(5.4). Reasoning as above, an application of Theorem 4.3 yields the existence of a family of deformations
{n(h)}h that solves the variational inequality for the regularized problem, and such that

EWWWW»+2/UW%¢W@ﬁmW@»@gE@m#5+/7ﬂ@ﬁmW@»m@. (5.35)
0 0

We remark here that the parameter h is only introduced in order to apply the theory developed in
Section 4 and that in the absence of the inertial term we no longer require to consider a time-delayed
problem in subintervals of length &, but rather we directly study the problem on the entire interval [0, T'].
Since

Kg|blff.2 < R(n,b) < R (n,b),

by Young’s inequality we obtain that

t
BV GO0) + [ RO (). () ds < €,
0

where C only depends on F(no), f, and Kgr. The rest of the proof follows the same strategy as that
of Theorem 2.5. However, the argument presented in Steps 4 through 6 can be simplified by formally
substituting p = 0, which in particular allows to ignore any difficulties involving the inertia-term and
use L? in time bounds there. Thus, we omit the details. O
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Remark 5.3. In the preprint version of this article we claimed that also in the inertial case the contact
force is square-integrable in time, i.e. o € L2.([0,T]; M(9Q)). However, while revising for publication,
we realized that there was an incorrect estimate in the respective proof. While this does not affect our
conclusions for the quasistatic regime (see Corollary 5.2), for the inertial problem we can only guarantee
that o is a measure without any concentration in time. Nevertheless we still conjecture that our original
bounds will end up being correct.

Looking at the proof of Theorem 2.5, in particular at Step 4, we have good L?-in-time bounds on
almost all of the terms involved. This, together with the weak equation itself, means that the only way
for o to have a non square-integrable part is if it is cancelled by a similar (but opposite) contribution
coming from the inertial term. Additionally, this contribution will have to happen at the boundary and
in normal direction, as this is where the contact force is supported and pointed.

It now stands to reason that such a concentration in Oun can only happen precisely at the instant
of collision, since once two parts of the solid are in touch their behavior in normal direction will be
similar to that of a single solid. But since locally those instances are naturally isolated in time, the
proven absence of concentrations implies that these should not give any meaningful contribution. We
were however unable to prove this rigorously.

6. PHYSICAL CONSIDERATIONS

The aim of this section is to display the physical content of the purely mathematical discussion in the
rest of this paper. The way to this is threefold. First we will illustrate by an example that our assumptions
on energy and dissipation are reasonable. Then we will consider how our result is intricately related to
momentum conservation, both globally as well as in a localized version. Finally we show that in contrast
to e.g. rigid body or thin film dynamics, no additional contact law is required in our bulk setting, as the
contact set (see Definition 3.1), and thus the region of possibly instantaneous momentum change, is of
lower dimension and thus has no influence on the total momentum.

6.1. An example energy-dissipation pair. We have already remarked on the need for a second
order material in order to have sufficient regularity of the normal vectors. Additionally, it is an indirect
requirement to allow us a control on the determinant in general, which in turn is related to local injectivity
as well as the existence of a Korn-type inequality. Nevertheless, while we only ever use the relatively
generic assumptions detailed in Section 2, we have an example energy-dissipation pair in mind which
fulfils all of those and at the same time can be considered physical. For a full discussion, we refer in
particular to [3, Sec. 2.3].

A good choice of energy has to be frame invariant, i.e. it should not change under rotations in the
image. At the same time, it needs to penalize compression, but in such a way that there still is a well
defined Fréchet-derivative at any deformation of finite energy. Finally, it should still be related to the
simpler models studied in engineering. Perhaps the most simple candidate that unifies these requirements
is given by

— T . T c 2, |P

B(y) = /Q TV = 1) (V"0 = 1) 4 o + o |V o
where C is a fourth order tensor, ci,ce are positive constants, and a > pp_—"n is needed to guarantee
injectivity (see [10]). Here the first term corresponds to classical elasticity theory, while the others
can be seen as small, frame invariant perturbations needed in order to deal with large and irregular
deformations.

Similar to the energy, the example dissipation we have in mind needs to be frame invariant as well; as
a result, it is actually better to consider the dissipation potential as a function depending on 9;(Vn?'Vn)
instead (see also [2] for a detailed discussion). This leads directly to the most simple example of such a
dissipation satisfying our assumptions:

2 2
R(n,0m) = / 0.V + V9, Vn|” da = / |0:(Vn" V)| da.
Q Q

Korn-type inequalities (see (R.3)) for this choice of the dissipation potential have been show by Neff [14]
and Pompe [17].

6.2. Momentum conservation and collision forces. The total momentum in the Lagrangian rep-
resentation is given by the integral of the momentum density fQ poyn dx. This quantity is conserved in
the dynamical case. Globally we can note that we can test each of the three equations we obtain in the
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course of the proof of Theorem 2.5 (Euler-Lagrange, time-delayed and hyperbolic) with ¢ = e; to obtain

the respective versions:
B/Mdm:/ dg;’ﬂ_kﬁ/glidx
hlg 7 0Q hJq

B/ o' (t) dr = doi—&—B/ o' (t — h) dx
h'Jo 0Q h'Jo

d _ .
—p/ o' dax = do?®
where o is the respective contact force and we use that physically reasonable energy and dissipation

functionals only act on the spatial derivatives, so since Ve; = 0 we have DE(n)(e;) = 0 and so on.
For the second equation, we also note that it implies

¢
p@t][ / o' drds = B/ o' (t) do — B/ o' (t — h)dzx = / do’,
t-nJQ h'Jo h'Jo 9Q

which again shows that time averages are the suitable quantities to study when considering convergence
of the time delayed equation.

Additionally, since the contact force we obtain satisfies the action-reaction principle, it is not hard to
show that all its contributions from self-contacts have to cancel in the end, which leaves us with

i),
—p | Omdzx :/ do.
dt™ Jq 7=1(09)

We can thus immediately conclude that the total momentum can only change if there is contact with
the exterior boundary 02 and it can only do so in normal direction.

Similarly we have a momentum density as conserved quantity: There is a symmetric matrix valued
stress tensor, in the form of a distribution A € (W17 (Q;R"*™))* fulfilling

V-A=DE+ DR.

Now, testing the final equation (the same can also be done in case of the approximations, with similar
results) with e; for some ¢ € C*([0,T] x Q) yields

T T T
/ o(T)pon* (T) dx — / / PO Orp dxdt + / (V- A, p) = / / wdo® dt + / ©(0)pdn*(0) dz,
Q 0 JQ 0 0 JoQ Q
which is of course a weak formulation of
0:(pon') =V - A; + o,
that is, the physical conservation of momentum in continuum mechanics.

6.3. An example of “true bouncing”. It should be noted that we only show existence of a solution,
and that at no point we claim that solutions must be unique. While this is primarily due to the non-linear
nature of the elastic energy, the potential lack of uniqueness can be seen to have important implications
in a context where contact is allowed, especially for the resulting rebound dynamics.

When considering the reduced example of a point particle or a rigid body colliding with a fixed obstacle,
one typically specifies an additional contact law, usually in the form of a reflection of (a fraction of) the
velocity across the contact plane. This, however, is not the approach that we followed in this paper.
Instead, we only prohibit entering the obstacle, which results in an obvious source of non-uniqueness.
In particular, if we were to apply our method to this case, the expected result would be the rigid body
getting stuck at or sliding along the obstacle, as these correspond to the solutions with the least possible
change in velocity.

We claim that this unphysical behavior is not possible with our approach, since the elastic solids that
we consider have full dimension. The main reason for this is that, while there has to be an instantaneous
change of velocity at the point of contact, which is not specified by the equations, this change of velocity
happens instantaneously only at the point (or possibly at the surface) of contact and only at the time of
contact. As this is a set of lower dimension, its unspecified influence on the total momentum and on the
kinetic energy is negligible. Only for times after contact, these change continuously via the contact force
and conversion into other energy types respectively, all of which are accounted for by the equations.

We illustrate this with an example.
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Example 6.1 (Bouncing ball). Let Q = RT x R"~! be the half plane and consider a ball of radius r,
with uniform density p as the elastic solid, i.e. Q = B,.(0) C R™ and an elastic energy E for which this
is the only rest configuration, i.e. the critical points of E are precisely the Euclidean transformations,
which all minimize E with zero energy. We assume that initially, the solid is in such a configuration
away from the wall, i.e., no(x) = x +lex with I > r and it has uniform initial velocity vy = —ey pointing
directly towards the wall, so that there will be a collision.

Now consider the solid’s center of mass at time t, which we will denote by y(t) = fQ n(t)dx. Per
definition we know that it evolves along with the total momentum, i.e.,

mi(t) = p(t) = ]é pOu(t) de.

Of this we have derived in the previous subsection that it can only change through contact forces arising
from collisions with the boundary 0S), which for our half space Q means that p1 > 0 and p; = 0 fori > 1,
as those forces only have one normal direction to act in. As the geometry implies that y1(t) > 0 for all
times and since the initial conditions imply ¢1(0) = —1, we know that contact will happen. In turn, the
main question is to understand how the center of mass will evolve afterwards. In particular, our goal is
to show that there is a time T such that y1(T) > 0, which means that the ball will perpetually move away
from the wall, i.e. we have “true bouncing”.

To see this, we analyze the situation further. First we observe that, before contact, the ball cannot
deform. Indeed, this is guaranteed by the equation, but also for energy reasons, as uniform wvelocity is
already the minimizer of kinetic energy for given momentum, i.e. there is no other way to obtain nonzero
elastic energy in the energy balance. So at the time to of first contact we have y1(tg) = r. Now, as the
change of total momentum cannot have concentrations in time, and y1(to) = —1, there is a time t; > tg
for which yy(t1) < r. If we assume that there is no rebound, i.e. 1 < 0, then this needs to hold true for
all future times as well.

But this is at odds with the tendency of the solid to evolve towards a relaxed configuration in the
absence of forces. Specifically assume that there is no bouncing, i.e. y(t) stays bounded. As this implies
71 <0, then there exists a limit y1(t) \( Yoo < 7, and obviously pi(t) /0 as well. Combining the latter
with a consequence of the energy estimate, that

t t
SlomOI3:+ [ cIVoml3s de < &l + | oo ae
0 0

is bounded for some ¢ > 0, we get that Oyn(t) — 0 in L? exponentially by a Gronwall argument. This
in turn implies the existence of a pointwise limit n(t) — 1 almost everywhere, and we can choose
a sequence of times {t;}r with t;, — oo such that Vom(ty) — 0 in L? since the its integral in time
is bounded. Similarly, we know that the integral of the total contact force is equal to the change in
momentum and thus remains bounded. Without loss of generality, we can then choose ty in such a way
that this quantity vanishes as well. Finally, compactness gives us that n(tx) — Neo in WP(Q; R™).

But then, we see from the equation that all terms vanish, except possibly for DE(ne), which in turn
implies that also DE(ns) = 0. Hence, we conclude that ns is a translation of the identity that maps
into Q). Thus, we have shown that JCQ Noo AT > 1T > Yoo, Which is a contradiction.
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INERTIAL (SELF-)COLLISIONS OF VISCOELASTIC SOLIDS WITH LIPSCHITZ
BOUNDARIES

ANTONIN CESIK', GIOVANNI GRAVINA}, AND MALTE KAMPSCHULTET ¥:*

AsTrACT. We continue our study, started in [CGK24], of (self-)collisions of viscoelastic solids in an
inertial regime. We show existence of weak solutions with a corresponding contact force measure in
the case of solids with only Lipschitz-regular boundaries. This necessitates a careful study of different
concepts of tangent and normal cones and the role these play both in the proofs and in the formulation
of the problem itself. Consistent with our previous approach, we study contact without resorting to
penalization, i.e. by only relying on a strict non-interpenetration condition. Additionally, we improve
the strategies of our previous proof, eliminating the need for regularization terms across all levels of
approximation.

1. INTRODUCTION

As in our previous paper [CGK24], we consider the (self-)collision of viscoelastic solids under the
influence of inertia. That is, we are interested in showing the existence of weak solutions to

pOun+ DE(n) + DaR(n,0m) = f + o (1.1)

where 77: @ — R" is a deformation of a reference configuration, p is the mass density, £ and R denote a
2nd order elastic energy and dissipation potential, respectively (see the following section for the precise
assumptions), f is a given force, and o is a solution-dependent contact force pointing in a generalized
surface normal direction. This force purely derives from a non-interpenetration condition, i.e. from the
assumption that all deformations are restricted to some container {2 and are injective almost everywhere.

While also in our previous work we did not prescribe the topology or the general shape of the solids,
we restricted ourselves to the case of smooth (i.e. C1'*) boundaries. This was a natural class, compatible
with the regularity imposed on deformations by the type of second order elastic energies considered there.

However, the main reason for this restriction was that it not only greatly simplifies the type of contact
that can occur, but also gave us a unique, well-defined normal vector at every point of the boundary.
Furthermore, this normal vector was not only continuous along the boundary, but also stable with respect
to convergence of deformations, two properties we relied on heavily in our proofs.

It is worth mentioning that the study of the static minimization case has a long history, and for this
it has long been known how to properly generalize obstacle problems to encompass less regular, i.e.
Lipschitz, boundaries (see, for example, [Pall8]; see also [Sch02]).

A way to deal with non-smooth boundaries is to work with normals and tangents in a generalized
sense. Specifically, variational analysis offers different notions of generalized tangents and normals to any
set in R™, cf. [RW98]. This is the approach that we take and which will be discussed in Section 3. An
alternative would be to use the Clarke subdifferential for Lipschitz functions (see [Cla87]), and through
it define generalized tangents and normals for Lipschitz sets.

The aim of this paper is now to apply those considerations to the dynamic case using the time-delayed
approximations developed in [BKS23]. This generalization comes with non-trivial analytical challenges.
Indeed, not only does it require a more nuanced discussion of contact forces compared to [CGK24], but
in addition, a crucial step of the proof (the time-delayed energy inequality), which relied on testing with
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the time-derivative, can now no longer be obtained in the same way (see Remark 6.4). We instead have
to employ a completely different strategy to obtain a similar estimate.

With this, the outline of this paper is as follows: In the next section, we introduce our assumptions
and state the main results. Sections 3-5 will then be concerned with introducing notation and properties
of tangent and normal cones, contact forces, and admissible test functions, respectively. In Section 6
we will show existence of weak solutions for the quasistatic problem as an intermediate step. Finally, in
Section 7 we will then use the results from the previous section as a building block for proving the main
theorem, thus establishing the existence of weak solutions for the full problem with inertia.

2. ASSUMPTIONS AND MAIN RESULTS

2.1. Viscoelastic solids. The assumptions we impose on the solid mirror those found in [CGK24], with
the key difference that in order to deal with corners and related phenomena, in this paper we expanded
our scope to encompass general Lipschitz boundaries, instead of requiring them to be of class C1.
While we will reintroduce the definitions for clarity, we refer the reader to [CGK24| for a more detailed
discussion of the various aspects that are not directly tied to the lowered regularity of 0Q).

The solid body will be described in Lagrangian coordinates by a (time dependent) deformation of a
reference configuration @ C R™, denoted by n: [0,7] x @ — . The set @ C R™ will be a Lipschitz,
bounded domain, or alternatively a disjoint union of finitely many of such domains. The confining set
Q C R™ will similarly be a (possibly unbounded) Lipschitz domain. The class of admissible deformations
consists of maps that satisfy the Ciarlet—Necas condition [CN87] and are thus injective almost everywhere.
To be precise, we set

£ = {UEWZ"”(Q;R")tn(Q)CQ,nlrzno,detVn>0, and £7((Q)) = /Q detw(a:)dx}. (2.1)

Here we use 79 to denote a given admissible (initial) deformation, £" is the Lebesgue measure and T is a
(fixed) measurable subset of 9Q), not necessarily with positive measure, i.e. possibly empty. Furthermore,
we require 7o|p to be injective and 7o(T') N I = @ (see [CGK24, Remark 2.3] for more information).
Here and in the following we assume that p > n. Thus we can assume that n € C’l’l*%(a; R™) for all
n € £ and always work with this precise representative.

In order to simplify the notation, in the following we write A(u) as a shorthand for the duality pairing
(A, u)(wr.py«xwre, Whenever A: WkP(Q;R") — R is linear and v € W*P(Q;R™). Moreover, we use

the subscript T' to denote spaces of functions whose trace vanishes on that set, e.g. WIlf’p(Q) ={u €
WEP(Q) : ulr = 0}.

Next, we specify the assumptions on the energy-dissipation pair (E, R). The canonical examples we
have in mind are

C1

2 |P
(detv)e Vol de

B(n) = /Q eV~ I) : (VnTVn— 1) +
R(n,0m) == /Q Vn Vo + Vo' Vndz,

where C is a positive definite fourth order tensor, ¢; and ¢y are positive constants, and a > p’:—"n to
guarantee injectivity (see [HK09]). However in the proofs, we will not use this explicit form. Instead we

only assume that the elastic energy E: W2P(Q;R"™) — (—o0, 0o has the following properties:

(E.1) There exists Eyi, > —oo such that E(n) > Ep, for all n € W2P(Q;R"). Moreover, E(n) < oo
for every n € W2P(Q;R™) with infg det Vp > 0.

(E.2) For every Eg > Epi, there exists g9 > 0 such that det Vi) > €9 on @ for all n with E(n) < Ey.

(E.3) For every Ey > Ep, there exists a constant C' such that

IV*nlze < C

for all n with E(n) < Ej.
(E.4) FE is weakly lower semicontinuous, that is,

E(n) <liminf E(ny)
k— o0

whenever 7, — 1 in W2P(Q;R"™). Moreover, F is continuous with respect to strong convergence
in W2P(Q; R™).



(E.5) E is differentiable in its effective domain with derivative DE(n) € (W2P?(Q;R™))* given by
d
DEm){p) = —EMm+ep)|-
€ e=0

Furthermore, DE is bounded on any sub-level set of E and DE(n;){(¢) — DE(n)(p) whenever
nk — n in W2P(K;R") for all K compactly contained in @ with dist(K,T') > 0 and ¢ €
WEP(Q;R™).

(E.6) DE satisfies

lim mf(DE(ne) — DE())((ne —m)v) 2 0

for all ¢ € C(Q;[0,1]) and all sequences n, — n in W2P(Q;R™). In addition, DFE satisfies the
following Minty-type property: If

lim mf(DE () — DE(n))((m —n)y) <0
for all ¢ € C(Q;[0,1]), then 7, — 7 in W2P(K;R") for all K compactly contained in @ with
dist(K,T) > 0.

Similarly, we assume that the dissipation potential R: W2P(Q;R") x Wh2(Q;R") — [0,00) is a
function satisfying the following properties:
(R.1) R is weakly lower semicontinuous in its second argument, that is, for all n € W2?(Q;R"™) and
every by — b in WH2(Q;RR") we have that

R(n,b) < liminf R(n, by).
k—o00

(R.2) R is convex and homogeneous of degree 2 with respect to its second argument, that is,
R(n, Ab) = N R(n,b)
for all A € R.
(R-3) R admits the following Korn-type inequality: For any €9 > 0, there exists K such that
KR|blffy1.2 < [[bll72 + R(n,b)

for all n € £ with det Vi) > gg and all b € WH2(Q; R™).
(R.4) R is differentiable in its second argument, with derivative Do R(n,b) € (WH2(Q;R™))* given by

DR, b)) = - R(n,b+ e)|.

€ e=0

Furthermore, the map (7, b) — D2 R(n, b) is bounded and weakly continuous with respect to both
arguments, that is,

Jm D2 R(, bi)(9) = D2R(n, b)(¢)
holds for all ¢ € WH2(Q;R"™) and all sequences 1, — 7 in W2P(Q;R") and b, — b in
Wi(QiR").
We also introduce a variant of (R.3) that will be used for the quasistatic case (see Theorem 6.2) in the
form of

(R.34) R admits the following Korn-type inequality: For any ¢ > 0, there exists K such that
KR|Ib|[f.2 < R(n,b)
for all 1) € € with det V) > o and all b € Wp?(Q; R™).

We mention here that the assumptions on the energy-dissipation pair are standard within the frame-
work of second-order viscoelastic materials (see in particular [HK09], [KR20], and the references therein).
Finally, as in [CGK24, Remark 2.1] we note that these assumptions imply the following:

[1D2R (@, 0)l| 1.2y < C l|bllyz s
2R(1,0) < C [|Bll3ys.2 (2.4)

for all b € WH2(Q;R™) and all n € W?P(Q;R") with E(n) < Ey and C = C(Ej).
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2.2. Statement of the main result. The precise definition of (weak) solution to the initial value
problem considered in this paper can be formulated as follows.

Definition 2.1. Let T > 0, o € &€, n* € L?*(Q;R"™), and f € L*((0,T); L*(Q;R™)) be given. We say
that

n € L2((0,T);E) NWH2((0, T); WH(Q; R™))
with E(n) € L*((0,T)) is a weak solution to (1.1) in (0,T) with initial deformation ny and initial
velocity n* if n(0) = no and the variational inequality

/0 DE((®)){9(t)) + DaR(n(t), dun(t)) (1)) dt

T

T
*p<n*,<p(0)>mf/o p(Oim(t), rp(t)) L2 dtz/ (f(t), ()2 dt (2.5)

0
holds for all ¢ € C([0,T}; T)(€))NCL([0,T); L*(Q; R™)). Here the set T, (E) denotes the class of reduced
admissible perturbations for the deformation n; its precise definition is given below in Lemma 5.1.
Furthermore, we say that such a function 7 is a weak solution with a contact force o if additionally
it satisfies

/0 DE(()(p(t) + DaRn(t), dn(t)) (1)) dt

T T
—p(n",¢(0)) 2 —/O p(On(t), Opp(t)) L2 dt = /[O,T]XBQ o(t,z) - do(t, ) +/0 (f(t), (1)) L2 dt

for all ¢ € C([0,T); WP (Q;R™)) N CL([0,T); L*(Q; R™)), where o € M([0,T] x dQ;R") is a contact
force satisfying the action-reaction principle in the sense of Definition 4.4.

Observe that in view of its regularity,  belongs to the space Cy,([0,T]; W2P(Q;R™)). Therefore, we
have that n(t) € W2P(Q;R") for all ¢ € [0,T], and in particular the initial condition 7(0) = 7y holds in
the classical sense. Moreover, it is worth mentioning that if it is known a priori that the contact force
o = 0 and that 7 is sufficiently regular, then for some choices of E and R (see, e.g., the example pair
given in Section 2.1) we can conclude that the equation holds in a pointwise sense.

With this in hand, we can state the main result of this paper.

Theorem 2.2. Let E and R be as in (E.1)-(E.6) and (R.1)—(R.4), respectively, and let T > 0, ng € €,
n* € L2(Q;R"), and f € L*((0,T); L?(Q;R™)) be given. Then (1.1) admits a weak solution with a contact
force in (0,T) in the sense of Definition 2.1, where the resulting contact force o has no concentrations
in time (in the sense that all sets {t} x 0Q are of measure zero). Additionally, this solution satisfies the
enerqy inequality

B(0) + F100O13= + [ 2RO0(6).00n(5)) ds < B+ 5 "3 + [ (4069, 9un(o))
for L'-a.e. t € [0, 7).

As in our previous paper, a similar quasistatic result is also available in the form of Theorem 6.2.

Like mentioned above, the precise definitions of admissible perturbations and of contact forces will
be given later. For now, let us note that we want to allow those perturbations that do not result in
overlap and thus expect forces that are, in some sense, normal to the surface. For the case of Lipschitz
boundaries we consider here, this is not trivial. First of all, a given direction of perturbation at a point
might seem be admissible at that specific location, but due to the regularity required of test functions,
it might result in overlap somewhere nearby. This greatly complicates finding any local condition on the
admissibility of test functions. Secondly, as the solutions will be constructed using an approximation and
classical normals can vary greatly for a Lipschitz boundary, we require a compatible notion of closure
that allows for some convergence and compactness of contact forces. All of this will be the subject of
the next few sections.

In light of all of this, it is particularly worth noting that, in contrast to [CGK24], we do not provide
a characterization of weak solutions in terms of an inequality for test functions in the whole abstract
tangent space to the set of configurations. Instead we only consider a somewhat restricted subset. This
is not an oversight, but a crucial feature of the problem. Indeed, in order to work with a set of solutions
that is closed under convergence, we have to contend with situations where forces may appear in such a
way that prevents the solids from moving or deforming in a direction that otherwise seems admissible.



We defer a more detailed discussion of this issue to Remark 5.6, as it requires several definitions that
will be given in the intervening sections.

3. TANGENT AND NORMAL CONES

We begin by recalling basic definitions and some properties for cones of generalized tangents and
normals. For a more detailed treatment we refer to the monograph [RW98], whose notation we also
try to follow. However as notation tends to vary between authors, we aim for this section to be mostly
self-contained.

Recall that Q@ C R™ is open, bounded, and (strongly) Lipschitz, that is, 9Q is given locally by the
graph of a Lipschitz function.

Definition 3.1 (Cone). A set C C R™ is called a cone if w € C implies \w € C for all A > 0. For any
cone C, the polar cone of C' is defined as
C*={weR":w-v<0 forallveC}.
Note that a cone needs to be neither closed nor convex, whereas the polar cone is by definition both
closed and convex. In particular C** will be the closed convex hull of C.
Definition 3.2 (Tangent and normal cones). For Q as above and x € Q, we define the following cones:
(i) Tangent cone'

To(z) = { lim 2

i—00 T

x — ) -
:mi%x,xiEQ,TiAO*'}:hmsupQ ;
T—0t T

(74) Regular tangent cone
fQ(:z:) ={veR":Vz; » z,x;, € Q,Iv; € Tg(x;),v; » v} = liminf Tg(y);
y—=T,yeQ
(#i¢) Convexified normal cone
Nq(z) = To(x)".
We also define the respective cones in the deformed configuration via

T, (x) = Tyona, =) (n(x))

for any n € £ with E(n) < oo and v > 0 such that n is injective on Q N B,.(z).? Similar notations are
used for the other cones introduced above. We also use the shorthand T, (t,x) == Ty (x) when dealing
with time-dependent deformations.

FI1GURE 1. Interior regular tangent and exterior convexified normal cone for corners
with acute and obtuse angle respectively.

Here we recall that while T () describes the usual set of tangent vectors at z, the regular tangent

cone ZA“Q (z) describes the smaller set of vectors which are (up to a vanishing error) also tangent vectors
to any point in a neighborhood of z. This not only gives us a pointwise condition on directions which
are “safe to move in” in a whole neighborhood, but it also forms a key ingredient to the approximation
of test functions. See Figure 1 for an illustration.

IHere lim sup and lim inf denote the set-theoretic versions in a metric space (cf. [RW98, Chapter 4]).

2Notice that we cannot simply use Ty(q)(n(x)). While this would work in the absence of contact, when collisions do
occur, we need to distinguish the different, physically unconnected parts of the solid, which this definition fails to do. Also
note that this is well defined, as any 7 of finite energy is locally injective by Lemma 4.2 (iv).
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Remark 3.3. The definition of Ng(z) we use is not the classic definition. Instead, one usually proceeds
via some intermediate steps. First, one constructs the regular normal cone as the polar of Tg(x). Then,
similarly to TQ (z), one takes the normal cone to be the corresponding lim sup. Finally, since the resulting
set can be nonconvez, one takes the convex hull. However, it follows from [RW98, Theorem 6.28] that
these two approaches are equivalent. Thus, since we will only ever use NQ((E) as a polar cone, we have
opted to take this directly as a definition.

Notice that the definition of fQ(a:) readily implies that if for w € R™ there are 9 > 0 and r > 0 such
that y +ecw € Q for all € € (0,e0] and all y € B,.(x), then w € Tg(x). More interestingly, in the interior

of fQ(a:) the converse holds as well, provided that the condition above holds for a neighborhood of w.
To be more precise, one can show the following;:

Proposition 3.4 ([RW98, Theorem 6.36]). For x € 9Q, the following are equivalent:
(i) w e intTg(z);
(ii) There exist £g > 0, 7 > 0, § > 0 such that y + cv € Q for all e € [0,e0], all y € QN B,.(x), and
all v € Bs(w).

As we deal with a Lagrangian representation of the solid, it is useful to remember how tangential and
normal cones in the image relate to their respective counterparts in the reference configuration. For this
we note their transformation behavior.

Lemma 3.5 (Transformation behavior of cones). For any n € £ and any x € 0Q we have
T)(@) = [Va(@)To(@)  and  Ny(z) = [cof Vn(2)|Nq(a),
where cof denotes the cofactor matriz.

Proof. For any sequence {z;}; C Q with (z; — x)/7; — v where 7; — 0T, we have that
i) — &
% — [Vn(z)]v.
As 7 is locally invertible, the analogous formula holds for n~'. This implies the first statement. The

second statement follows from the definition of Ng(z) and the well-known formula Vn(x) cof Vi(z)T =
(det V)L O

Finally, throughout the remaining sections we will frequently use the fact that a Lipschitz boundary
implies that the tangent cone cannot be too degenerate. This is made precise in the following lemma.

Lemma 3.6. Denote by Ly, the cone in the direction v € R™\ {0}, with opening angle 6 € (0,7/2), i.e.
Lo, ={weR":w-v>cosblw||v|}. (3.1)
Then the following hold:
(i) There exist 0 € (0,7/2) and 0 # vy,...,v; € R™ with |v;] = 1 such that for every x € 0Q we
have that Lg ,, C fQ(sc) for some i. In particular, int fQ(m) # (. Note that 0 is independent of
x, and depends only on the Lipschitz continuity of 0Q).
(i1) Given Eg > Epnin, there exist 9€ (0,7/2), vectors 0 #vy,...,vx € R™, a covering {G1,...,Gg}
of 0Q, and points x; € G; such that: For every n € £ with E(n) < Ey we have that for every
x € G it holds Ly ,,, C ﬁ,(:c), where w; = [Vn(x;)|v;. Note that ¥, k, and the vectors v; depend
only on Ey and Q. In particular, these can be chosen in such a way that they do not depend on
7.
Proof. We divide the proof into two steps.
Step 1: Recall that by our assumptions on @ there exists a finite covering of 9Q, namely {G4,..., Gy},
such that for every i = 1,...k we have that T'; := 9Q N G; is the graph of a Lipschitz function in the
direction of v; € R™, |v;| = 1, and furthermore that @ N G; is the region above the graph. Then for every
1 we must have that
Y+ Loy, N By, (y) CQNG;
for some r, > 0 which depends on the distance of ¥ to the relative boundary of I'; in Q). In particular,
this implies that Lg,, C To(y) for all y € T';, which in turn shows that Lg,, C IA"Q(x) for all z € T';.
This concludes the proof of the first statement.
Step 2: The second result follows from similar considerations. To see this, consider the cone Lg ,. Then,
using the fact that V7 is uniformly continuous (with modulus of continuity that depends only on FEjy)
and that det Vi > 0 in @ (see (E.2)), we must have that the transformed cone [Vn(x)]Lg,, contains a
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cone of the form Ly ,,, where ¢ depends only on 6 and Ey, and w = [Vn(z)v. For i =1,...,k, let G;,
x;, and v; be as in the previous step and set w; := [Vn(z)]v;. Then, for every = € G; we have that

Ly, € [Vn(z)|Low, C[Vn(2)]To(x).
The desired result follows from an application of Lemma, 3.5. O
We conclude with a technical lemma.

Lemma 3.7. Let C C R™ be a cone with nonempty interior and let vy € int C'\ {0}. Then there exists
B > 0 such that the cone

Kg:={w e R":w-v <sinflwl||v| for all v e C}

(i.e., Kz is the polar cone of C' but with opening angle enlarged by 3) has the property that vy - w < 0
for allw € K\ {0}.

Proof. Since vy is in the interior of C, there exists Sy > 0 such that Lg,,, C C (see the definition
of Lg, v, in (3.1)). We claim that any 0 < 8 < By has the desired property. To prove the claim, let
w € Kg\ {0}. Notice that if w = cvg for ¢ € R, then necessarily ¢ < 0 and there is nothing else to
do. Otherwise, we can find 0 # v € JC such that vy, v, and w are coplanar and v lies between vy and
w. Such a vector v € 9C can be found by letting v := avg + bw for some choice of a,b > 0. Then,
since Lg, », C C, we have that the angle between vy and v must be at least 3y. Furthermore, using the
definition of K3 we see that the angle between v and w must be at least 7/2 — 5. This shows that the
angle between vy and w is strictly larger than 7 /2, and therefore concludes the proof. O

4. DESCRIPTION OF THE GEOMETRY AND FORCES AT COLLISION

In this section we introduce the tools required in our analysis of both quasistatic and dynamic collisions.
In the following we let I C R be a closed and bounded time interval.

Definition 4.1 (Contact set). For every n € £, the contact set of n is defined via

Cy = {z € Q :n(x) € 0N or n~*(n(x)) # {x}}. (4.1)
For time-dependent deformations, that is, if n: I x Q — R™ is such that n(t) € £ for all t € I, we define
the contact set as
Cp={(tx) eI xQ:x€Cyp}
where Cy ;) is the contact set of n(t,-) as defined in (4.1).

The following lemma collects useful properties of the contact set.

Lemma 4.2. Letn € & be given and let C,, be as in Definition 4.1. Then the following hold:

(7) Cyp is a closed subset of 0Q);
(ii) There exists a number M € N that depends only on Q and E(n) such that n='(n(z)) consists of
at most M points; R R
(ti3) If n(z) = n(y) for some x # y, then int T, (x) Nint T, (y) = 0;
(i) If n(z) = n(y) for some x # y, then |x — y| > r for some r > 0 only depending on E(n) but not
7 itself.

Proof. For a proof of the statements in (7) and (iii) we refer the reader to [Pall8, Lemma 2.1] (note the
slightly different notation there); (i¢) is a direct consequence of Lemma 3.6. Finally, (i¢) implies that
x and y cannot lie in the same set G; of Lemma 3.6. Since these sets form a finite open cover that is
independent of 7, this implies the existence of a minimal distance r as in the statement of (iv). O

Remark 4.3. We mention here that the uniform local injectivity in Lemma 4.2 (iv) actually only depends
on the regularity and the lower bound on the Jacobian. Since this will be used later in the paper (see the
proof of Lemma 5.1), we recall this argument for the convenience of the reader.

Assume that |[Vn|co < oo and infgdetVn > 0. Then, as one can readily check, there exists a
constant ¢, depending only on those two quantities, such that |Vn(z)v| > c|v| for all x € Q and all
v € R™. Consequently, for every x,y € Q we have that

In(z) =n(y)l = [Vn(z)(z = y)| = o(|z = y|) = c|lz = y| = o|z — y). (4.2)

To conclude, observe that the right-hand side of (4.2) is bounded away from zero whenever x and y are
sufficiently close to each other.



Recall that every o € M (X;R") (that is, every Radon measure on the compact space X with values
in R™) admits a polar decomposition of the form do = gd|o| in the sense that

/w-da:/ ¢-gd|o|
X X

for all ¢ € C(X;R"), where |o| € M+ (X) is the total variation of ¢ and g € L' (X, |o|;R") is such that
lg| < 1. With this at hand, we proceed to define contact forces as follows.

Definition 4.4 (Contact force). (1) Let n € £. A contact force for n is a vector-valued measure
o € M(0Q;R™) with suppo C C,, and the property that it points in the interior normal direction
in the sense that the function g: 0Q — R™ in the polar decomposition do = gd|o| satisfies
—g(z) € N,(z) for o-a.e. x € C,,.

(ii) Let n: I x Q — R™ be such that n(t) € £ for every t € I and assume that 1 is Borel measurable
when considered as a mapping from I to W?P(Q;R"™). Then a contact force for n is a vector-
valued measure o € M(Ix0Q;R™) with supp o C C,, and the property that it points in the normal
direction in the sense that the function g: I x 0Q — R"™ in the polar decomposition do = g d|o|
satisfies —g(t,x) € N,(t,z) for o-a.e. (t,x) € Cy,.

(#i7) Additionally, we say that a contact force o satisfies the action-reaction principle at self-contact

if
/ (pon)-do=0
oQ

for all p € C.(Q;R™). Similarly, for time-dependent deformations, we say that o satisfies the
action-reaction principle at self-contact if

/ (pon)-do=0
Ix0Q

for all ¢ € C.(I x Q;R™), where, to simplify notation we write (v on)(t, z) = p(t,n(t, x)).

Note that, as is consistent with physics, contact forces always point in interior normal direction.
However in contrast to [CGK24] where we used interior normals, N, (z) is always pointing in exterior
direction, to remain consistent with standard notations in [RW98]. Thus, compared to our previous work,
the signs in some of the equations are flipped. Note also that the requirement that 7, is Borel measurable
in time (see Definition 4.4 (i%)) is necessary to ensure the compatibility with the Borel measure o, without
requiring 7 to be continuous with respect to the variable ¢.

Next we make use of the fact that locally N, () is defined in duality with ﬁ,(x), something that can
be turned into a similar duality between continuous functions and measures.

Lemma 4.5 (Characterization of contact forces). The following hold.
(1) Forme &, let 0 € M(0Q;R™) be such that suppo C C,. Then o is a contact force for n if and

only if
p-do>0
r

for all p € C(OQ;R™) with p(z) € fn(x) for x € 0Q).

(ii) Let n: I x Q — R™ be such that n(t) € € for every t € I and assume that 1 is Borel measurable
when considered as a mapping from I to W?P(Q;R"™). Let o € M(I x 0Q;R™) be such that
suppo C Cy,. Then o is a contact force for n if and only if

/ ¢-do >0 (4.3)
Ix0Q

for all : T x 0Q satisfying p(t,) € C(0Q;R™), t € I, Borel measurable in t and bounded in
I x 0Q, with p(t,z) € f,,(t,x) for (t,x) € I x 0Q.
Proof. We only present the proof of the time-dependent characterization in statement (i). Indeed, the
proof of (i) follows from analogous (but simpler) arguments.
Step 1: Let o be a contact force for n. Then, by the definition (see Definition 4.4 (i7)) we have that
do = gd|o|, where —g(t,z) € N,(t,x) for o-a.e. (t,x) € C,. Consequently, by the polarity relation
between fn (t,x) and N,(t,z) (i.e., by the definition of N, (t,z) given in Definition 3.2), we have that
g(t,x) - p(t,x) > 0 o-a.e. holds for every ¢ as in the statement. Therefore,

/ w-dcr:/ ¢-gdlo| >0,
Ix0Q Ix0Q



thus proving that (4.3) holds as desired.

Step 2: Next, we show that any measure measure o with suppo C C), that satisfies (4.3) is a contact
force for 7. To this end, arguing by contradiction, assume that o is not a contact force for . Then we
can find a measurable set S C I x Q with |o|(S) > 0 with the property that —g(t,z) ¢ N, (t,z) for
(t,z) € S.

Let h: S — R™ be Borel measurable with h(t,z) € int fn(t,x) and such that h(t,z) - g(t,z) < 0 for
c-a.e. (t,xz) € S. Then, an application of Lusin’s theorem yields the existence of a compact set K C S
with |o|(K) > 0 and a function i € C(I x dQ;R™) such that h(t,z) = h(t,) for all (t,z) € K. For
tel, welet K; = {x € 0Q : (t,x) € K}. Moreover, using the fact that h is uniformly continuous
and by Proposition 3.4, for every ¢t we can find a set G; O K, that is open with respect to the subspace
topology of 9Q and with the property that iz(t x) € fn(t, x) for all z € Gy.

Next, consider a sequence of cutoff functions ;: I x 9Q — [0,1] that are Borel measurable in time and
satisfy ;(t) € C(0Q;[0,1]) and xx < ; < x@, and such that ¥; — xx in L'(I x 9Q,0) as i — co. We
can take, for example, ¢;(t, z) := max{l — i dist(z, K;),0} for 1/i < dist(Ky,0Q \ G¢). Then, denoting
@i = 1b;h and recalling that h(t,z) - g(t,z) < 0 on K, we obtain that

/ @i-daz/ 1/Jiia~gd|a|—>/ h-gdlo] <0.
1x0Q Ix0Q K

In particular, the same inequality holds for ¢ = ¢,,, for some iy € N that is sufficiently large. Notice
that ¢ is Borel measurable in time, p(t) € C(0Q;R"™), ¢(t,x) € T, (t,x) for all (¢,z) € 0Q and that

moreover it satisfies
/ p-do <0.
oQ

Thus, we have reached a contradiction to (4.3). This concludes the proof. O

Compactness and closure properties of contact forces will play a fundamental role in Section 6 and
Section 7, where existence results are obtained via a limiting process involving approximate solutions.

Theorem 4.6 (Compactness-closure of contact forces). The following hold.

(1) Let {np}r C &€ be a sequence of deformation with E(n) < Ey for some Eg > Euyi and assume
that there exists n € € with E(n) < Eqy such that ni, — n in C1(Q;R™). For every k, let o, be a
contact force for ny with

st}ip llokllaroqmn) < oo

Then there exist a subsequence (which we do not relabel) and a limit measure o such that o), = o
in M(0Q;R™). Moreover, o is a contact force for n and if each oy satisfies the action-reaction
principle at self-contact, then so does o.

(ii) Let {ni}r be a sequence of time-dependent deformations, that is, for every k we have that ny: I X
Q — R"™ is Borel measurable in time and such that ny(t) € € and E(ni(t)) < Eq hold for allt € I.
Furthermore, assume that ny.(t) — n(t) in C*(Q; R™) uniformly int, where n € C(I;CH*(Q;R™))
is such that n(t) € € and E(n(t)) < Ey for allt € I. For every k, let o, € M(I x 0Q;R"™) be a
contact force for ny with

Sgp ||Uk||M(I><6Q;R”) < o0.

Then there exist a subsequence (which we do not relabel) and a limit measure o such that oy, — o
in M(Ix0Q;R™). Moreover, o is a contact force for n and if each o}, satisfies the action-reaction
principle at self-contact, then so does o.

Proof. We present the proof of (ii). The proof of the time-independent statement in (i) is analogous but
simpler, and therefore we omit it.

By the weak compactness of measures (eventually extracting a subsequence) we have that o — o.
Thus, it remains to verify that o is a contact force for .

We begin by showing that supp o C C,. We mention here that the proof of this fact follows from the
same argument used in [CGK24, Theorem 3.9]. Indeed, for (t,z) € supp o, using the fact that o}, — o,
we have that there are points (t3, ) € supp oy such that (g, xx) — (¢,2). Since suppor C C,, by
assumption, there are now two cases: Either there is a subsequence such that ny (¢, zx) € 952, or there
exist points yi # x € 0Q with ny(tg, 2x) = ni(tk, yx). In the first case, the uniform convergence of 7y
and the uniform continuity of n imply that ny(tx, zx) — 1(t,z) € 0Q and thus (¢,z) € C,,. In the second
case, recall that by Lemma 4.2 (iv) there exists a minimal distance r > 0 such that |z — yx| > r holds



10

for every k. Eventually extracting a further subsequence, we have y, — y € 9Q. As above, the uniform
convergence of 7, and the uniform continuity of # imply that n(¢, x) = n(¢,y) with x # y. Hence, also in
this case we have shown that (¢,z) € C,. We note here that even though (in contrast to [CGK24|) there
can be more than two points touching at the same location, this complication is readily circumvented by
taking a subsequence of yy.

With this at hand, we can now show that o is indeed a contact force for 1 by using the characterization
in Lemma 4.5 (i3). To this end, fix ¢: I x 0Q — R™ as in Lemma 4.5 (i) and let @) be defined via

on(t, QL') = vnk(tv x)(vn(ta x))7190(t7 :C)

Then, in view of Lemma 3.5 we have that ¢ (t,z) € fnk (t, ) and furthermore, by the uniform conver-
gence of Vi, — Vnin I x 9Q, we obtain that ¢, — ¢ uniformly in I x Q. Since oy is a contact force
for ny, by Lemma 4.5 (i7) we have that

/ or(t,x) - dog(t,z) > 0.
Ix0Q

Next, observe that

/ @'dUZ/ @'d(U—UkH-/ (@—Wk)'dtfk-i-/ ox - doy,
Ix0Q Ix0Q Ix0Q Ix0Q

and that, passing to the limit as k& — oo, the first two terms on the right-hand side go to zero. This
shows that

/ @ -do = lim i - dok > 0,
I%x9Q k—oo JrxoQ

and in turn, once again by Lemma 4.5 (i7), we obtain that o is a contact force for 7.

Finally, for any ¢ € C.(I x ©;R™) we have that ¢ o ny — ¢ o uniformly in I x 9Q. This, together
with the convergence o, — o, shows that if oy, satisfies the action-reaction principle for every k, then
the action-reaction principle continues to hold in the limit. O

We conclude this section by noting that L?-in-time estimates remain true in the weak* limit.

Lemma 4.7. Let o, € L2.(I; M(0Q;R™)) with |okllr2 . (r.m00rm)) < C be such that oy, S oin
M(I x 0Q;R™). Then o € L2.(I; M(0Q;R™)) and lollcz . (im0 < C.

For a proof and a discussion of the weak* measurability involved, we refer to [CGK24, Remark 3.12,
Lemma 3.13].

5. ADMISSIBLE DIRECTIONS AND TEST FUNCTIONS

In this section we study the space of admissible directions. These are, roughly speaking, infinitesi-
mal perturbations of the deformed configuration that do not cause self-interpenetration and for which
7(-, Q) C Q. To be precise, we let

T,(E) = {p € W?P(Q;R") : Je; > 0 and
® € C([0,61);E) NCH([0,61); W2P(Q; R™)) with ®(0) = n and ®'(07) = }. (5.1)

The following result is adapted from [Pal18, Proposition 3.1] and provides a useful characterization of a
large subset of T;,(€).

Lemma 5.1 (Strictly interior directions are admissible). Forn € &, let
Tg(é’) = {p € W?P(Q;R"™) : ¢|r = 0, () € int fn(x) for all x with n(z) € 9Q, and

o(x) — p(y) € nt Ty (z) — int Ty (y) for all x # y with n(z) = n(y)}. (5.2)
Then T, () C T,(E).

Proof. Let ¢ € Tg (€) be given and set 1. = n + cp. In the following we will show that the function
®(e) := 1. then satisfies the conditions of (5.1).

First of all, observe that 7. = 79 when restricted to I'. Next, recall that by (E.2) there exists ¢g > 0
that only depends on E(n) such that det Vi > &¢ in Q. Since ¢ € C1%(Q), we have that
€0
57
provided that ¢ is sufficiently small. Reasoning as in Remark 4.3, we also obtain that, for all € such that
(5.3) holds, 7. is injective when restricted to balls of radius r, where r only depends on E(7).

det V. > (5.3)
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We now claim that 7. is (globally) injective on @ for all ¢ > 0 small enough. Indeed, arguing by
contradiction, assume that there are a monotone decreasing sequence ; — 0 and points x; # y; € Q
such that 7., (x;) = 0., (y;). By the compactness of Q (up to the extraction of a subsequence, which we
do not relabel) we can assume that x; — x and y; — y. We now consider three cases for n(x;) — n(y;)
and see that none of them can happen for a subsequence, resulting in a contradiction.

Case 1: R R

1(yi) — n(x:) € int Ty (2) — int T (y). (5.4)

Since the local injectivity of 7., for ¢ large enough implies that |z; — y;| > 7, then necessarily we

must have that |z — y| > r. Using the fact that n., — 1 uniformly we obtain that n(x) = n(y),

and by Lemma 4.2 (i) we conclude that =,y € 9Q. Note that if n(y;) — n(z;) € int fn(x) — int fn(y)

holds for infinitely many values of i, then by Proposition 3.4 there exists a subsequence such that

n(y;) — n(z;) € int fn(xl) — int ﬁ,(yi) for all ¢ large enough. This means, by Proposition 3.4, that

n(By/2(z:)NQ) and n(B,./2(y;)NQ) intersect, in contradiction with the interior injectivity of n, Lemma 4.2

(4)-
Case 2:

n(zi) = n(y:)- (5.5)

Observe that if (5.5) holds, then we have that ¢(x;) — ¢(y;) € int ffn(:cz) — int ﬁ,(yz) by (5.2), and
therefore ., (x;) # M., (y;), as guaranteed by Lemma 4.2 (#i7).

Case 3: R R

n(yi) — n(xi) ¢ (int T, (x) — int T, (y)) U {0} (5.6)
Let Kp be the enlarged polar cone given by Lemma 3.7 with C' = fn(x) - ﬁ,(y) and vg = ¢(x) — p(y) €
int fn () — int fn(y) Then, for all w € Kg we have that

(p(z) = (y)) -w <0. (5.7)
Let p; be the projection of n(y;) — n(z;) onto Kz and observe p; # 0 by (5.6). Then, using the fact that
pi - (M(yi) —n(z;)) > 0, we obtain that
Di
i
Notice that (eventually extracting a subsequence) p;/|p;| — p € Kz \ {0}, and therefore, by (5.7) we
have that

(0, (yi) = M, () > €4 IZI (i) — (). (5.8)

Pi
ol (p(yi) — w(x:)) = p- (p(y) — p(z)) > 0. (5.9)
In particular, combining (5.8) and (5.9), we obtain that
pi
ol (M, (i) — e, (1)) > 0 (5.10)
7

holds for all ¢ sufficiently large. Finally, (5.10) implies that ., (z;) # 1, (v:)-

Therefore we have reached the desired contradiction and thus shown that 7. is injective on Q for all
¢ sufficiently small.

A similar but simpler argument can be used to show that 7.(Q) C . Indeed, the obstacle R™\ Q can

be treated as a non-moving part of the solid. This concludes the proof. O
o €Ty(E)
() i
0(@) e
n(y) 557

FIGURE 2. Comparison of 7)) (£) and T (€) as described in Remark 5.2. The first image
shows two parts of the solid touching at their corners z,y with n(x) = n(y). For y as
preimage of the right side, the second image illustrates the possible values of ¢ (y).
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Remark 5.2. Note that, in general, the inclusion in Lemma 5.1 is strict. To see this, consider the
case of a head-on collision where the contact happens between two outside corners of otherwise smooth,
well-separated surfaces. Then the cones ﬁ,(x) and fn(y) have the same opening angles and the resulting
set Tf])(é') is relatively small when compared to T, (), that is, the set of all the directions it is possible to
move in.

In contrast, if we replace one of the these angles with the complement of the other one, creating an
inside corner, then at the corner the regular tangent cones will in fact not change, but now the closure
of TT?(E) is precisely the set of directions it is possible to move in.

In fact, this shows that it is not possible to give a pointwise characterization of T,(E) in terms of
the reqular tangent cone. It is reasonable to ask if there is a better characterization in terms of e.g. a
different definition of tangent cones but to the best of our knowledge there seems to be no way to do so,
as the set of admissible directions ultimately depends on the complete behavior (e.g. oscillations and the
directions they occur in) of the boundary in a neighborhood of the contact point.

For our purposes however, neither is such characterization actually required, as the preceding lemma
gives us a sufficient amount of admissible directions for all required estimates, nor would having such a
characterization be particularly helpful. Indeed, while it would allow for a stronger control on the direc-
tions of the Lagrange multipliers in the initial minimization, these are not the contact forces occurring
in the final equation, which arise only as limits, whose behavior is better captured using regular normal
and tangent cones.

Additionally, since it is not convex, characterizing the set of admissible directions actually does not
characterize the set of admissible test functions for the equation. Consider for example the above case
of two angles meeting. These can “slide” along each other in two directions, so both of these directions
provide admissible test functions. But then so does their average, even though moving in that average
direction immediately results in an overlap.

All of this is in contrast to the case of a smooth boundary (cmp. [CGK24]), where there is no need
to distinguish different cones, as all different types of tangential cones for a given point will be the same
half-space and there is only ever a single normal direction.

To allow us to better quantify contact forces in the proof we now require a specific type of test function.

Definition 5.3. Given n € £, we say that fn: @ — R" is a uniformly interior vector field for n, if there
is an angle ¥ € (0,7/2) and a constant 0 < ¢ < 1 such that

ty(x) -n < —sind|t,(@)||n] and c<|t,(z) =1 for all z € 0Q and n € N, (),
and [t| is bounded on Q. Similarly, given n € L>*(I;€) N WH2(I; WH2(Q; R™)) with E(n) € L>(I), we
say that t,: I x Q@ — R" is a uniformly interior vector field for 7, if there is an angle ¥ € (0,7/2) such
that for allt € I

ty(t,z)-n < —sind|t,(t,z)||ln| and |t,(t,z)] =1 forall z € 0Q and n € N, (z),
and |t(t,-)| is bounded on Q.

Note that the polarity of fn(ac) and N, () and the strict positivity of sin imply that #,(z) € int T\n (x).
To be precise, the definition implies that the cone Ly 7 () C Ty(2) (see (3.1)). We show below that for
any deformation 7 there exists a smooth uniformly interior vector field.

Proposition 5.4. The following hold.

(i) For every n € & there exists a uniformly interior vector field t, in the sense of Definition 5.3
with t, € C*(Q;R™) and such that ltnllcko @ rny < C for all ko € N, where C'is a constant that
depends only on E(n) and ko.

(ii) For everyn € L>(I;E) NWL2A(I; W12(Q;R™)) with ||[E(n)|| (1) < Eq there ezists a uniformly
interior vector field t,, in the sense of Definition 5.3 with t, € C(I;C*(Q;R")) and such that
[tnller.oro@rny < Cro for all ko € N, where Cy, is a constant that depends only on Ey and k.
Moreover it can be chosen so that t,, € WY2(I; L*(Q;R™)) with the estimate ||0t,]L2(1xqirn) <
ClloeVn|| L2(1x@;rny with C depending on E.

Proof. We only present the proof of (i7). The proof of the time-independent statement in (7) follows
from a similar argument (see also |Pall8, Proposition 3.1]). Let {G1,..., Gy} be a covering of 9Q with
corresponding points z; € G; and directions v; € "~ and ¢ for Ey given as in the proof of Lemma 3.6.
Choose 6 > 0 so small that {G1,..., Gy} covers also Ps, the d-neighborhood of 9Q). Note that this ¢
still depends only on @ and Ey. Now let {¢1,...,1x} be a partition of unity on Ps subordinated to the
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covering {G1,...,Gy}. To be precise, 1; € C°(G;,[0,1]) for every i = 1,...,k and Zle i(z) =1 for
all z € Ps.

Next, we construct £ € C>°(Qs; R™), where Qs is the 6-neighborhood of @, by setting (we consider
each 1; to be extended outside G; by 0)

k
to(z) = Zwi(m)vi, z € Qs.
i=1

Then t¢ is a smooth uniformly interior vector field to Q with angle ¥J, moreover satisfying ¢ < |{g| < 1
on Ps, where 0 < ¢ <1 depends only on Q.

We consider an extension of 1) to I x Qs preserving all the norms, in particular the L>(I; W2?(Qs; R™))
and W2(I; W12(Qs; R™)) norms, up to a constant. With this define

t,x) 1,
tn(t,LL') _ vn( ,LL’) ~Q(SC)
[Vn(t, z)tq(z)|
Because of the uniform lower bound on the Jacobian which can be extended to Qs for § small enough,

we see that ¢, € C(I; C1*(Qs; R™)) with Holder seminorm dependent only on Ey. Further, we see by an
application of the chain rule, that

10ty (D) || L2 (@smmy < CllONV||L2(0irm)

ltg(x)|, tel, z€Qs.

with C' depending on Ej.
Now choose ¢ > 0, possibly smaller than § but only dependent on Ep, such that it holds for all ¢ € I
and all x € 9Q and & € Qs with |z — Z| < § that

ty(t,x) - t,(t, &) > cos(¥/2).

We mollify in space, that is put fn = t, * £, where * is the convolution in space and &; the smooth
mollification kernel with radius §. Because of the above choice of §, one can readily check that t, is a
uniformly interior field for n in the sense of Definition 5.3, with the angle /2. Finally, regarding the
regularity of {n: we see that for each ¢ € I we have

1E0 ()]l o @ rny < Cro Ity (®)lc(aqimn)
with C}, depending on Ej and kg, and

106ty (1)l L2 (@urmy < CllOuty(8)|| 22 (k)
with C depending on FEy, which combining with the above inequalities finishes the proof. O

Next, we show that the set of strictly interior directions, namely T,?(E ), is well-behaved with respect
to sequences of approximating deformations.

Proposition 5.5. The following hold.

(i) Let {nx}x C &€ be given and assume that there exists n € € such that n, — 1 in C1(Q;R™). Then,
for every ¢ € TY(E) there exists a sequence {@y}r such that o — ¢ in W*P(Q;R") and with
the property that oy € T,?k_ (&) for all k sufficiently large.

(i) Let {mp}r C L®(I;€) be given and assume that there exists n € WL2(I;W2P(Q;R")) with
|E(M)||=ry < Eo such that n, — n and Vi — Vn uniformly on I x Q. Then, for every
@ € C(I;T(E)) there exists a sequence {@y}1, such that o, — ¢ in C(I; W*P(Q;R™)) and with
the property that oy € C(I; T,?k (€)) for all k sufficiently large. Moreover, let J C I and assume
that ¢ € C(I; T)(E)) N CL(J; L*(Q;R™)). Then there ewists a sequence {@x}r as above but with

the additional property that o), € C(I; T, (€)) N CH(J; L*(Q;R™)) for all k sufficiently large.

Proof. We only present the proof of the slightly more complicated time-dependent statement (7).

Let {r: @ — R be a smooth function that satisfies r(z) = 0 for z € T and &p(z) > 0 for z € Q \ T.
Let ¢ be as in (i) and £, be as in Proposition 5.4 (ii) (with ko > 2). For m € N, we then define

1-
m = —tér. 5.11
2 ®+ m nér ( )

As one can readily check (see (5.2)), we have that ¢, € C(I;T)(£)) for all m; furthermore, it is evident
that ¢, — ¢ in C(I; W2P(Q;R")) as m — oo.

Fix m > 0. We claim that ¢,, € C(I;T)) (£)) for all k sufficiently large. Indeed, if this is not the
case then we can find a subsequence of {7}, (which we do not relabel) and contact points {(tx,zr)}x

with (ty,z) € C,, such that either there exists {yx}r with zx # yr and nx(ty, k) = (e, i)
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and @m (te, 2k) — Em(th,yx) ¢ it Ty, (tk, xr) — int Ty (b, yn) or me(te, o) € O and o (tr, z) ¢
int Tnk_ (tk, l‘k).

Since that the approach for handling the latter case is comparable, we consider only the first case.
Eventually extracting a further subsequence (which again we do not relabel), we can find ¢ € I and
x,y € 0Q such that ¢, — ¢, v = y, yp = vy, ¢ # y, and n(t,z) = n(t, y).

Recalling that ¢, € C(I;T,)(€)), by (5.2) and Proposition 5.4 (ii), we can find two sets K and K
such that R R

Om(t, ) —om(t,y) € K1 CC Ky CCint Ty (¢, ) — int Ty, (¢, y).
In particular, Proposition 3.4, the regularity of 1, and Lemma 3.5 imply that

om(t',2") —om(t',y') € Ko CC int fn(t’,m’) —int T, (', 3') (5.12)
for every t' near i, every 2’ near x and every 3’ near y. Since by assumption we have that Vi, — Vnp
uniformly on I x @), another application of Lemma 3.5 yields that

K5 Cint Tnk (lf]€7 -Tk) — int T"’]k (tk, yk)

holds for all & sufficiently large, where K5 is given as in (5.12).

In turn, this implies that @, (tk, k) — ©m(tk, i) € intﬁ,k (tg,xr) — intﬁ,k(tk,yk), and we have
therefore reached a contradiction.

To prove the second part of the statement, let

1-
Pm =@+ *tngl"d}(]»
m

where 17 is an opportunely defined smooth cut-off function to ensure that ¢,, € C1(J; L?(Q;R™)). The
argument above can then be repeated with only straightforward changes. This concludes the proof. [

F1GURE 3. Approximate configurations and construction of a contact force without a
fixed sign for all potential movement directions, as described in Remark 5.6. Specifically,
moving the right hand solid in direction v is part of T;,(€) but not T, (€).

Remark 5.6. Proposition 5.5 already gives us a hint as to why we need to consider the set Tf;(é’) instead
of T,, (&) in the weak inequality (2.1). As we construct solutions through approzimations, we require some
notion of stability under convergence. To be precise, as the set of admissible test functions necessarily
depends on the deformation itself, when studying the convergence of approzimate solutions, we can only
consider test functions that can be approzimated by other test functions which are admissible along the
sequence of converging deformations.

The sets T,,(E) do not have this property. Or spoken in a more abstract way, {(n,b) :n € E,b € T,(E)}
is not closed in any reasonable topology. To see this, consider a limit configuration consisting of two
corners touching at their tips. This can arise as the limit of a sequence of configurations where the two
parts of the solid touch along their sides (see Figure 3). Even restricting to rigid motions of one of the
sides, it is clear that in the approximation there is a whole half-space of directions that cause overlap and
are thus not admissible. In contrast, for the limit configuration, the only rigid motions in T,(E) that are
excluded are those that directly cause the tip to enter into the other corner.’

The same issue also directly translates into a consideration about contact forces: As the approzimations
have well-defined normals, we can have a clearly defined contact force for each of them. Assuming the
right scaling, this force can persist in the limit. Indeed, this is precisely the reason why we can only
assume that the final contact force has a direction in Ng(z) instead of the smaller set Tg(z)*.

We note here that this does not mean that the set of test functions, nor the set of possible directions
for contact forces we choose are optimal. However, this proved to be good enough to obtain a satisfactory

3Note also that the resulting set T, (€) is non-convex. As the weak inequality is linear in its test function, this here this
would allow to enlarge the set of test functions even further.
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existence theory and is likely the best that can be done using local characterizations. For example, for
this type of corners there are only two possible directions of contact forces, which are in fact determined
by the side of the overlap the approximation is coming from. Even for isolated corners, this argument is
difficult to formalize, and still much harder to generalize to an arbitrary setting of Lipschitz boundaries.
In contrast, the approach we use is mostly based on a well-established theory and relies mainly on the
abstract minimization structure instead of a precise characterization of contact forces or admissible testing
directions. It is thus also much easier to generalize to other settings.

Remark 5.7. Formally, T,,(£) is the tangent cone to € in the space W*P(Q; R™). One can then ask what
the corresponding regular tangent cone is, i.e. fn(é’) = liminf; ., see T;(E). The space T,?(S) appears to
be a reasonable candidate, as Proposition 5.5 implies that T () C fn(é') and shows that T)) (€) behaves
similarly with respect to convergence. Conveniently, this would also formally identify the set of contact
forces with the corresponding convezified normal cone.

We conjecture that this is indeed a characterization, i.e. T))(E) = fn(c‘f). It is not hard to convince
oneself that it is true in standard cases such as a smooth boundary, where both equal T, (E), or for known
geometries by a direct contradiction: If without loss of generality ¢ € T, (E) with p(x) ¢ fn(x) at contact
and the other side is not moving, then there is an approzimation {xi}r of x for which p(x) ¢ T, (xr).
Constructing an approxzimation (ng)r of n with contact at xy, that results in collision when moving in the
direction ¢(x1) = @(x) is then a simple exercise in the case of e.g. isolated corners.

For general Lipschitz boundaries, this proof strategy runs into technical issues. Nevertheless we were
not able to find a counterexample and thus leave this characterization as an open problem. In fact
our technique is compatible with using fn(é') in place of Tno(é'), as we mainly rely its behavior under
convergence. However we believe that the explicit characterization that T,?(é') offers to be more valuable
in practice.

Remark 5.8. Figure 3 also illustrates why, due to the collisions, we cannot expect stability or even
uniqueness of the evolution. In the case of two corners colliding almost head on, with an arbitrary small
offset, they will slide along each other on either side, resulting in two distant solutions with arbitrarily
close initial data. It the symmetric case of a head on collision on the other hand, no side is prefered, but
either seems energetically preferable to the symmetric solution, so this symmetry needs to be broken.

While we do not claim this as a rigorous proof, we use it to highlight that this question is non-trivial.
Internally, from the terms of the solid and their (pseudo-)monotone nature, one would expect them to
behave nicely. However as the above example shows, it is not possible to use this in a standard Gronwall-
argument. Indeed the contact force is stable under convergence of solutions, however as seen above it is
not stable under perturbations of the solution. A proper study of this issue, proving e.g. uniqueness of
solutions for all initial values except a small degenerate set like the head on collision above, would thus
be novel in itself and far exceed the scope of the current article.

6. QUASISTATIC EVOLUTION OF VISCOELASTIC SOLIDS WITH LIPSCHITZ BOUNDARIES

In this section, we study the quasistatic counterpart of our problem. Besides being of independent
interest, this will also serve as a building block for the main result of this paper. We mainly follow the
strategy presented in [CGK24, Section 4], in combination with the results of the previous sections, in
order to treat the case of Lipschitz boundaries. Thus, we will only sketch the parts of the proof that
are identical to those in [CGK24] and focus more on the differences. In particular, a crucial step in
our analysis involves establishing an energy inequality. For this, we follow a different approach than the
one in [CGK24], which allows us to work without an additional regularization (see Remark 6.4 below).
This has the advantage that, in contrast to [CGK24, Section 4], we do not need an additional set of
assumptions for the regularized problem.

The quasistatic problem in question is

DE(n) + D2R(n,0m) = f. (6.1)
As a particular case, we obtain an existence theory for the parabolic equation
0
o204 DE(n) + DaR(n,0m) = [ + 5, (62)

where p% can be thought of as derivative of an additional dissipation and ( is a given function. Later in
Section 7 we will make the choice {(t) = 9;n(t — h). Observe that combining these two newly introduced
terms yields the difference quotient

pam(t) - %n(t —h)



16

Weak solutions to (6.1) are defined as follows.

Definition 6.1. Let h > 0, no € &€, and f € L?((0,h); L?>(Q;R™)) be given. We say that
n € WH2((0,h); WH(QsR™)) N L¥((0,h);€)  with  E(n) € L<((0,h))

is a solution to (6.1) in (0,h) if n(0) =no and

h h
/0 DE(n(t))(e(t)) + D2R(n(t), (L)) (p(t)) dt > /O (£(t), p(t)) L2 dt (6.3)
holds for all ¢ € C([0,h); T (€)),* where T (E) is the cone defined in (5.2).

The existence of solutions to (6.1) is established in the following theorem.

Theorem 6.2. Let E satisfy (E.1)-(E.6), R satisfy (R.1), (R.2), (R.3q) as well as (R.4), and let h, no,
and f be given as above. Then there exists a solution n to (6.1) in the sense of Definition 6.1.

Proof. We adopt the strategy employed in the initial two steps of the proof of [CGK24, Theorem 4.3].
To facilitate the comparison and highlight the differences, we retain the same structure.

Step 1: Given M € N, we set 7 := h/M and decompose [0, h] into subintervals [k7, (k + 1)7] of length 7.
Moreover, for every 1 < k < M we let

kr
fr = i/(k_m f(t)dt € L*(Q;R™). (6.4)
We then define n;, € £ recursively via
ng € argmin {Jx(n) : n € E}, (6.5)
where
Ik(n) = EMm) + 1R (nk_l,%) —T<fk,’7"%>m. (6.6)

The existence of n; as in (6.5) follows by a standard application of the direct method in the calculus
of variations. Observe that since Ji(nr) < Jr(nk—1), expanding these inequalities and summing over

k=1,...,m, m < M, yields a uniform estimate in the form of
E(nm) + ZTR (Uk—lv nk—:kﬂ) < E(no) + TZ <fk7 %> L (6.7)
k=1 k=1 L
Next, for t € [(k — 1)7,kT), we let
kT —t t—(k—1)r
=, mW e amd (=T T EEUT, 6y

Reasoning as in [CGK24, Theorem 4.3, (6.7) and the assumptions on E and R yield the existence of
a subsequence (which we do not relabel) and a limiting deformation n € W12((0,h); W12(Q;R™)) N
L*>((0,h);E) such that

n_—n in L=((0,h); W>P(Q;R™)),

7y =1 in L2((0,h); W3P(Q;R™),
and

nr = in WHA((0,h); WH(Q;R™)). (6.9)
Step 2: A standard argument in the calculus of variations guarantees that each function 7y (see (6.5))
satisfies the Euler-Lagrange inequality

0 < DJw(nk) () (6.10)

for all ¢ € Tgk (£). Summing up these inequalities and replacing all terms with their time-dependent
counterparts (see (6.8)), we obtain that

h
OS/O DE®n,(1))(¢(t)) + D2R(n_(t), 0 (1)) (0(t)) — (f=(t), (1)) dt (6.11)

for all ¢ € L®((0,h); W»P(Q;R")) with o(t) € Ty y(E) for L'-a.e. t € (0,h). Therefore, in order
to conclude the proof, we are left to show that all terms in (6.11) converge to their formal limit. For
the last two, this is essentially a direct consequence of the weak convergence, together with (R.4) and

4Here we use L ((0, h); £) as a shorthand for the space of functions in L>((0,h); W2P(Q;R")) that belong to & for
a.e. t € (0,h). Similarly, C([0, h];T,?(S)) denotes the subset of C([0, h]; W2:P(Q;R™)) consisting of all functions with the

property that () € Tg(t)(é') for all ¢ € [0, h).
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Proposition 5.5 to ensure a strong approximation of test functions. We note here that in order to apply
Proposition 5.5, we need to show that V7. — V¢ uniformly in I x ). This, in turn, can be obtained by
observing that, in view of the definition, 7, (¢) = 7-([£]7) = n-([£]7), and therefore

17+ (£) = 1)l gr.e < [[1-(TE17) = 1)l 1. + 02 () = ()| 1.0 -

Now, we have that the former term converges to 0 by uniform continuity of the 7., while the latter term
converges to 0 uniformly by the convergence in C([0, h]; C1*(Q;R™)) (which, up to the extraction of a
further subsequence, follows by an application of the Aubin-Lions lemma).

For the potential energy however, due to the lack of regularization, we have to deviate from [CGK24]
and use a Minty-type argument that in [CGK24] was only needed at a later stage. To this end, let
1 € C™([0, h]; C(Q; [0, 1])) be given. Then, by (E.6) and Lebesgue’s dominated convergence theorem
we see that

0 < limsup / [DE, (t)) — DEm®){(, (£) — n(t) b (#)) dt

T7—0

0
h
—timsup | DEG, (){(7, (t) - n(t)(t)) dt.

T—0 0
h
—tiwsup [ DE(0)p(t) + 685, (D(t) dt (6.12)
T—0 0

where
Yr = (ﬁr —-n - 6Ttﬁf)w-
We recall here that fm is the uniformly interior vector field given by Proposition 5.4. Notice that §, € R

can be chosen in such a way that —p, € C([0,h];T)(€)) and §; — 0 as 7 — 0. Observe that the
(approximate) Euler-Lagrange inequality (6.11) for —¢, can be rewritten as

h h
/ DE, (1)) (- (1)) dt < / —DaR(n_(t), 0n- (1)) {er (1)) + (f+(t), o (1)) dt. (6.13)
0 0
Eventually extracting a subsequence (which we do not relabel), we have that
0. (t) =0 in Wh2(Q;R™) (6.14)

for L'-a.e. t. Moreover, since f, — f in L?((0,h); L?(Q;R™)), an application of Lebesgue’s dominated
convergence theorem yields that

h
/0 (e (8). o (£)) dE = 0 (6.15)

as 7 — 0. Since {D2R(n_(t), 9 (t))}+ is bounded in (WH2)* uniformly in ¢ (see (R.4)), by (6.14) we
have that

h
|| DR, (0,0 0) e 1)) dt 0 (6.16)
0
as 7 — 0. Combining (6.12) with (6.13), (6.15), and (6.16) we conclude that

h
lim Sup/0 [DE(7,(t)) = DE(m(#){([7,(t) — n(t)y(¢)) dt

T—0

< lim sup
T—0

| DEG0) 6, v ) @

h
<timsup [ 5 |DE@®)lavny- I, (010(0) s dt = 0.
0

T—0

Since 1 is arbitrary, we must have that

lim sup[DE(@,(t)) — DE@){[,(t) = n(t)¥(¢)) <0
for a.e. t. Consequently, (E.6) implies that 7, (t) — n(t) in W2P(K;R") for all K compactly contained
in Q with dist(K,T') > 0 and for £!-a.e. t. Thus, we have shown that, by (E.5), DE(7,.(t)) — DE(n(t))
in (W2P(Q;R™))*. Since {DE(7,(t))}, is bounded in (W?2P?(Q;R"))* uniformly in ¢, we claim that
this is enough to prove the existence of a solution. Indeed, let ¢ be as in Definition 6.1, then using
Proposition 5.5 we can find ¢, — ¢ that is admissible for the approximate Euler—Lagrange variational
inequality (see (6.11)) and we can then let 7 — 0. O
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6.1. Energy inequality. We will derive the energy inequality using the previous construction and the
so called Moreau-Yosida approximation. This approach, which is commonly employed in minimizing
movements and can be traced back to De Giorgi, effectively circumvents any regularity issues associated
with test functions by relying solely on the metric properties of energy and dissipation. Given that we
will primarily utilize it with the time-delayed approximation, we will prove the energy inequality with the
respective terms from the inertia. Importantly, this proof is applicable even when p = 0, that is, in the
quasistatic case. Our approach draws inspiration from [AGS05, Sec. 3.1], although some modifications
are necessary to accommodate forces and delve deeper into the discussion of inertial terms. On the other
hand, the specific nature of our problem allows for certain simplifications, facilitating the analysis.

Theorem 6.3 (Energy inequality). The solutions constructed for equation (6.1) satisfy the energy in-
equality

B) + [ 2R, 0m(0)) dt < Blw)+ [ (70,0000 e (617)
0 0
for all s € [0, h]. Similarly, for the time-delayed equation (6.2), we have that

Bl + [ 2R, 000 dt+ 2 [ o)

< B+ g [ 16N di+ [ (70.0m(0),2 e (6.19
0 0
holds for all s € [0, h].
Proof. Since the estimate in (6.17) is a special case of (6.18) with p = 0, it suffices to prove the validity
of the latter inequality.

Fix 7 and k € {1,..., M}. We define the Moreau-Yosida approximation by considering the family of
functionals

_ Op 1.
Fu = B+ 0 ) 22

for 0 € (0, 7] as well as their minimizers:

2

N—MNk—1
L279<fk’ 4 >L2

ne € argmin Eg(n; nr—1)-
ne&

Here (j, is used to denote the time average of ¢ over the interval [(k — 1)7, k7) (see (6.4)). Reasoning as
in the proof of Theorem 6.2, the existence of 7y follows by an application of the direct method in the
calculus of variations.

What we now want to do, is to vary 6 between 0 and 7. In particular, we want to consider the (at
the moment formal) equation

. T d
E (7 mk—-1) _é%EG(n0§nk—1) :/0 @Ee(ne;nk_l)dﬁ- (6.19)

The reason for this is that, for § = 7, without loss of generality we can identify n, with 7, and get the
energy and part of the other terms we need, while on the other hand Ey(ng;ni—1) can be estimated by
E(nk—1) for 6 \, 0. Finally, the integral on the right hand side will give the missing terms.

Let us begin with the limit § N\, 0. Comparing the minimizer 7y with the admissible competitor n;_1,
we obtain that Fg(ng—1;mk—1) > Eo(ng;nk—1) and thus

Op
E(—1) + 5 1kl 52 > Eoloi min),
This in turn immediately implies that
lirensup Eo(mo;mi—1) < E(M—1)- (6.20)
N0

Expanding the right hand side further, we also have
bp

ep 2 no—Mk—1 o —Mk—1 2 no—Mk—1
E(ng-1) + o ¢kl > Ene) +0R <771c71, T) topllT e C/c) L ¢ <fk, ?>L2 .

Multiplying the previous inequality by 6, separating the dissipation-like terms of lower order, using
Korn’s inequality (see (R.3)) and the 2-homogenity of R, we get that

2 4 2
Kgr ||770 - 771c71|\W1,2 < R(nkﬂ?e - 771@71) + o ||779 - 77k71||L2

0p

< O (E(ne—) = E(mo)) +

92
(Mo — Me—1,C)p2 + 0 (fresmo — M—1) 2 — Tp Gkl -
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Now, the scalar products can be estimated using Young’s inequality and, for # < 7 small enough, their
parts involving 79 can be absorbed on the left hand side. Furthermore, recall that E is bounded from
below, that E(ny) is uniformly bounded (see (6.7)), and notice that we can drop the last term because
of its sign. This then yields the uniform estimate

2 2
c ||779 - 77k—1||W1w2(Q) <0 (E(nkfl) Erin + ||kaL2 h ||Ck||L2) :

In particular, from this we infer that ny — nr_;1 for 6 X 0.
Next, we compute the derivative %EQ(T)Q; Nk—1). For this, let 61,605 € (0,7] be given. Then a direct
calculation yields that

Eo, (10,5 mMk—1) — Eo, (M5 Mk—1) < Eo, (0,3 Mke—1) — Eo, (10,5 16—1)
1 P 2 4 2
= (61 — 6a) {—9102 (R(Uk—h% —Mk—1) + o 1m0, — 77k71||L2) + o5 ||Ck||L2:| :
Similarly, we also get
Ey, (Mo, Mk—1) — Eoy (Moy; Me—1) > Eoy (M, 3M6—-1) — Eo, (Mo, 3 Mk—1)
_ 1 P 2 P 2
- (91 - 62) |:_0192 (R(nk—177791 - ,'7]6—1) + 2h ||7701 - nk—IHLZ) + 2h ||Ck||L2:| :

Dividing by #; — 65 then gives us an upper and a lower bound on the Lipschitz constant of 6 —
Ey(ne; nk—1), which is uniform whenever 61,05 > 6y for a fixed 6y > 0, thus proving that this map
is locally Lipschitz. Furthermore, sending 6; — 65 we get that

T [ + o ||Ck||L2 (6.21)

d 1
—FEo(no; me—1) = *G*QR(nk—l,ne — Mp—1) —

do
holds for almost all § € (0, 7].
Next, combining (6.19), (6.20), and (6.21) yields

92 2h

TP

E(ne)+ 7R (nk 17M) + 5

AL — Ck‘ Lo T<fk7%>m — E(nk-1)

< — R( 77779 77k1) o
= /0 Mk—1 +2h

2
Mo —NMk—1
[

d9+7* [P

After reordering, we end up with

Emm+AfR@hhmﬁk1+RQm%w7mgda

.
P ne—n

o] T2 GullFa + 7 fi, i)
This telescopes into an estimate over all of [0, s] (where without loss of generality we can assume s to be

a multiple of 7), which, after dropping the term including (i on the left hand side, can be rewritten as

Nk —MNk—1 ﬂk 1 Ck ne — 77k 1

2
1 do < E(nk—l) —+ 7

]

Lz

E(ﬁT(S))ﬂL/S R(n_(t), 0m-(t)) + R(n_(t), B~ dt+*/ 18- (®)II72 di

g [ 1O des [ 10.00,0),0 de (622

where 77,7 _, and 7, are defined as in (6.8) and 3, is the so called De Giorgi-interpolation, defined by

B-(t) = % where 0 € (0,7],t = 7k + 6 and 7y is defined as above.

Now we send 7 — 0 again. Then, as shown in the proof of Theorem 6.2, eventually extracting a
subsequence we have that the linear and affine approximations, as well as the time-derivative of the
affine approximation converge to 1 and 91, respectively.

Next, we notice that (6.22) yields a uniform bound on B, in L2((0,h); W2(Q;R™)). Therefore,
eventually extracting a further subsequence (which we do not relabel), we can assume that 3, converges
weakly to a limit 5. The next step will be identifying the limit 5 with 0;n.

For this we note that 7y fulfills an Euler-Lagrange inequality similar to that for ngy;. Using the
previous definition this inequality reads as

DE(,){¢) + DaR(n,.. B¢} + 5 (B = G )12 = p (f,0) s
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for almost all ¢ € [0, h] and admissible test functions ¢. We now integrate the previous inequality and
send 7 — 0. The only non-trivial convergence here is that of the first term, which we have already dealt
with before. Then finally we end up with

/DE ©) + DaR (n ﬂ)(<p>+%(,8—C,<p>det2/o p{f, ) dt

for all admissible test functions. In particular this includes all compactly supported test functions. Thus,
for these test functions, subtracting from this the equation for the time-delayed solution (6.2) we get

/ D2R (n, B) (¢) — D2R (1, 0m) () + %(5 — O, p)2dt =0

which implies that 8 = 9y, since DaR(n,-) is the derivative of a convex function and thus a monotone
operator.

Finally, with this at hand and in view of the lower-semicontinuity of the terms on the left hand side
of (6.22), we obtain the desired energy inequality. O

Remark 6.4 (Energy estimates in the presence of corners). The previous proof significantly differs from
its “reqular boundary” counterpart in [CGK24]. In that context, we derived a nearly identical estimate
by simply testing with —0yn). This process relied on satisfying two distinct admissibility criteria.

The first requirement was having sufficient reqularity of Oyn, given that DE(n) is a distribution of order
—2 and that the bounds obtained from the dissipation R(n,dn) only give control on the first derivative
of Oym. We achieved this by introducing an extra reqularization term in the energy. The same strategy
could be applied in this scenario.

The other, more crucial requirement was that of Oyn pointing in an admissible direction. This way,
we were able to test the variational inequality, yielding the correct sign for the emergy inequality. An
equivalent approach would have been to test the equation involving the contact force with opportunely
defined test functions and showing in this way that the additional forcing term has the right sign. Indeed,
since the force always points in the interior normal direction and movement can never cause an overlap,
this was precisely the case in [CGK24].

However, for a less smooth boundary this approach no longer works that seamlessly, as evidenced
by the example given in Remark 5.6. There, we arrived at a contact force pointing in a direction not
blocked by any other solid, i.e. there can be evolutions of the solid where the two corners simply glide
past each other in either direction. Consequently, testing the contact measure with 0;n can potentially
produce terms of either sign. This again is the same reason why we can only recover an inequality for
Tg(é’) and not for the larger set T, (E), as the above example would contradict the latter. Of course, it
1s natural to conjecture that having such a passing solution would be incompatible with generating such
a force in the approximation. However, formalizing this argument is non-trivial and as we have shown,
this complication can be circumvented by a more abstract approach.

6.2. Existence of the contact force. Our goal now is to refine the inequality in (6.3) by recasting it
as an equation involving a contact force. To achieve this, we introduce the following definition.

Definition 6.5 (Solution with a contact force). Let ng € £ and f € L?((0,h); L2(Q;R™)) be given. We
say that the pair

n € WH((0,h); WH(Q;R™) NL*((0,h);€), o € Lg-((0,h); M(OQ;R™)),

where o is a contact force for n (see Definition 4.4), is a solution with a contact force to (6.1) if n(0) = no
and

h h h
/ IDE(()) + DaR(n(t), dim(t))] (1)) dt = / (o(t). o(t)) dit + / FO).p()=dt (6.23)
0 0 0

for all o € C([0, h]; WP (Q;R™)).
The existence of solutions with a contact force for problem (6.1) is established in the following theorem.

Theorem 6.6. Under the assumptions of Theorem 6.2, there exists a solution with a contact force to
(6.1). Moreover, the solution satisfies the energy inequality

)42 / R(n(s), 0yn(s)) ds < E(n(0)) + / (F(s), () ds
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for t € [0, h] and the estimate

h
A lo (13 @mndt < Co (h + 10172 0p) w200y + ”fH%Z((O,h)xQ)) ; (6.24)

where Cy is a constant that depends only on E(np).

Proof. Here we continue to use the notation introduced in the proof of Theorem 6.2. In particular, we
recall that n;, (see (6.5)) is a minimizer for J (see (6.6)). We divide the proof into a several steps.
Step 1 (Lagrange multiplier is a measure): In this first step we use the argument described in [Pall8,
Theorem 3.1] to show that there is a contact force for 7y, namely o € M(9Q;R™), such that

DTk (i) (@) — (ok, ) =0 (6.25)
for all o € W2P(Q;R™). We begin by letting
M, ={{,w) € Rx C(OQ;R") : £ <0 and w(x) € in‘cfmc (x) Yz € Cy, },
M;; ={(l,w) e Rx C(OQ;R"™) : Jp € A s.t. DTx(ni)(w) < £},
where for w € C(0Q;R"™)

AL = {p € WEP(Q;R™) : p(2) — ¢(y) — w(z) + w(y) € int T, () — int Ty, (y)
if ni(z) = e (y) with z # y, and p(z) — w(x) € int ﬁ,k (x) if nx(x) € ON}.

As one can readily check, the sets M,; and M, —are convex as a consequence of the convexity of the
regular tangent cones. Moreover, M, # () by Proposition 5.4 (i) and has nonempty interior in view of
Proposition 3.4.

Next, we claim that M, Nint M, = (. Indeed, notice that if (¢,w) € int M, then A? C T(€), and
therefore (see (6.10)) we have that

DJx(mi){e) = 0> L.

This shows that (¢, w) ¢ M;;, thus proving the claim. Therefore, by the Hahn-Banach theorem there
exists a separating hyperplane, that is, a pair (0,0) # (A9, 00) € R x M(9Q;R") such that

Aol + (og, w) >0, for all (¢, w) € M, _,
Aol + {09, w) <0, for all (£,w) € M,} .

Notice that if w € C(0Q;R™) is such that C,, Nsuppw = @, then (0,w) € M, N M, and therefore
(00, w) = 0. This shows suppog C Cy,. Thus, by Lemma 4.5 we have that oy is a contact force for n.

Let &p be given as in Proposition 5.5 and notice that (2D 7 (k) (tn, r), Ty, &r) € M, by the definition
of M,f . Therefore

No2D T (i) (Eni &r) + (00t &r) < 0. (6.26)

From this we see that Ao < 0. Indeed, since A\g = 0 implies o9 # 0 (by the Hahn-Banach theorem)
and since <00,t~nk§p> > 0 in view of the fact that fnk is a uniformly interior field, then necessarily we
must have that Ao # 0. On the other hand, if Ao > 0 then by taking ¢ > max(0,2DJy(nx)(n.Er))
we get that (¢, fnk ér) € M;; However, in this case we readily reach a contradiction by noticing that
Aol + <007£Wk§F> > 0.

Finally, set o := —09/Ao. Then oy is a contact force for 1, and a simple computation shows that
equation (6.25) is satisfied.
Step 2 (bound on the measure): For o) as above, let o, be defined via

or(t) = o, ter(k—1),7k). (6.27)

By the assumptions on 7ng|r and the local injectivity of 1, we can pick a compact subset K C 9Q such
that 7(t)[so\x is always injective. Then by the action-reaction principle, estimating ||ow | ar(x;rn) is
enough to estimate |lox|[ar(ag;rn)- Wlog. we can choose & from before such that &p(xz) = 1 for all
z € K. Let us use {rtyy, with ¢, € C?(Q;R™) from Proposition 5.4 (i) as a test function. This gives us
(as doy, = gi d|og|, see Definition 4.4), denoting « := sin ¥} from Definition 5.3,

— DTk () (értn,,) = (ok, Erty,) = /aQ Erty, - grdloy| > a/K ltn.llgrldlon] = allokl v mn).  (6.28)

ThllS
llowll < 2
ag RN
EllM(0QiRm) <

(P + DR (s =22 ()~ ) (629)
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Multiplying this by v € C([0, h]; RT) and integrating over ¢ € (0, h)
h
| o @l

2 (" _ s N _
<-2 / (DEG (), () + DR (n, (1), 0me (1)) (F, (1)) = (T (8), T, (1)) w(d) d.

(67

Let us estimate all terms on the right hand side. First,

h
/0 DE(, (1)) (fy, (1))¢(t) dt| < | DE(T,)||oe (w2ry) I, | oe w2y VI || 2 (0,0 (6.30)

and by the energy inequality Theorem 6.3 and by (E.5), we have | DE(7, )|z~ w=2r)-) bounded by a
constant C'g, depending only on Fy. Next, using (2.3) we get

h h
| DR (n, 00,000 0)) i () te) dt| < [ Coll0me (@)waol, Ol e (6.31)
0 0
< Collom- || L2wr2) It | Lo w2y 19l L2 (0,n) (6.32)
and finally
h
/0 —(f- (@), tg_ () 0(t) dt < || fll2ce2lltm, Lo 2y 1] L2 (0,n))- (6.33)

So altogether, given that by Proposition 5.4 (7) fm is bounded in all the norms above by a constant, that

h
1
/ |or ()| a1 (0Qsrmy P (t)dt < ECEO(‘/EJF 19en- [l L2 w2y + | fll 2 22) 1Yl 22 (0,0)) (6.34)
0

Taking a supremum over ¢ such that [[¢||12(,n)) < 1 yields

Cry(Vh + 1107 201y w120 + 1l 2(0.m)%0))- (6.35)

Hence, we have proved that o, € L?((0,h); M(0Q;R")) and moreover the bound is independent of 7,
since by Theorem 6.3 [|0sn7 || £2((0,n);w.2(@)) is bounded independently of 7.
Step 8 (passing to the limit): We have from Step 1 that

N

ol L2((0,n); M 0QiRm ) <

—~

h h
/O DE(®,){¢) + DR(n_, 0in-)(p) — (or, @) di :/0 (fro)dt, @€ WEP(Q;R™).

By the estimate (6.35), using the compactness of contact forces from Theorem 4.6 we have that for a
subsequence of 7 — 0 (which we do not relabel) we have

or = o in M([0,h] x 0Q),

where o is a contact force for 7. Moreover it satisfies the equation (passage to the limit in all of the
other terms has already been established in the proof of Theorem 6.2)

/ODE(n)<s0>+DR(n78m)<<p>—<0,s0>dt=/0 (f ) dt

by a density argument for all ¢ € C([0,h]; W2P(Q;R™)). Moreover by (6.35) and Lemma 4.7 we have
also o € L2.((0,h); M(0Q;R™)) with the same estimate as (6.35), that is
1 NG
lollzz , (o.n)moQrm)) < ECEO ( b+ 110l L2 0,0y w1 2(Q)) + ||f||L2(<o,h)xQ)> ,
finishing the proof. (]

7. PROOF OF THE MAIN RESULT

In this section, we adapt the several steps in the proof of Theorem 2.4 in [CGK24, Section 5] to our
more general situation. Thus, we will again only sketch the arguments that are identical in the case of
regular boundaries and mainly focus on the differences. To make the comparison easier, we keep the
same structure.
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Proof of Theorem 2.2. Step 1: Recall that by using a different approach for the energy inequality, we
were able to obtain the results of the previous section without relying on additional regularization terms.
Therefore, in the current framework, there is no need to regularize the initial data. We can thus skip
this step.

Step 2: For fixed h, on each interval [lh, (I + 1)h], for | € N, we now iteratively apply Theorem 6.2 with

RO (,0) = Rn,b) + 2-bIF2  and  J(t) = f(t) + Zom(t = h) (7.1)

in place of R and f. Here we implicitly set 9;n(t) = n* for t < 0.

Note that on each interval, the energy inequality for the previous interval gives us a control on 0
which guarantees that f is well defined in the next interval. It is immediate to see that if R is given as
in (R.3), then R satisfies (R.3q); in particular, this implies that all the assumptions of Theorem 6.2
are satisfied for all .

Next, we observe that the piecewise constant function defined on the entire interval [0, 7] obtained by
gluing the solutions on the sub-intervals [Ih, (I + 1)h], namely ("), is a weak solution to

O™ (t) — om™ (t — h)
p h

+ DE(n™(#)) + D2R(™(t), 0™ (1)) = f(2), (7.2)

for each h > 0.

Step 3: A closer look at the energy inequalities (see Theorem 6.3) for each interval [lh, (I + 1)h] reveals
that the terms for kinetic and potential energy on each side of the equation cancel when summed up. In
turn, we find that

s 2 S
E(ﬁ(h)(s))+][ th@tn(")(t)HL2 dt+/0 2R(n™ (¢), ™ (¢)) dt

P °
<Bw)+ 515+ [ (10,0 0) @t (73
holds for all s € [0,T]. From this, but also using the properties of E and R, one easily derives uniform
bounds (with respect to h) for
N e L=((0,7):;WP(Q;R")  and 8™ € L*((0,T); WH(Q:R™)). (7.4)

In particular, this implies the existence of a limit deformation 7 and a subsequence such that
n™) = in L2((0,T); W2P(Q;R™),

(7.5)
n™ =5 in WH2((0,T); WH2(Q; R™)).

Step 4: This step is dedicated to improving the convergences in (7.5). This is necessary in order to pass
to the limit as 7 — 0 in the term that contains DE(n®) in the weak formulation for (7.2). To this end,
we first consider the auxiliary function

t+h
b (1) = ][ ™ (s) ds.
t

From the bounds on 9,7 we quickly derive that b(*) € L2((0,T); W2(Q;R")). Additionally, noting
that using (7.2) we have that

_ 2O N 2000 ¢ (20,1 (i) (76)

admits a uniform bound, we can use the Aubin-Lions theorem to prove that b™ converges strongly
(eventually extracting a further subsequence) in L?((0,7T) x Q;R") and we can further identify its limit

with 81577 5 B
Now note that using our definitions for R™ and f, the solution ™ satisfies

3™ ()

T
/0 DEn™ ()((t)) + DaR(n™ (1), n™ (1)) (i2(2)) dt — p(n*, 0(0)) 12

T 8™ (£)—0yn™ (t—h r
+/’p<f"<*ym =1 o)) m:3/ wmxydom$»+/ (@)t dt (1.7)
0 L2 [0,T]x0Q 0

for all ¢ € C([0,T]; WP (Q; R™)).
Now let fnul) be given as in Proposition 5.4, & € C°°(Q; [0,1]) be a cutoff that satisfies &r(x) = 0 for

z €T and &p(x) > 0 for z € Q\ T, and let ¢ € L>((0,T))). We then use &pt, ¢ as a test function in
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(7.7). The rest of this step then proceeds precisely as in [CGK24] and we will thus only highlight some
of the details. B
Note that £, € L>((0,T); C*(Q;R™)). From this we obtain

[ 10 @lsooznitar < = [ [DEGO ©) + Darr® 10,00 0)] ety (1)

(%

(h) () — (h) (— ~
+p<8t77 (t) 2”7 (t h)»gl‘tn(h) (t)>

(), oy <t>>m}w<t> dt. (78)

L2

Taking 1) = 1, we can then proceed exactly as in the corresponding step of Theorem 2.4 in [CGK24] and
estimate all the terms on the right-hand side of (7.8). We recall here that the difference quotient used
to approximate the inertial term can be rewritten as

T T—h ~ ~
) () =8y (t— ~ t(n (t)—tn ) (t+h)
/ p (21 0=0n h)’ﬁrtn<h>(t)>pdt:/ p<3m(h)(t)7§r )Ty > ”
0 0 L2

T h
+ / £ ™ (1), &ty (1) 12 dt — / 20" (t = h), oty (D)= dt, (7.9)
T—h 0

and that the first term on the right-hand is controlled by the bounds on 8tt,q(h) obtained in Proposition 5.4.
Together with the other estimates, this implies that ¢® € L..((0,T); M(0Q;R™)). Consequently,
Theorem 4.6 guarantees the existence of a subsequence (which we do not relabel) such that o(® % ¢ in
M([0,T] x0Q;R™), where o € M([0,T] x 0Q; R™) is a contact force for n and satisfies the action-reaction
principle.

Next we consider the case where ¢ is the characteristic function of a small interval [tg, to + §]. Observe
that En“””) can be constructed in such a way that it is piecewise constant in time and that with this choice,
reasoning as in (7.9), we have that

to+0
(h) (4\_ (h) (4 7
/ P < S 2”] =, Ertym (t)>L2 dt

to

to+90 to
=f p<3m“’) (1), &rtymn (t)> dt —][ p<5m(h)(t),£rfn<h>(t)> dt
to+d—h L2 to—h L2
which can easily be bounded uniformly by the energy-inequality and in fact arbitrarily small, by limiting
the support of En(’” to a smaller neighborhood of Q. Together with the fact that the estimates of the
other terms depend on ||?|| . and thus vanish when § — 0, this implies the absence of any concentrations
in time. Again, we refer the reader to [CGK24] for more details, as the proof of these estimates is
unchanged.
Step 5: With this in hand, using (E.6), we can conclude that

0 < limint / (DE(™) — DE(((n™ — n)) dt

for all ¥ € C°(Q;[0,1]). Again, as in Theorem 6.2, we do not need to deal with the regularization,
making this argument more straightforward when compared to our proof in [CGK24]. The only additional
term we get after integrating by parts is

~ liminf T<6m(h)(~+h)—6m<h)(') W (h) _ )> dt = lim inf T<b(h) VO ( (r) _ )> dt
it ) e ) de =it | 000000 )t

which converges to zero. Moreover, we have that 9,n™) — 9,1 and b» — 9,1, respectively, in L?((0,T) x
Q;R"). Combining these facts with (E.6) we then conclude that ™ (t) — n(t) in W2?(K;R") for all
K compactly contained in @ with dist(K,T") > 0 and for almost all ¢ € [0, 7.

Step 6: The previously shown convergences now allow us to pass to the limit with all terms in the
equation, including the one involving the contact force. This readily implies the existence of a solution
to the full problem with a contact force and therefore completes the proof. O
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STABILITY AND CONVERGENCE OF IN TIME APPROXIMATIONS OF
HYPERBOLIC ELASTODYNAMICS VIA STEPWISE MINIMIZATION

ANTONIN CESIK AND SEBASTIAN SCHWARZACHER

ABSTRACT. We study step-wise time approximations of non-linear hyperbolic initial value prob-
lems. The technique used here is a generalization of the minimizing movements method, using
two time-scales: one for velocity, the other (potentially much larger) for acceleration. The main
applications are from elastodynamics namely so-called generalized solids, undergoing large de-
formations. The evolution follows an underlying variational structure exploited by step-wise
minimisation. We show for a large family of (elastic) energies that the introduced scheme is
stable; allowing for non-linearities of highest order. If the highest order can assumed to be
linear, we show that the limit solutions are regular and that the minimizing movements scheme
converges with optimal linear rate. Thus this work extends numerical time-step minimization
methods to the realm of hyperbolic problems.

1. INTRODUCTION

We study step-wise time approximations of hyperbolic non-linear initial value problems. For
this we consider () C R"™ a bounded Lipschitz domain and a time interval [0,7]. The partial
differential equations considered here are of the form

Oun(t,x) + DE(n(t,x)) = f(t,z) for (t,z) € [0,T] X Q
n(0,z) =mno(z), n(0,x) =n.(x) for v € Q

where E is some energy functional, DE its (Fréchet) derivative, ng, 1. given initial conditions
and f a given right hand side. We supplement the problem with prescribed boundary values.
Our motivational example are the dynamics of largely deforming elastic solids. Therefore one
critical challenge of this paper is to allow for elastic energies that include negative powers of
the Jacobian (see (1.2)). This means the energies can be non-convex and be defined over a
non-convex state space (as for example the space of vector fields with positive Jacobians a.e.).

In the case of a convexr state space, implicit Euler or variational schemes have been studied
exhaustively, see for instance [FD97, CD04, DSET01, Pro08, HP10]. Further in situations where
additionally the energy is assumed to be convex, more approaches are applicable, see for instance
the classical works [Kac86, Pul84]. Note that none of the above literature is applicable for
largely deforming solid evolutions. In particular, none treats non-convex state spaces. Actually,
it seems that the case of a hyperbolic PDE describing largely deforming solid evolutions has not
been treated before. There are so far only numeric results for the quasi-static and visco-elastic
case [BGN10, RT21].

We follow the scheme developed in [BKS23b] where via step-wise minimization a second order
in time evolution was approximated. The heart of the method was to use two different time
scales — the velocity scale T and the (potentially much larger) acceleration scale h. Accordingly,
Oy is approximated as

(1.1)

n(t)—n(t—1) _ nt—h)—n(t—h—1)

8tt77(t) ~ T h T

In [BKS23b] the fact was exploited that for a fixed acceleration scale a gradient flow structure
can be used naturally on the length scale of h. This opened the door to use variational strategies
for hyperbolic evolutions.

In this paper we wish to investigate the potential of the method for numerical
discrete-in-time approximations.

We consider this question worthy since step-wise minimisation is a rather well established
approximation strategy for gradient flows ever since the seminal works of DeGiorgi [DG93]. It

Key words and phrases. Minimizing movements, Hyperbolic evolutions, Time-discretisation, Elastodynamics,
Solids with large deformations, MSC2020 classes: 656M12, 74H15, 74H80, 74B20, 74H55, 74H30.
1



2 ANTONIN CESIK AND SEBASTIAN SCHWARZACHER

has been used widely both for analysis and numerics. See [Kru98, May00, BGN10, BK11, GO13,
LO16, RSS17, MR20, RT21] and the references therein for some examples of applications, but
there are many more.

In this work we analyse the potential of step-minimisation for numerics of hyperbolic problems,
by providing respective stability and convergence results.

The main motivating application are hyperbolic evolutions for elastic solids that may deform
largely [BKS23b, Chapter 3]. A typical example for the elastic energy (see [Bal76, Dac07]) is

1 1
—(c(vnt'vn—=1) - (Vni'Vvn—I) + ————dz, forn, det V>0 a.e. in Q
Ei(n) := /Q 8( ( ) ) (det V)
+00 otherwise.

(1.2)
Here C is a positive definite tensor of elastic constants and a a given exponent. In FE; the first
term corresponds to the Saint Venant-Kirchhoff energy, the second models the resistance of the
solids to infinite compression.

It is the non-convexity of the state space (not of the functional) that precludes using other
approaches such as fived point methods; but a minimizer can still be found [Bal76, Dac07].
Observe that this non-convexity stems from the physical requirement that compressing a bulk
solid into zero volume requires infinite energy.! Hence, this example is a strong motivation for
the utility and potential necessity of variational schemes.

Although largely deforming elastic solids are our main motivation, the scheme has the poten-
tial to be used in other possibly more complicated scenarios. These include fluid-structure inter-
action scenarios [BKS23b], [BKS23a], [KSS23], (elasto-)plastic motions [MR06, MR16, MRS17,
RSS17], also handling damage [MR06] or temperature [MR20, BFK23]. For that reason we
additionally provide abstract assumptions for stability and convergence.

The setting also includes the case of ordinary differential equations in R™. In this setting
the results are illustrated with some numerical experiments highlighting the effects of the two
time-scales on the approximation and the sharpness of our respective estimates; see Section 4.

The current state of the art in the analysis for evolutionary large of deformation solids con-
ventionally assumes the elastic energy to also depend on higher order derivatives. Such solids
are known as hyperelastic solids [Ngu00, HK09, Dog00, KR19] and conventionally add to E;
a second functional Ey: W29(Q) — [0, 00] or Ey: WFoP(Q) — [0, 0c] which is typically of the
form

Es(n) = / (1+|V2p[)e2 \v%]? dx or (1.3)
Q

2
Es(n) = / ‘vkon dz. (1.4)
Q
For the latter one DFEj5 is a linear operator.

In this paper we provide stability and convergence results for the wvariationally constructed
two-scale time-discrete solutions.

All results demonstrated here are valid for arbitrary choices of 7 and h, provided they are
sufficiently small in relation to the non-convexity. This might seem surprising with regard
to the fact that in the analytic results [BKS23b] using the hyperbolic variational scheme the
independent limit passage of 7 — 0 and subsequently A — 0 is essential. This is one of the
reasons we believe the estimates demonstrated here to be relevant for pure analytic applications
independently from its value for numerics, see also Section 1.

Note also that all the presented results presume the absence of (self-)collisions. Collisions
in (visco-)elastodynamics have been analytically treated in [CGK24], where it is demonstrated
that the collision produces a Lagrange multiplier as a surface measure. We consider treating
collisions in the case of fully time-discrete scheme to be of interest, but leave it to a future work.

We include here the main results for the model case presented above and 7 = h. The general
results for arbitrary 7 and h and for general assumptions on DE(n) can be found in Theorem 2.27,
Theorem 3.8 and Theorem 3.5.

ITo see this, consider the following two deformations: identity and rotation by 180 degrees. They both have
finite energy, but their convex combination is a singular matrix, and thus of infinite energy. Therefore the state
space is necessarily non-convex.
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Our main stability theorem deals with the approximation (2.17), which includes a dissipation
term (vanishing in the limit 7 — 0). The dissipation term stabilizes the scheme so that there is
no increase in energy with time. One may see this term as an artificial viscosity of order .

Theorem 1.1 (Stability for the scheme with artificial viscosity). Let E(n) = Ei(n) + Ea(n),
where Ey is given by (1.2) and Ey by (1.3) or (1.4) satisfying g > n or ko > n/2+ 1. Let ny be
the variational approrimation obtained by step-wise minimization

2

2 2

. T
N = arg min —
ne&é

N—NMk—1 _ Mk—1"Tk—2
T T

T

CT2

Nk — Nk—1
VAL L
2

T

+ E(n) +
L2
where & is defined in (2.4) and ¢ > 0. Then there exists a 79 > 0 and a ¢y > 0 depending on the
assumptions on E, the initial data and the right hand side, such that for all 0 < 7 < 79 and for
c > cg, the stability estimate
1
)+ 5]

—(fe,mr2, (1.5)
L2

2
T~ Mt
T

&

1 2 L .0
< (Blw)+ 3l + 3 11 amen )

1s satisfied whenever the right hand side is finite and (nk)kzl,...,LT/rJ does not reach a collision.

L2

Next we show that (given uniform convexity of the leading term, which is the case for both
(1.3) and (1.4)) one obtains an energy estimate also for the direct approach, meaning without
the extra dissipation term. In this case energy can increase in time, even in the case f = 0,
however note that the increase is controlled by (1 + 4C72%k) < (1 +4C7T) — 1 with 7 — 0.
Though this stability estimate is weaker than the previous one, we include it as it is of possible
interest due to the easier implementation of this scheme.

Theorem 1.2 (Stability of the direct approach). Let E be as above and moreover Ey be uni-
formly convex. Let ny be the variational approximation obtained by step-wise minimization
N—Ne—1 _ Mk—1"TMk-2 2
T T
T

. T2
N = arg min —
ne&

+E(77) - <fk777>L27 (16)

L2

where & is defined in (2.4). Then there exists a 19 > 0 depending on the initial data and the
right hand side, such that for oll 0 < 7 < 719, the stability estimate

1 ‘ Mk — Mk—1 ?

E(me) + 5 ~

2 12
is satisfied whenever the right hand side is finite and (g)g=1,.|1/7| does not reach a collision.
The constant C' depends on the given data only.

1 1
< (B0 + 3 11+ 5 1 oaey ) (- 4C72%),

In the case of a linear higher order term (i.e. corresponding to the case (1.4)) we prove
that solutions are unique and hence the scheme converges (for arbitrary initial data). If the
initial data is smooth we deduce that the scheme converges with a linear rate (note that in the
statement below, both sides of the inequality are squared). This result is valid for both schemes,
the direct approach as well as the approach with artificial viscosity.

Theorem 1.3 (Convergence rate). Let E(n) = Ei(n) + Ea(n), where Ey is given by (1.2)
and Ey by (1.4) satisfying ¢ > n or kg > n/2 + 1. Let further n be the solution of (1.1)
with boundary values (2.10), (2.11). We denote the error e, = ni — n(Tk), where ny is the
variational approximation obtained by step-wise minimization defined by (1.5) or (1.6). There
exist constants C,C and 19 > 0 depending on the given data, such that for all 0 < 7 < 79 the
following convergence rate estimate holds

1 2 1

37"+ 3

2
€k — €k—1
T

g T2CT601kT,

L2
whenever the data has the following higher regularity

nosmx € WHO2(Q),  f € W22((0,T); L*(Q)).

Please observe that the rate shown here is the same as is known to be optimal in the case
of parabolic evolutions with convex energies. Nevertheless we include some simple numerical
experiment in Section 4 that shows the optimality of the rates shown here. In particular this
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simple example shows already that choosing 7 = h seems to be the optimal choice in general,
which is in accordance with the estimates in Theorem 3.8.

To close the estimate we show higher regularity for the W*o-2-case (1.4), see Theorem 3.5 for
the full statement.

Theorem 1.4 (Regularity). Under precisely the same assumptions as in Theorem 1.3, we find

am € L=((0,T); Wir(Q)),  dun € L=((0,T); WH(Q)),  dun € L=((0,T); L*(Q))

loc

and AR gy € L>=((0,T); L*(Q)), with natural bounds.

We note here that the difference of the hyperbolic to the parabolic case is that more regularity
for the initial state and external forcing has to be assumed, as no smoothing effect over time is
available.

In conclusion, the variational time-discrete approximation possesses very strong properties
regarding the question of stability and convergence. Indeed, for a family of non-convex and non-
linear settings, which are in some sense of lower order, the respective hyperbolic evolution has
the same stability and/or convergence properties as in the convex and/or linear case, provided
the term of leading order is convex and/or linear.

Remark (Evolutions with dissipation potential). The stability and the convergence estimate
are both valid in the presence of dissipation under rather general assumptions, which can be
checked easily using the methods introduced in this paper. We decided to put our focus on pure
hyperbolic motions here, since even so hyperbolic motions are physically very relevant, much
less analysis is available in that regime. Indeed, surveying the state of the art in elastodynamics
including large deformation shows that in most analytic results a dissipation potential for the
elastic deformation is assumed. This was in particular the case in the recent existence result
allowing for inertia [BKS23b, Section 3.

Remark (Relevance for existence theory). The stability and regularity result seem to have
the potential for future use in analysis. Already in the existence theory, obtaining a hyperbolic
energy estimate that is given here in form of a stability estimate on the T-level was previously
not known and allows to circumvent the testing of 0;n on the h-level as was done in the previous
literature of the method [BKS23a, BKS23b].

Reversively the regularity theory allows to show that d;n is also a test-function a-posteriori,
which allows for precise uniqueness and/or the quantification of distances between solutions.

1.1. Structure of the paper. The paper consists of two main parts, Sections 2 and 3, and is
supplemented with a numeric experiment in Section 4.

Section 2 is about the stability question. Here we first clarify the abstract assumptions
necessary for the stability in 2.1, and the particular assumptions for elastodynamics 2.2. For
these we show that they are satisfied for the leading elastic example in 2.4. Second, we provide
some general Gronwall inequality for discrete schemes with two scales in 2.5, which will then
be used to show the stability. This is one of the technical highlights of this part, another is the
critical non-convexity estimate for elastic energies in 2.3. The variational time-stepping scheme
is introduced in 2.6 and the stability estimate is then proved in 2.8-2.10.

In Section 3, we focus on the case of elasto-dynamics for which we explicitly prove regularity
and convergence rate. We also provide abstract assumptions at the beginning of the section. In
3.1 we show in-time regularity for hyperbolic elastodynamics. Theorem 3.8 is then proved at
the end of the section.

We conclude the paper with some numerical experiments in Section 4 that imply that the
rates are optimal, that the appearance of 7y in the stability and convergence results is necessary,
and the loss of convergence in case h and 7 differ. The experiment is merely to show that our
results are in coherence with expectations from the ODE theory. We leave the implementation
for largely deforming solids to a future work.

2. STABILITY

2.1. General setting for stability. We formulate our problem of interest in a rather general
case. Let X be a reflexive Banach space, which densely embeds into some Hilbert space H.
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Further, let & C X be a weakly closed subset. Let the energy E: X — (—o0,00] satisfy
Assumptions 2.2 below. We consider the problem

Oun+DE(n)=f in X*, ae. on (0,7)
n(t) € 5 for a.e. t € (0,T) 2.1)
n(0) =
9 (0) = 1

where DE denotes the (Fréchet) derivative of E. We assume that the initial conditions and the
right hand side have

meX, neH, feL*0,7T);H).
For convenience we denote

L>=((0,T7);E) ={n e L>*((0,T); X) : n(t) € £ for a.e. t € (0,T)}. (2.2)

Now we define the notion of weak solution to the problem above. By (, )i resp. (, )x we denote
the scalar product on H resp. the duality pairing between X* and X.

Definition 2.1 (Weak solution in general setting). We say that

n € L¥((0,T):€) with [E()|peory <o and e L¥((0.T); H)

is a weak solution to (2.1) if? (0) = ng and

T T
(s 0 (0)) 1 + /O (0,80} 11 + (DE(n), 0)x di = /O (f.)u dt

for all p € L2((0,T); X) N W12((0,T); H) with ¢(T) = 0.

Assumptions 2.2. The energy F: X — (—o00, 00| satisfies the following assumptions:

A1) E(n) <oofornek.

.2) There is Epiy > —oo such that E(n) > Eyy for all n € X.

.3) E is Fréchet differentiable at each € int £, and DE: int £ — X* is strongly continuous.

4) E is coercive in the following sense: for every Epni, < K < oo the sublevel set {n € X :
E(n) < K} is bounded in X.

.5) There is a Banach space Z, such that X C Z, and a linear operator L: Z — Z* which is
bounded, symmetric and elliptic (meaning that for some A > 0 it holds (Lz, z) > \||z||%
for all z € Z), such that E satisfies the non-converity estimate in Z: For every Ep, <
K < oo there exists C' depending on K such that

(DE(m),m —no) = E(m) — E(no) — C |m — moll%
for all n1,np € € with E(n1), E(no) < K.

The non-convexity estimate is exactly what will enable us to prove the stability of our ap-
proximation. Important is its relation to £, which can here be any weakly closed set.

The operator L will be used to produce an artificial stabilization in the approximation (2.23).
In this setting it will be enough to have the non-convexity estimate in Z. In case we do not
include an extra stabilization term, we can obtain a stability estimate (see 2.27) under the
stronger assumption

(A.5’) E satisfies the following non-convexity estimate in H: For every Fuyi, < K < oo there
exists C' depending on K such that

(DE(m),m — o) = E(m) — E(no) — C'llm — ol 3

for all n1,np € € with E(n1), E(no) < K.

2Note that since n € W">°((0,T); H), the value n(0) € H is well-defined.
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2.2. Setting for elastodynamics. As the most prominent application we present the case of
dynamic evolution of an elastic solid. The solid is described in Lagrangian coordinates. This
means that there is a bounded Lipschitz reference domain  C R™, and at each time ¢ the solid
is described by a deformation n(t): @ — R™. Then we seek n: (0,7) x Q — R™ a solution to
the equation

oun+ DE(n) = f in L*(Q), a.e. on (0,T),
n(t) e & forae. te (0,7)
0) = no,
1(0) = 10 (2.3)
9 (0) = 1.
n(t,x) =z, zelp,

on(t,z)=v, zely
for given initial conditions and the right hand side

m€E, m€L*Q), feL*(0,7);L*Q)),

where 'pUT'y = 0Q and |I'p|4—1 > 0. Here we denote by v the outer normal to Q) resp. by 0,
the corresponding normal derivative. Further boundary conditions for higher order derivatives
naturally appear depending on FEs. For more details see the remark on boundary conditions at
the end of this subsection.

In any case the set of admissible deformations is

&= {7] € X :n@) = /QdetVndx, nlrp (z) =z for x € FD}, (2.4)

where the function space X is one of the following two cases:
X =W>»(Q) or X =Wn2Q). (2.5)
We will henceforth refer to the former as the W29-case and to the latter as the Wk0:2_case.

Regarding the exponents, we assume either

g>n or ky>n/2+1. (2.6)
Note that in particular if n = 2 or n = 3, in the W*0:2_case it is enough to choose kg > 3. In
both cases we have the compact embedding X cC C1*(Q) for 0 < a < min(1, ap), where either
ag=1—-n/q or ag=ky—1—n/2. (2.7)
The condition |n(Q)| = fQ det Vndz is called the Ciarlet-Necas condition and it entails a.e.
injectivity of 7, cf. [CN87]. We can readily see that £ is weakly closed, as the condition is stable

under weak convergence in X.

Remark. It may be worthwhile to comment on the exclusion of self-contact, which is presumed
for all of our results. Firstly, by (E.3) it follows that deformations of bounded energy are locally
injective. More precisely, in dependence of the energy Ej there exists a radius dp > 0 such
that all deformations n € £ with E(n) < Ey are injective on all subsets of radius at most d.
Secondly, every globally injective deformation has an L?-neighborhood of radius 7y (depending
on Ejy) such that all deformations in this neighborhood are globally injective. This means that,
at least for short times, collisions are excluded. For a more detailed discussion including proofs,
see [BKS23b, Section 2.1].

Recall the notation (2.2) and also denote
W5 (Q) = {u e W**(Q) : ulr,, =0} (238)

Now we define the weak solutions for elastodynamics, consistently with the general Defini-
tion 2.1.

Definition 2.3 (Weak solution for elastodynamics). We say that n with
n € L2((0,7);€) with  [E®)|| ooy <00 and 9 € L¥((0,T);L*(Q)).  (2.9)
is a weak solution to (2.3) if
T
0

T
/0 (@i, 046) + (DE(), 8)dt + (1., 0(0) = [ (1.6t
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for all ¢ € C>°([0,T]; C*°(Q;R™)) with ¢ 1yxr, =0 and ¢(T') = 0.
Now let us specify the assumptions of the elastic energy.

Assumptions 2.4. We assume the energy F: X — (—00, 0] can be written as the sum

E(n) = E1(n) + Ea(n)

and E., E5 satisfy the following assumptions. There exists a density e for F, that is e: R™*" —
(—00, 0], such that Fj is of the form

El(n):/Qe(Vn)dw, ne X,

and moreover it holds:

(E.1) e € C*(R}2",), where Ri%" = {M € R™" : det M > 0}.

(E.2) There is epyin > —oo such that e(§) > epiy for all £ € R™*™.

(E.3) For all K < oo there exists ¢g > 0 such that for each n € X, E(n) < K implies
det Vnp > g¢ in Q.

(E.4) For (a sequence of) £ € Ry1Z ) with det{ — 0 it holds e(§) — oco. Further, for £ € R™*"
with det £ <0 it holds e(§) = oc.

(E.5) Ej5 is convex, coercive (in the sense that sublevel sets of Eo are bounded subsets of X)

and Fréchet differentiable on X.

Analogously to the general case (i.e. (A.5) and (A.5’)), we include separately the stronger
convexity assumption that allows to use the approximation without extra stabilization term.

(E.5") Fy is uniformly convex on W?2?2(Q). This means there exists ¢ > 0 so that it holds for
allne X and we X
2
(D*Ea(n), w @ w) = ¢||[VAwl[ 12 g -

Note that in contrast to the abstract setting, we do not assume the non-convexity estimate
(A.5). In fact, it will be proven in Lemma 2.6 that this estimate follows from the other properties
and (E.5).

Remark (Notation). To avoid confusion with derivatives, we denote the gradient of n: @ — R"
with respect to z € @ by V (or V), whereas the gradient of e: R"*™ — R will be denoted by
Ve. Similarly for higher derivatives. Moreover, the derivative of E (resp. E; or Ej) will be
denoted by D, to emphasize that it is a derivative of a functional on the infinite-dimensional
space X.

Remark (More general boundary conditions). For simplicity we take throughout the paper the
assumption that we have boundary conditions

g(z) =z (2.10)

as otherwise the estimates do not change significantly but are much harder to follow. In the
case of general boundary function g that is assumed to be extended to @) by G in an appropriate
sense (here it means in some Sobolev space W*?(Q) and with strictly positive Jacobian) we can
define

n(t,x) = g(zx) for (t,z) € [0,T] x I'p and 9,(n(t,z) — G(z)) =0 on [0,T] x T'y. (2.11)
The related testing space to these boundary conditions is
W={pecWH(Q) : ¢(x) =0 for z € Tp}.

For the higher order derivatives the respective boundary conditions of Navier type are defined
via Fy : WEP(Q) — [0, 00], such that

DEy(5 - G) € (WH(Q) n W)*
In the example of the k-Laplacian E»(n) = 1 |, 0 |V¥ 3|2 dz this becomes

/ V(1 — G) - Vi d = / (A (- G) - ddz,
Q Q
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which means additionally to (2.11) that
9,AF1(n —G) =0 on 'y,
9, VF 1= 1Al(n — G) =0 0on 8Q for I € {0, ...,k — 2}.
2.3. Non-convexity estimate for elastic solids. As was indicated already, the non-convexity
estimate (A.5) is essential for the stability estimates. Previous versions of this estimate in the
literature do not allow the estimate for general distances, see [MR20, Proposition 3.2].

As a first step, we show that e and its derivatives are uniformly bounded, with bound de-
pending on the energy only.

Lemma 2.5. Let K € R. Then there exists a Cx € R such that every n belonging to the weak
solution class (2.9) with |[EM)| peo((o,ry) < K satisfies

e(Vn), [Vee(V)|, |VEe(Vn)| < Ci, i (0,T) x Q.
Proof. Using the assumption (E.3) we see that
detVn >ep in (0,7) x Q

with €9 depending only on K. Moreover, since X is embedded into W, we see that, by
boundedness of E, |Vn(t,x)| < C, where C' depends on K and the embedding X C Wi,
This means that

Vn(t,z) € K:={M e R™" : det M > &y, |M| < C}.

Since K is a compact set contained in R33” ) where e is C? by (E.1), we know that e, Ve, Vge

are bounded on K. Since K depends only on K, the proof is finished.
Now we will estimate the non-convexity of E; in terms of the distance of gradients.

Lemma 2.6 (Non-convexity estimate (I)). Suppose that we have no,m € E with
E(WO)aE(nl) < K <oo.

Then there exists a constant Cy depending only on K such that
(DE1(m),m — o) > Ex(m) — E1(mo) — C1 V1 = Vol |72 -

Proof. Throughout the proof, any constant named C; with any index ¢ depends only on K. By co-
ercivity of E following from (E.5), we have that ||no|| v , |71l x < Ck and thus ||Vl oo, |Vl e <

Cw. Let g9 be the lower bound on the determinant from (E.3), corresponding to K. Now the
set

A={M e R"" :det M > eg,|M| < Cx}
is compact in Rj%” ), and
B={MeR"™" :det M >¢¢/2,|M| <2C}

is likewise compact in Ry3% ), with A C int B. So there exists r > 0 such that B.(A) C B, in
other words,

for all A € A and for all B € R™",|B — A| < r implies B € B.

Now let us split our expression in two parts:

(DEy(n1),m —no) = / Vee(Vm) = V(m —no) do +/ Vee(Vm) : V(m —no) da.
{IVnm—Vmno|<r} {IVm—=Vno|>r}

For the second part, we recall from Lemma 2.5 that [V¢e(Vn)| < Ck and we get
C
/ VeelVm) : Vm —m)do =~ vy~ Tl
{IVn1—Vnol>r} r

Let us now for 6 € [0, 1] denote 1y = 0n1+ (1 —0)no. Then for the first term, we apply pointwisely
(i.e. for each z) the Taylor theorem of the second order (with respect to ). So we obtain that
there exists 6: @ — [0, 1] such that

Vee(Vmr) : V(g — o) de = / e(Vm) —e(Vno) + Vge(Vng)(Vm — Vno, Vi — V) dx
{IVn1—Vnol<r} {IVm—Vno|<r}



IN TIME CONVERGENCE OF HYPERBOLIC APPROXIMATIONS 9

=Emm—Emm—/eWm%ww%m%+ V2e(Vg) (Vi — Vo, Vi — Vi) da
{IVn1—Vno|>r} {\Vm Vno|<r}

The middle term we estimate similarly as before
Ck
/ (V) — (Vo) d > 2K ||V — V>
{IVm—=Vno[>r}

It thus remains to estimate the last quadratic term, namely it suffices to show that
IVZe(Vng)| < Cy on {|Vm — Vol < r}.

Due to our assumption, we have Vng(z), Vi (z) € A for all z € Q. Therefore if |V (z) —
Vino(z)| < 7, then Vg, (7) € B. So the inequality holds with Co = maxp |V§e|, which is finite

due to e € C? (RixZ,) and B being compact in ]R{det>0 Putting together all the inequalities, we

see that we proved our claim with C; = CK + 2 X+ Cs. Il
Lemma 2.7. Assumptions 2.4, (E.1)~(E.5) imply Assumptions 2.2, (A.1)—-(A.5).

Proof. 1t is readily seen that (E.1) implies (A.1) and (E.2) implies (A.2). The Fréchet differ-
entiability of £ on int & follows from (E.1) combined with (E.3), as then we can see that the
derivative at 1 € int £ in the direction v € X is then

(DE1(n) /Vge Vn) : Vydz,

differentiability of Fs is already assumed in (E.5). This shows (A.3). Coercivity (A.4) is thanks
to (E.5) and the fixed boundary values on I'p. The non-convexity estimate (A.5) follows from
Lemma 2.6 and (E.5). O

In case no stabilizer is considered the argument needs to be refined, which is done by
Lemma 2.8: By interpolation and using (E.5’), the W22-uniform convexity of E, we can es-
timate the non-convexity of E in terms of L? distance only. This is shown in the following
lemma.

Lemma 2.8 (Non-convexity estimate (II)). Let Ey satisfy additionally (E.5’) and suppose that
we have ng,m € £ with
E(m), E(m) < K < oo.

Then there exists a constant C depending only on K such that
(DE(m),m — no) > E(m) — E(no) — C'llm — ol 72 -

Proof. Using Taylor theorem of the second order, we get for some & € [0, 1], ne = &m + (1 —&)mo

(DE2(m),m —no) = E2(m) — Ea2(no) + %<D2E2(77§)7 (m —m0) ® (m — o))

2
> Ey(m) — Ea(no) + ¢ ||V (m — no)| 1 -
Interpolate (thanks to fixed boundary values on I'p)
2
C1 ||V — Vinoll72 < ¢ ||V2m — V20| 12 + C llm — ol -

Combining these two inequalities and plugging this into the result of Lemma 2.6 gives the desired
result. OJ

Lemma 2.9. Assumptions 2.4 (E.1)-(E.4), (E.5’) imply Assumptions 2.2 (A.1)-(A.4), (A.5).

Proof. The non-convexity estimate (A.5’) follows from Lemma 2.6. The validity of (A.1)-(A.4)
has already been shown in Lemma 2.7. O

Let us now in the equation (2.3) rewrite the term DE;(n) in terms of e. Assume 7 lies in the
spaces (2.9) and compute the Gateaux derivative at n(t) € £ in a direction v € X. Recall that
X C W22(Q) so we can use the chain rule to obtain at time ¢

(DE1(n /Vge M) Vpy = / Z 8516 Vn)0z,y / Z O, 8516 Vn))v;

3,j=1 1,j=1
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= —/ > eV = —/ Vie(Van) : Van -y
Qijpi=1 Q

then by the previous Lemma 2.5 we see Vge(Vn) € L>((0,T) x Q) and V?n € L?((0,T) x Q),
so then DE;(n) = —Vge(vxn) : V2n € L2((0,T) x Q) in the usual sense.
So then our equation (2.3) can be written as

Oun + DEy(n) — Vie(Van) : Van = 0.

2.4. Prototypical energy. As a prototype of the highest-order convex regularizing part of the

energy we can put
2 = 1/ ’vkon
2@ 2 Jg
1

if X =W29Q): Eq(n) = / (14 V2542 | V2| dz. (2.13)
q9.JQ

They are both uniformly convex thus satisfy (E.5’), the latter thanks to ¢ — (1+¢|)?~2|¢|? being
uniformly convex. Further, the ¢-biLaplacian

1 1
Es) = [90l)= 5 | 9707 (214

1 2
X = WRQ): Baln) = 5 Hvkon da, (2.12)

or

satisfies the convexity (E.5), but not the uniform convexity (E.5’).
As there is no difference in the analysis we simplify the physical energy (1.2) to its determinant
part and use as prototype of the energy density for F;

1
e(€) = { (et dete>0 (2.15)
0, deté <0

with a > n/ag (recall that ag is defined by (2.7)). It can readily be checked that the next theory
also holds for E; being in the form of (1.2).

Theorem 2.10. The prototypical energy Ey defined in (2.15) satisfies Assumptions 2.4 (E.1)-
(E.4).

Proof. We only need to check the lower bound on the determinant (E.3), since all other properties
are clear. This is essentially proven in [HK09], but for completeness we give a concise proof here.
Let n € £ with E(n) < K for some given K < co. Thus we have by the coercivity of E on X
a bound on 7 in X, thus also a bound on ||Vn|s0.. and therefore ||det V|| oo < co, wWhere ¢,
depends on K.

Because the boundary of @ is Lipschitz continuous, there exists a constant ¢z > 0 and a
8o > 0, such that for all § € (0, o] we have for all z € Q

|Bs(z) N Q| > epd™.

Let zp € Q be such that det Vn(zg) = min, 5 det Vi(z) > 0. Put &9 = min(det V(zo), o5)

and take 0 < 0 < dp arbitrary. Therefore, for z¢ € @ such that det Vn(zg) > ¢ we have

1 1
K> E(y Z/dmz/ S S
() q (det V)@ Bs(z0)n@ det Vn(z)®

1
> dx
- /Bg(xo)ﬂQ (det Vip(xo) — [ det Vi(x) — det Vip(zo)|)*

> / ! de > o
> ——dzx > .
Bs(z0)NQ (50 + Ca(sa)a (60 + caéa)“

1/

As § was arbitrary number smaller than dg, we can choose § = ¢, % and obtain

n/a
€p n/a—a CL

= “Lleg + cazg)® 0 (14 ca)®
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and since n/a — a < 0, we obtain

K
det Vn(xg) > €9 > <(
CL,

Since the right hand side depends only on K, this gives the lower bound on det Vi and proves
(E.3). O

Remark. For the prototypical energy density we can calculate more explicitly the bounds from
Lemma 2.5 as follows. Directly from (2.15) see that

e(Vn) < 561/‘1.
Next, we compute the first and second gradient of e. We have, as V¢ det { = cof &,
a
v§€(§) = —W COff,

so the lower bound on the determinant (E.3), along with the bound on ||V7||; « suffices to bound
Vee(Vn).
For the second gradient we compute

2 P it 3 0, t=korj=I,
Ve(det§) = ( 55(—1) det f}-)i,j,k:,l = (— 1) R+ det 5;;1; olse .
Z7j7 b

where 5; is the matrix £ with row ¢ and column j deleted, likewise for 5% there are rows i, k and

columns 7,1 deleted®. Therefore for our prototype we have for any ¢ € R2%"

det>0
Vge(f) = (Z(ei;)a?? cof £ ® cof & + ﬁvé(mf@
or in components after plugging in ¢ := Vn this reads as
Vee(Van)
e det (V)L det(V)F, =k or j=1,
%(-n”j—%” det(Vn)ié det(Vn)f + (—l)i‘*‘j"'rk”W det(Vn);:’l“, else

i’j)k’l
so again, the lower bound on det V7 and the bound on ||V7||;« suffices to calculate an explicit
bound on |V§e(V,ﬂn)|.

2.5. Gronwall-type inequalities. To show the stability and convergence rate of our scheme
(introduced in the next section), we will make use of some inequalities of discrete Gronwall
type. For completeness, we start with the classical version of the Gronwall inequality, including
a short proof.

Lemma 2.11 (Discrete Gronwall inequality). Let ag,...,a, > 0 and cg,...,cn—1 > 0 satisfy
k—1
a §a0+ZcZai, k=1,...,n.
=0
Then
k—1 k—1
ar, < agp H(l—i—ci) < ag exp (Zc@> , k=0,...,n.
=0 =0

Proof. By induction, we prove the stronger inequality
k—1 k-1

ag + Z cia; < ag H(l + Ci).
i=0 i=0

For k =1 both sides are equal to ap(1 + ¢p). Then for £ > 1 proceed by induction

k—1 k—2 k—2 k—2 k—2
ao—l-z cia; < ao—l-z cia;i+cp—105—1 < ap H(l—i-ci)—i-ck_lao H(l—l—ci) = aop(1+cp_1) H(H—Ci)
i=0 i=0 i=0 i=0 i=0

3If after deleting we would have 0 x 0 matrix, this determinant is defined as 1.
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which concludes the proof, using 1+ ¢; < e to obtain the second inequality. O
In fact, it will be more useful for us to shift the indices by 1.

Lemma 2.12 (Discrete Gronwall inequality, shifted k). Let ag,...,a, > 0 satisfy with 0 <

Cly...,cp <1
k

ag §a0+ZC¢ai, k=1,...,n.
i=1
Then it holds

akSaOH(l—Ci)_l, k=1,...,n.

In particular, if also ci,...,cn < 1/2 then

k
ar < agexp <2Zci> , k=1,...,n.

i=1
Proof. For k =1 we have a1 < ag + c1a1, so it is enough to subtract cyja; and divide by 1 — ¢;.
For k > 2 proceed by induction. Write

k k—1 7 k—1 i—1
ap < ag + Z;cz‘ai <ap+ Z;ciao Hl(l —¢j)  +ager, = ap + 2 7 fzciao 1_[1(1 — ;) +agey,
1= 1= J= 1= j=

subtract cxay and use % = (1 — ¢;)~! — 1 so that we get a telescoping sum

k—1 k=1 i-1 k—1
a;{;(l—ckj)gaoﬂ—z:(l—cZ aOH 1—¢j)” Z Hl—c] :aol_[(l—ci)_1
i=1 =1 j=1 i=k

which is, after division by 1 — ¢, What we wanted.
In the case that ¢; < 1/2 we can use (1 — ¢;)~! < 14 2¢; < €% to obtain the second
inequality. O

Remark. Notice that the requirement ¢; < 1 is natural here, since for ¢; > 1 the inequality in
the assumption does not pose any restriction on aj;.

The following version of Gronwall inequality, including a square-root term, will enable us to
get the natural estimate with the forcing term f being present in the equation.

Lemma 2.13 (Discrete Gronwall inequality with square root). Let aq,...,a, > 0 satisfy with
€oy---Cp—1 >0 and dy, . ..dp—1 > 0 the inequality

ar < ag—1 + cg—10p-1 +dp_1y/ag—1, k=1,...,n.
Then it holds
21

ak<<\ﬁ+ Zd) H1+ci)_<\ﬁ+ Zd) X0 k=1,...n.
=0

Proof. We show the first inequality by induction on k. For k& = 1:

d 2 2
ajy Sao—l-coao-i-do\/%ﬁ <\/%+ 20> + cpag < <\/7-|- > ( +CO)-

Now if the inequality holds for k£ — 1, we get

2
ar < ap—1 + cg—1ak—1 + dp—1/ar—1 < (\/ak 1+ kl) (14 ck—1)

k—2 2 k=1 \ Zk-1

((r+ Zd> [Iviva+ o ) 1+ < (r+ Zd> Tl
=0 =0 =0

so the first inequality is proven. To show the second one we conclude with 1+ ¢; < e“. ]

In fact we will need a version with index on the right (that is, at the a; and dj coefficients)
shifted by 1, which is needed due to using an implicit scheme in our approximation that we shall
introduce.
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Lemma 2.14 (Discrete Gronwall inequality with square root, shifted k). Let ag,...,a, > 0
satisfy with 0 < c¢1,...,¢c, < 1 and dy,...d, > 0 the inequality

ap < ag_1+ cpap +dpJag, k=1,...,n.
Then it holds

1-—c)™, k=1,....,n
1

k

k 2
d;
ap < (x/ao + Z )
im1 \/1—61' .

)

In particular, for 0 < ¢; < 1/2 we have also

k 2 k
d;
akﬁ(\/GO‘FE > exp(ZE ci>, k=1,...,n.
o Vi i—1

Proof. Proceed to show the first inequality by induction and assume it holds for k—1. For k£ =0
the inequality is trivially true. Rewrite the assumed inequality to

(1 —cp)ar — dpr/ag < aj_1,
so that by completing the square on the left we get
2
dy;

From this, we express ag, and use vA + B < A+ /B to obtain
2

a (0770 AL _ .
k= M A0 =) VI —an | l—e S \VEYT T ) 1—ck

Thus by induction

L S k-1 _ d 2 1
ak§<<\/%+;\/l—ci>ir[1 (1-e) 1+\/1—ck> 1—cp

<agp_1+

which proves the desired inequality. Finally, note that for 0 < ¢; < 1/2 it holds (1 — ¢;)™! <
1 4 2¢; < €%% proving the second inequality. O

Two-scale Gronwall inequalities. Here we state the two-scale analogues of Lemma 2.12 and
Lemma 2.14, respectively. The particular form of the inequality is suitable to estimates of
solutions arising from the minimization scheme (2.17).

Theorem 2.15 (Two—scale Gronwall inequality I). Let M, N € N and let us have the sequences
ai,bi,dﬁ >0,k=0,....N, £=0,...,M — 1 satisfying aé = ag\,_l, bg = bfv_l, L=1,..., M.
Assume we have for some 0 < ¢ < 1/2N the estimate

1 1
aﬁ—kﬁbﬁgai_l—f—ﬁbi_l—f-cai—l-cbi—i-dz, k=1,...,N, £=0,...,M—1,

where we put b,;l = b8, k=1,...,N. Then it holds

L N
1
14 4 0 0 4 —4 _
. <ak+szi> < <a0+bo+22dk> e, =1, M-1
i=1 I=1 k=1
Proof. Let k¢ := argmax;_; n aﬁ + % Zle bf. Then we have after summing 1,. ..,k

1 ke 1 ke ke k¢ ke
¢ E : 14 l E : (—1 2 ¢ § 14 2 74
ake—i-ﬁ bkgao—i-N bk +c ak+c bk+ dk
k=1 k=1 k=1 k=1 k=1
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i —i—]{, il lbe (so that oy = maxy—1 . N ai—i—

Now first remember that aO = aN , denote ay := a
N El 1 z) Use the inequalities
1 ke 1 N ke—1
—1 —1 -1 -1 1
Ty b A gt < +—Zb
k=1 k=1
k¢

CZ bt < cNay
k=1
ke

cZaﬁ < ckpay < cNay
k=1

ke N
dod <D d;
k=1 k=1

8o it becomes
N

ap < ap_1+ 2cNay + Z di.
k=1
Summing this over ¢ we get

ag<a0+26NZal+ZZdl

=1 k=1

so applying Lemma 2.12 (using in this lemma ag as ag + Zl 1 Z k=1 di) we see that

ay < <a0+22dl> (1—cN)~

1=1 k=1
which finishes the proof, since g = af) + b}. O

Theorem 2.16 (Two-scale Gronwall inequality II). Let M, N € N and let us have the sequences
ai,bi,dﬁ >0,k=0,....N, £=0,...,M — 1 satisfying aé = agv_l, bg = bgv_l, L=1,...,M.
Assume we have for some 0 < ¢ < 1/N the estimate

1 1
a£+ﬁbigai_ﬁﬁbﬁwcbﬂd,ﬁ,/bg, k=1,...,N,{=0,...,M—1,

where we put b,;l = b8, k=1,...,N. Then it holds

¢
1
max a—|— bg ad + b + ——

Proof. Let kg := argmax,_; y ak ~ Zl 1b£ for £ =1,...,N. Then we have after summing

over 1,...,ky
) be ab + — Zb“JcmbﬁJerE\/;f
¢

Now denote oy := aj, + + k ¢, b (so that oy = maxy—y1, naf + + Zl L bf), remember that

ag = aﬁv L and we see

af + — Zb“< g Zb“<a“
ke

cz bf; < cNaoy
k=1

ko ) 1 ke N
D i/ < | VI Db <\ N (e
k=1 k=1 k=1

k=1

(1—eN)50=1,...,M~1.

ak
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so that in total the inequality reads

N

ar < ap1+cNoy + NZ(d@Q\/ae
=1

Now we use the discrete square root Gronwall Lemma 2.14 with shifted index for ay. This yields
2

¢ N
1
ap < | Vag + —— N d)? 1—cN)™*
which is the desired inequality, since as before ag = a8 + 68. O

2.6. The numerical scheme and the definition of stability. Let us now define an appro-
priate notion of stability for a scheme approximating the solution of (2.3). For this we will
perform some heuristical formal a-priori estimates.

Assume formally that 7 is a solution and that 9;n is an admissible test function. For the
purpose of our formal estimates, assume that it holds

(DE(n), dm) = 0:E(n). (2.16)
This is a formal application of the chain rule. Then using a test function 0;n gives
1
50 101> + (DE(n), dim) = (f,0m) < || £ll12110en]l 2.

Using this, it follows using a square-root Gronwall type argument that

¢ 2
;@mm@ﬁ4mm»s<J;ww;+E@w+§Anwpdﬁ

Accordingly we call an approximation stable if it satisfies an appropriate substitute of the above
estimate. This is defined below.

Definition 2.17. Let 7 be an approximation of the solution.* We say that the approximation
is stable if it satisfies with some C' > 0 an estimate

¢ 2
;@mw;+Ewms(¢;mﬁrumm+cAHmpw)-

Let us now introduce the Minimizing movement scheme, that approximates (2.3) with
the appropriate stability. The minimizing movement scheme without dissipation is very similar
and can be found in (2.26).

Consider the following time-stepping scheme, for the two time scales 0 < 7 < h. We follow the
scheme of [BKS23b] with the distinction that we keep our scheme discrete in h. For simplicity
and ease of notation® assume h = N7 and T = Mh with N, M € N. Define the discrete times
tt := ¢h + k7, notice in particular that t§ = t?v_l. Fork=1,...,N and £ =0,..., M define the
approximation via the step-wise minimization of

o || ey T i ? 2 | n—nt |

. - k—1

nﬁ = argmin — T - = + E(n) + - V—— - <fl§777>L27 (2.17)
ne& 12 1.2

-
where we start from the initial conditions 1] := 19 and for £ = 0, the fraction% is replaced
by 7x. Moreover we take 77€+1 = nf\,, since té‘H = tf\,. The constant c¢ is a factor in front of the
regularizer that is chosen large enough to compensate the non-convexity of the energy. It will
be specified during the proof of Theorem 2.22. The term f,f, a discretization of the right hand

side, is defined as

T h
fi= ][ ][ ft + s+ 0)dsdo. (2.18)
0 0

4At this point we do not specify in which sense it is an approximation, apart from saying that 7 lies in the
correct space, that is (2.9).

5Lt is possible to include the cases that h resp. T is not an integer multiple of 7 resp. h, and the resulting
complications of this are essentially notational.
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The reason for this particular choice of discretization of f will be apparent later in Section 3.
The Euler-Lagrange equation of the minimizer indeed approximates the hyperbolic evolution,
as can be seen from Lemma 2.19. In particular a stabilization term of the form —C’TAatf]Ef))
appears.

2.7. A priori bounds on energy.

Lemma 2.18. The minimizer n, € € of (2.17) emists. If ni € OE, then a (self-)collision
occurred.

Proof. Existence follows from the direct method. From the lower bound on the determinant
(E.3) we see that we are away from the part of 0 corresponding to the case when det Vn
vanishes somewhere. In particular, since the minimizer satisfies det Vnﬁ > 0, it is possible to
take variations in all directions if and only if 7}, is injective on 9 (this is well-known [Cia88],
see also the discussion in [BKS23b]). In other words, it holds 7}, € int € if and only if there is
no (self-)collision. O

Now denote the piecewise constant approximation
_(h 12 l l
U((T)) () =y, € [ty ti)
and
#(h ¢ ¢ ¢
FOW) =1, telthinth).

Denote the piecewise affine approximation

t—t ty—t
(h h—1 ¢ ‘ VA
A )(t) =—— Mt kT ne fort € [ty_q,t;),

so that f]((ﬁ)) (h)

(t%) = nf, and Ay is affine on each of the intervals AR
We now can see that this is a time-discrete solution of our problem (2.3), in the following
sense

Lemma 2.19. Assume that no collision happened, that is ni € int& for all k and €. Then it
holds for a.a. timest € (0,T) that
(b . (h
0ui(}) (1) = By} (¢ — h)
h
Proof. Since 7} is a minimizer of (2.17) and it is an interior point, by (A.3) E is differentiable
at ni, and we have the Euler-Lagrange equation

+ DE (7(3(1)) = erdaih) (1) = f(2),

M1 __nﬁ_l_”k:1 L0
= T + DE(nL) — CTM = fL.
h T
Using the notation for the piecewise constant and piecewise affine interpolations above, observe
that it holds

)y _ e~ T .
Oy (1) = f, t € (tp_1,ty)-
From this we see that the stated equation is satisfied for t € (0,7)\ {t{ : k = 1,...,N, £ =
0,...M}, i.e. all times except finitely many. Thus we have proven the claim. O

Approximation of the right hand side. Now we verify that the discretization of the right hand
side is well-behaved. We state two lemmas, first with only one scale, second with two scales that
we use in our approximation.

Lemma 2.20. Let f € LP((0,7); X) with X a Banach space and 1 < p < co. Define

tr

T = furt € [tror,ty), where fx = Fdt.

te—1

Then H?(T)) < [ fllze0,m);x) @nd moreover ?(T) — fin LP((0,T7); X) as T — 0.

LP((0,T);X) ;
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Proof. For the first part, use the Jensen inequality

Lr( OT)X)_Z

k=1
To prove the convergence, fix ¢ > 0 and find g € C([O,T]; X) with [[f = gll o (0,mx) < & By

uniform continuity of g we find 7 > 0 such that |t — s| < 7 implies ||g(t) — g(s)||x < €. Then by
Jensen inequality and the uniform continuity

tr

71

F(t)dt

te—1

< Z " FI dt = 1£1E
X

tk—1

P N 122 12 P
g—g" = g(t) —g(s)ds|| dt
H Lr([0,T];X) ;/tkl ]fkl () (s)
te  pte
<Z/ ][ llg(t) — g(s)|I5 dsdt < TeP.
. . *(T) —(T) _ p
Moreover by linearity f =(f-9) g , SO Hf Lr(0.T)) <|If g||Lp((07T);X) by
the first part. We conclude the proof by the triangle inequality
Z(7) H (1) Hf(‘r) #(7)
_ < _
=7 wiomyx) = 7m0 T =T oo T 7T o
<e+ YTe +e.

g

Lemma 2.21. Let f € LP((0,7T); X) with X a Banach space and 1 < p < co. Extend f by 0
outside (0,T") and define

fk —][ f fti 1+5+U)d5d‘7, f((f))(t) = flfv te [ti—lvti)‘

Then Hf(h)

(1)

< |l Lo (o,r);x) and moreover f((f)) — fin LP((0,T); X) as h,7 — 0.

LP((0,T);X)

Proof. For the first claim, use twice Jensen inequality as follows

LWT—ZZHM >3

=1 k=1
p

p

|7

][ it +s+o0)dsdo

da—ZZ/gl ][ftJrs

(=1 k=1

p
dt</ ][ 17+ 8)|% dsdt = ][/ 17+ $)|% deds

T_
-/,
f 1A oizyiny 45 = 171 0mx

Fix ¢ > 0. Find g € C([0,T]; X) with [|f = gl (0.1, x) < €- Then, by uniform continuity of
g, find hg > 0 such that for all |t — s| < hg it holds ||g(t) — g(s)||x < €. Then, using this and
Jensen inequality, for 7 < h < hg

X
M

kl—i—s—i—a ds dt

]{) f(t+s)ds

M N L’ P
Hg gﬁ :ZZ/ gttt 45+ 0)dsdo|| dt
DX ko e X
M N
ZZ/ ][ ][ Hg gt} +s+a)Hp dsdo dt < TeP.
=1 k=171 X
Further, by linearity f " §E}TL = (f —g)(T) so by the first part Hfgg —EET) ];p((07T);X) <

If—gll”, (0.7):X)" We then conclude the proof by the triangle inequality

(h)  _(h)
f@) =9

+ Hgglg N gHLP((o,T);X) +llg = fHL"((O,T);X)

|76 - 1]

Lr((0,7);X) — H LP((0,7);X)
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<e+ We—l—s.
O

2.8. Stability — elastic solid. We can now state our main stability result for the approximation
(2.17). Note that we have an energy estimate with bound given by the initial condition and the
right hand side, and in particular the energy can not grow in time in case no right hand side is
considered.

Theorem 2.22 (Stability with dissipation). There exists an hg > 0 and ¢ > 0 depending on
E(mo), [nllr2): 1fllr2¢0,m)xq)s the assumptions on E and T', such that for all N = h < hg

if the corresponding approrimation n,‘; does not reach a collision, i.e. satisfies n,‘; €int & for all
k and £, then the following stability estimate holds for all ¢

2
1
< (\/E("?O) t3 71172 + \fHL2((o,hz)xQ)> :
(2.19)

2

1 M — Mo

T

=1 L2

Proof. To ease the notation, the norm ||-|| without any index is the L?(Q) norm, and (-, -) is the
L?(Q) scalar product (or dual pairing of X and X* in the DE terms).

We proceed by induction on ¢. Thus assume that the inequality (2.19) holds for £ — 1 (and
every k), and we want to prove it for £. We first show the following auxiliary estimate for
k=1,...,N:

2
1
¢ 2 2
E(n) < K := <\/E(770) + 5 el + ”f|L2((O,T)><Q)> + ho £ lz2(0,ry <) - (2:20)
For this, take ), as competitor in (2.17), which implies
0 —1_ -1 (|2 2
M Me—1 M Me—1 2 14 14
Th pm — p Y, CT e — M1
- E R | | v AL Sl
2 h + B + 5 VT
2 L2
h 775—1 _ne—1 2
k k—1 ¢ e, ¢
<ol +Emk_1)+ {fes Mk —Mk—1))12-
2 Th
We then find that
0—1 —1 |2 2
T e M e -umﬁ+fiv%_%*
2h T T k 2 T
L2 L2
—1 —1 |2
T || — Mg
< o + E(me_y) + (ff, (e — 1)) 12
2h T
-1 —1 |2 -1 0—1 ¢ V) -1 -1
T M — Mg ‘ ¢ M — M1 ¢ Me =M1 Mg — M1
< op | T+ Bk + [t | P P -
et =t 2 2 |t —nt gt — gt 2
k k—1 ¢ ¢ k— Tk—1 & k—1
S S R R ' -
= = + E(g—1) + b7 || fe]| + o - -

2
on both sides and summing over k, we find that the

0. e =1 01
Mg Mg—1 M "Mk—1

Subtracting o . -

E(nf) term telescopes, so that

k CT2 ?
E(n,) + Z N
i=1

0—1 —11|2
N — i

T

? Vi
vm —MNi—1 2

T

fﬁ

k

-

< E(np) + Z 7
i=1

k
+h27"
i=1

Now remember that we have 775 = nf\,_l and (2.19) with ¢ — 1 holds, so after a Jensen inequality
2
W T < 122 1ymemy <) and 0 < h < hg we show (2.20).



IN TIME CONVERGENCE OF HYPERBOLIC APPROXIMATIONS 19

Equipped with this, we come to the main estimate. Since we assume that ni €inté, Fis

L0
differentiable at 7}, and we can test the minimizer with %, which gives

L0 —1 /—1 9
Mg Meg—1 g "M 6 F 0 V2 ) V2N )
< T T , M — Mp—1 >+<DE(77£), Me — Me—1 >+c¢ vnk Me—1 :< ;f, My — Me—1 >
h T T T
2
Using a(a — b) = “2—2 - % + (“;b) , we obtain for the first term
—1 /—1
nL—n M a1 ¢ ¢
kal k Tkl nt—nt_,
h ’ T
¢ 02 ¢ 0 -1 012 -1 0—12
B n N O I T |
2h T 2h T T 2h T

Now multiply by 7, omit the middle term, use Lemma 2.6 (note carefully that by (2.20) the
resulting constant C is independent of ¢ and k), and obtain

2 2

’ ¢ ¢ ’
T | = -1 Me = Mk—1
— || E —_
5T - +E(mp) 4+ er? ||V .
-1 e-1]? ¢ 0 2
T M — Tk ¢ ¢ e~ Mo 2 [l e — Mk—1
< || | +F L s § L
<= + E(nf_y) + <f - >+cn v
where we precisely here choose ¢ > 2C. Hence
o0 |2 o0 |2
T e — M= ¢ 2l ek~ k=1
— || E C V—o—-""—
2h T + ) + i T
2.21
T 61—77212 Enk M 22
< — || - E Sk TR
=5 - +E(mp_y) +7 -

Using the inequality
77k 1

V4 V4
¢ e — Me—1
< > )|

¢
Tik Me—1
T

1 1 /
l (4 l {— 4

Now we are in a position to use the Two-scale Gronwall inequality with square root, Theo-
rem 2.16. Thus, we obtain

k £
1 /
l l 0 0
i= =

So this reads

k 14
LT
§ < |4/E = >
Jmax | B > < \/ (0) + 5 Il +Hh

Finally we use Lemma 2.21, from which we get by Jensen inequality

we get, denoting af, = E(n}), b%, =

) df; =T Hf,g“ and N = h/7 the inequality

N
N (d)?] , £=1,...,M~-1.

2

77k1

so that the induction on ¢ is finished. O

We also note in the following lemma that we can read an estimate on the additional dissipation
term.
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Lemma 2.23 (Dissipation estimate). Further, the approzimation satisfies

L2((0,T)xQ) - TEE:E:

(=1 k=1

2

n’“ Ll <c (2.22)

cT H@tVn

with C depending on ng, nx, f.

Proof. After summing (2.21) over k and ¢, we obtain

M N
Cry 3 s%rrmrruE(m_Emﬁzz < Mkmu>
/=1 k=1

(=1 k=1

2
77k1

The last term is estimated by

DMCREE NS

(=1 k=1

2
77k1

Since by the stability estimate 2.22 the last term is bounded by a constant, we are finished. [

2.9. Stability — general. For the general case, namely assuming Assumptions 2.2, the mini-
mizing movement approximation (2.17) becomes

2 -1 /—1
CcT n—n n—n
n,i—argmln— T N T +E(77)+7 L L k *<f/$J]>H
7768 T 7

(2.23)
It is readily seen that the argument above for the elastic solids goes through in the general
case. We thus have the following generalized version of Theorem 2.22, including Lemma 2.23.

Theorem 2.24 (Stability with dissipation, general case). There exists a hg > 0 and c¢g > 0
depending on E(no), |0« g, |l 12((0,r);m)» the assumptions on E and T' such that for all N7 =

h < hg if ¢ > co in (2.23) and the corresponding approrimation nﬁ satisfies nﬁ € int £ we have

the stability estimate
: 2
< (\/E(UO) T3 717 + ||f||L2((o,eh);H)> ;

2
<C (2.24)
Z

2

4 l
Ny —Mi—1
T

1
E(nt) + —
x| B + 55 3

H

further the approximation satisfies

771:1

with C' depending on ng, N, f.

2.10. Stability — ODE. It is worth mentioning that second-order ordinary differential equa-
tions fit into our framework, and therefore our approximation is also stable here.
Namely, consider the equation with unknown x: (0,7) — R"

(2.25)

where f € L2((0,T);R"), 29,7« € R", E: R® — (—o00,00] and & C R™ closed with nonempty
interior (and X = H = R").

Moreover let E € C(R", (—o0,00]) NC%(£) and £ C {z € R" : E(2) < oo} and E be coercive
in the sense lim|,_,o F(z) = co. We only need to show the non-convexity estimate (A.5), the
rest of the properties (A.1)—(A.4) are clear.
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Lemma 2.25. The function E satisfies the non-convezity estimate: For all x,y € £ we find
VE(y) - (y—x) 2 B(y) — E(z) — Cla —y|%,
where C' depends on K = max(E(x), E(y)).

Proof. Let z,y € £. Given K from the statement, let us introduce a cutoff E of E such that
E:R" - R, E € C?(R"), E(z) = E(2) for all z € £ with E(z) < K, and such that the
HE |c2(mny norm depends only on K. This we can certainly achieve by smoothly cutting off F
near the compact set {z € £ : E(z) < K}, which depends only on K.

Then we find that for some z on the line segment between x and y

Bla) = Bly) + VE@W) - (z —y) + ;V°B(): (y ) © (y — 2)
Since E = E on a neighbourhood of z and y, we find that
VE() - (v o) > Bly) ~ B(@) ~ | Bllcanly — ol
Since we have chosen F such that || E||c2 (rny depends only on K, this finishes the proof. O

2.11. Stability estimate without stabilizing term—elastic solids. In the approximation
(2.17) we have used a stabilizing dissipation term. In this section, we show that if we assume
the stronger convexity assumption (E.5’), we obtain a stability estimate without introducing
the stabilizing dissipation term. Although this estimate is weaker than the previous one, we
consider it possibly of independent interest due to easier implementation of this scheme.
Therefore, throughout this section, we assume (E.5’) instead of (E.5), respectively (A.5’) instead
of (A.5).
The time-steping scheme (2.17) is now replaced by the following minimization:

|| ks T i ?
mj, = argmin —- | —F————F +E(n) = (fi>n), (2.26)
ne& 2

where as before 770 := 1o and for £ = 0, the fractionE—"h=1 g replaced by 7. Moreover we

take 77“1 = 1k, since tZJrl = t%. The term f{ is as before defined by (2.18).
Analogously as before we ﬁnd (denoting the piecewise constant /affine interpolations as before)
that an approximation can be constructed.

Lemma 2.26. The minimizer 0, € € exists. If nt, € O, then a (self-)collision occurred.
Assume that no collision happened, that is nﬁ € int& for all k and €. Then it holds for a.a.
times t € (0,T) that
Oui(y) (£) = Qui(2) (t = h) )
O ——— 4 pE (AWM = f(1).

(h)

This is analogous to Lemma 2.19, only the stabilizing term —CTAam(T) (t) is now missing.
Now we present the proof of the stability in this case. Notice in particular on the right hand
side, the term (1 4+ 4C'7h{) which linearly depends on 7 and approaches 1 with 7 — 0.

Theorem 2.27 (Stability for elastic solid). There exists a hy > 0 and C > 0 depending on
E(mo), [m<llr2qy: 1/l 20,1y q), the assumptions on E and T, such that for all NT = h < hg
with ht < T the following holds: If the corresponding approximation nﬁ does not reach a collision,
i.e. it satisfies nﬁ €int & for all k and ¢, then the following stability estimate holds

k 2 2
’7k 1 1 2
k:HllaXN z:: . < (\/E(UO) T3 17472 + Hf’L?((O,hé)xQ)) (1+4CThi).
(2.27)
Proof. As before to ease the notation, the norm ||-|| without any index is the L?(Q) norm, and

(-,-) is the L?(Q) scalar product (or dual pairing of X and X* in the DE terms).
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We proceed by induction on ¢. Thus assume that the inequality (2.27) holds for £ — 1 (and
every k), and we want to prove it for £. Analogous to the damped case we need the following
auxiliary estimate for k =1,..., N:

2
1
B(nf) < K = (1+4C~T) (\/E(no) o el + Hfup((o,TW)) o £ oy - (2:28)

But this estimate does however follow line by line by the argument in the proof of Theorem 2.22.
Indeed, the damping part is not used for any of the absorbed terms.
Hence we assume that nﬁ € int £, with F is differentiable at nﬁ and we can test the minimizer
S
T

14
with a uniform bound. Now taking 1 as a test function gives

0.0 -1 -1
M~ Me—1 e  "Me—1 4 14 14 14 14
- M — M— Mg — Me— 77 Me—
< T T 7 k Tk‘ 1>+<DE(T]£), k Tk l> <f€ k Tk: 1>‘

Using a(a — b) = % — % + (a_zb)Q, we obtain for the first term

00 -1 01
M Mg—1 M "Me—1 € _ 0
T T M — Mk—1
h ’ T

2
¢ ¢
My — M1
T

>

2 2

V4 VA —1 /—1
Me =~ Me—1 M — M1

T T

-1 -1
My — M

T

1
2h

Now multiply by 7, omit the middle term, use the non convexity estimate from Lemma 2.8
(again note that C' is independent of k, £ by (2.28)) and obtain

2 2 nf _T,e 2
+E(n£_1)+r< L k7_k_1>+07'2

ne 1_77£1

T

T

T e
oh

T

VAN )
+E( ) nk‘ nk:—l

2h

where the constant C' depends only on K.
Using the inequality
l 12
M — M1
(e g

2
00
M~ M—1
T

77k1

we get, denoting ai = E(nﬁ), bi =1

! , ¢ =2C072 di, = 7| ff]| and N = h/7 the

inequality
1 1 ,_
¢+N%g¢4+ﬁ%1w%+%w%
Now we are in a position to use the Two-scale Gronwall inequality with square root, Theo-

rem 2.16. Thus, provided ¢ < % (iie. Th < %, which is guaranteed by h < hy := V2C), we
obtain

1 1

i 14 /a0 & 0

+ E ] < + 80 +

k_—r?,f.i,).fN (ak N < b’) %+ V1—cN

Further, for ¢ < 7% (i.e. 7h <
1+ 2¢NY, so that this implies

4C’

2

¢ ¢
My — Mg—1
T

1 k
x| B0+ 2

Finally using Lemma 2.21, from which we know, using a Jensen inequality

¢

N ¢ N
1

> " h NE AL < o1 D0 D 7IAEN? < 1F 12 0me)x@)

=1 k=1

=1 k=1

the proof is finished.
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2.12. Stability estimate without stabilizing term—general. The conditions in Assump-
tion 2.2, replacing (A.5) by (A.5) are chosen precisely in such a way that we have the same
stability result as in the previous section. Hence the proof is the same as the proof for elastic
solids after making the obvious changes, therefore we omit it. And we reach with the following
stability estimate:

Theorem 2.28. There exists a hg > 0 and C > 0 depending on E(no), ||n«|| x4, Hf||L2((0 T);H)’
the assumptions on E and T such that for all NT = h < hq if the corresponding approximation
ni satisfies ni € int £ we have the stability estimate

2

0 1 i 77‘6 - 77£ 1
E . di el
x| B0+ gy 2| 7

2
1 1
< (\/E(UO) t3 el + 3 |fHL2((o,T);H)> (1+4CTht),

H
for all 0, with ¢h <T.

Remark. Another possibility, in case (E.5’) holds, we can achieve stabilization by using CTatﬁgL)) ,
that is the minimization

L—1 nﬁ71 2 9 -1 2
-1 —
¢ . T h CT n— 77](3
= - E - -
M = arg min - +E(n) + 5

- <fl£777>

L2
The proof of the stability goes through the same way as in Theorem 2.22, utilizing the estimate
of Lemma 2.8 instead of Lemma 2.6, and gives same estimate as in Theorem 2.22.

3. CONVERGENCE RATE

Now our focus will be on quantifying the convergence results, namely showing that the under
some regularity conditions, our scheme converges to the solution with a linear rate. Here we
focus on the model case of elastic energies. This means we stick to Assumptions 2.4. Further,
throughout the entire section we assume the W*0:2_case, that is

2

L2(Q)
The convergence analysis here can also be applied to more abstract settings. For that one

needs to assume besides Assumption 2.2 that the estimates in Lemma 3.6 and Lemma 3.7 have

to be satisfied. In particular this follows when additionally to Assumption 2.2 the following two
assumptions are made:

(A.6) The limit solution 7 satisfies

for all t € [0,T — a] and a € [0, 9.
(A7) Forall a,f €&, v€ X

(DE(ar) = DE(B)),7) < Clla = Bllx [Vl

X = Wh2(Q), and Ea(y) = + e (3.1)

2

< Ca
X*

]ga DE(n(t+s)) — DE(n(t))ds

are satisfied.

Please note that these assumptions are true for a large class of problems including the ODE
examples in the numeric section.

3.1. Time-regularity. In order to indicate the validity of the convergence analysis, we first
include here some higher order a-priori estimates for smooth solutions. Our technique is to
introduce the dissipation term of the form (—A)*09;n. and then remove the term after having
obtained uniform estimates.

We have, for each € > 0, given

e, nel*Q), feL*(0,T);L*Q)), (3.2)



24 ANTONIN CESIK AND SEBASTIAN SCHWARZACHER

a solution 7 of

Oune + (*A)kona + 5(*A)koat7k — div(Vee(Vne)) = f
n(t)e &, te(0,T)
775(0) =To (33)
e (0) = 1.
ne(t,z) =2z, x€Tlp
one(t,x) =v(z), xzely

provided no collision happens in the time interval (0, 7).
By the previous, we have the existence of 7. with

e € L((0,T); WH(Q)),  Ome € L®((0,T); L*(Q)), 0me € L*((0,T); Wr*(Q))

satisfying the estimates

19l oe (0, 7ym7%02 (@) + 1960 | Lo (0.7, 22(0)) » VE 10| 20, mys 000 2y < C0s s f), - (34)
here and further C(...) is a constant depending on the parameters in parenthesis. Indeed, one
can use the approximation

¢ =1 _0—1 |2

N1 Me Mk _ L 2
vkon Me—1
T

£ — ar mimﬂ T T +€Z
e =B g h 2

+E(7]) - <fl§77]>a

12 L2

with the same initial conditions as used in (2.17). Following step by step the argument in The-
orem 2.27, uniform stability estimates are available with the dissipation additionally appearing
on the left hand side. Hence by the usual weak compactness results and compact embeddings a
solution to (3.3) can be established by letting 7,h — 0.

We now investigate higher time regularity, given regularity of initial conditions and the right
hand side. In particular we note which estimate do or do not depend on ¢. For ease of notation
let us denote

WE2(Q) == {n € WF2(Q) : n(x) = x for z € Tp}.
We begin with the following lemma.

Lemma 3.1. The following problem for
Ouf + (~A) B +e(-AaB =g, in(0,T)
B(0) = Bo

9B(0) = B«

has, for given data
g€ LX((0,T;W(Q), Boe Wi*(Q), B.e€L*Q)
a unique solution B with
B e LX((0.T):W*Q), 3B e L((0,1);:L*(Q)), 8B € L*((0,T); W**(Q))
satisfying the estimate
1B oo 0,y k0 2(@)) + 1968l oo 0.7y £2(@)) » VE 10BNl 20, mywk02(q)) < C = C(e, Bo, Bs, 9)-
(3.5)

Proof. We show the statement by Galerkin approximation. Let {wi}ren C W 02(Q) be an

orthogonal basis, moreover orthonormal in L?(Q). Then for n € N we solve the following system
of ODE

2 2
() + an(t) HVk()wkHLQ +al(t)e Hv’mwk\ y

a(0) = (Bo, wi) 12,
ap(0) = (Buywi) .

:<gawk>7 k=1,...,n.



IN TIME CONVERGENCE OF HYPERBOLIC APPROXIMATIONS 25

The existence of absolutely continuous solutions ay: (0,7) — R is standard theory of ODE.
Then £, (t) = > p_; i (t)wy solves the equation
(Out By wi) 2 + (V5 B, VEOwp) 2 + e(VF00, Bn, VFOwp) 12 = (g, wi), k=1,...,n,
(Bn(0), w) 2 = (Bo, we) L2,
(0Bn(0), wi) 2 = (Br; wk) 2

Now we multiply by o}, and sum for k =1,...,n (i.e. use 9;3, as a test function), so we obtain

2 ko 2 1 2 3 2
||V, = (9,082 < o gl + S VOB

Absorbing the last term and using the Gronwall inequality gives
1 9 | T 2
B ||atﬁn||L00((o7T);L2) + B HV °Bn L2((0.7):12) < C(e, Bos Bs, 9)-

Passing n — oo gives the result. Finally, uniqueness of the solution can be readily seen from
linearity. O

1 1
S0 19482 + 50| V™8,

2 €
_|_ —
L>((0,T);L%) 2

Hvkoatﬁn

The lemma will now be used to show a better regularity of 7..
Lemma 3.2. Let it further be satisfied that
m € WHHQ), n. e WHA(Q),  af € WH((0,T): L*(Q)). (3.6)
Let n: be a solution of
BOute + (=A)M01e + (=20 . — div(Vee(Vne)) = f,
1e(0) = 70,
0ine(0) = 7.

Then it holds

dine € L((0,T); WH2(Q)),  dume € LO((0,T); LX(Q)),  dum- € L*((0,T); WH(Q))
with the estimate

||3t775||Loo((o,T);Wko,2(Q)) ’ ||8tt77€||L00((0,T);L2(Q)) Ve ||8tt77€HLQ((O,T);W’VO’Q(Q)) < C(e,no, 1, f)-
Proof. Consider the problem for g

OB+ (A B +e(—=A)00,8 = 9y f + div(Vee(Vne)VOun.)
B(0) = 1. (3.7)
9B(0) = £(0) = (=A)%ng — e(=A)"n, + div(Vee(Vrp)).

We are in a position to use Lemma 3.1 with
9 =0 f+div(Vee(Vn)Vam.), Bo =1, Be = F(0)=(=A)n—e(=A)n.+div(Vee(Vnp)).
Note that g, fo, B« lie in the correct spaces to apply Lemma 3.1, as Vee(Vn.) € L*((0,T) x Q)
and V. € L?((0,T) x Q) implies g € L2((0,T); W~12(Q)), and also assumptions (3.6) imply

B« € L?(Q). Thus Lemma 3.1 gives existence of 3 with the respective estimates (3.5).
Now we need to check that 8 = 0yn.. For this we define

t
A (t) == o + /0 Bt

Clearly 0;7. = 8 and now we need to check that 7. = n.. We will show this by arguing that 7.
solves the same linear equation as 7.
For this we integrate the equation (3.7) over (0,t¢) to obtain

0eB(t) — BB(0) + (—A)™7.(t) — (—A)*mg +e(~AR)B(t) — e(~A") By
= f(t) = £(0) + div(Vee(Vne(t)) — div(Vee(Vip)).

Using the initial conditions on 8 we thus conclude that V. solves the linear equation with
initial conditions

Ot + (—A)Forj. + (=AM = f + div(Vee(Vne))
ﬁs(o) =T1o
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6t77~6(0) = M-

Since 7). solves the same linear equation and its solutions are unique, it follows that n. = 7.
Thus 8 = 0. and the proof is finished. O

We now can prove the time regularity estimate for 7., which is independent of €.
Theorem 3.3 (Time regularity). Let it further be satisfied
€ WHQ), n.e WHAQ), af € LP((0.7): L*(Q))-
Then the solution n. of (3.3) satisfies
Oune € LZ((0,T); LX(Q)),  9me € L=((0,T); WH2(Q))
with the e-independent estimate
Hatt??s||Loo((o,T);L2(Q)) + H@tnsHLOO(([LT);W’CO’?(Q)) < C=Cno; s, f)-
Proof. As shown during the proof of Lemma 3.2, 7. satisfies the equation

Oreme + (_A)koatne + 5(_A)k08tt775 =0 f + diV(Vse(Vns)Vﬁme)

Ne (O) =T
e (0) = 1.
Oun-(0) = £(0) — (—A)*ng — e(—A)Mn, + div(Vee(Vnp))

By the same lemma we have dyn. € L>((0,7T); L?(Q))NL2((0,T); W*0:2(Q)) so we can use 91
as a test function. This yields

%at 10une |72 + %@ Hvkoams 2L2 +e Hvkoattns = (O f, Oune) + (div(Vee(Vn:)VOim:), Oune)

< NOef + div(Vee(Vne)VOme) |l 2 [|10unell 12 -

We now apply the chain rule (for which we have enough regularity by above)
div(Vee(Vne)Vor.) = VEe(Vne) VeV g + Vee(Vn:) V2 0p..

Now estimate by Holder inequality and the Sobolev inequality for the continuous embedding
Wko:2(Q) ¢ WH*°(Q) and the Poincaré inequality (here c; resp. ¢, is the Sobolev resp. Poincaré
constant)

||diV(V§€(V77€)V(9me)HL2 < vae(vns)HLooHVQ%HB ||vat77€|’Loo+||v£€(vns)||LooHV282577€HL2
< (s [ V260V | o V20 2 + € Ve o)l o) | V000

Note that by the energy estimates (3.4) and Lemma 2.5 we have
IV20:]| 2, IV2e(Vne) || oo < C = C(E (o), [:ll 2, )-

2
L2

L2

Therefore we have

1 2 ko 2 ko 2 2 ko
3 O |0umel| 72 + O ||V Oume Lo + e [|V0une Lo S C 1+ |0unell72 + (| V™0
—_—

2
L2

where C' is independent of . Applying the Gronwall inequality to ||8tt775H%2 + HV’“O 815175”?2 we
obtain the desired estimate

>0

2 ko 2 T 2 ko ?
10ume 1 300 ((0.71:22 () + HV Oe || e omyizgy =€ \Iellzz + HV nOHLQ +CT ),

where the right hand side depends on 79, 7y, f. O

Theorem 3.4 (Higher time regularity). Assume it holds
mo,nx € WHHQ),  f € W2((0,T): L*(Q)).

and further assume that HAQkOn* %, then

lr2g) <
Oune € L*((0,T); WkO’Q(Q)), Oweme € L((0,T); L2(Q))7 Owtn: € L2((07T)§ WkO’Q(Q))~
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with the e-independent estimate
102e71e | Lo 0.y 02 (@)) F 10ste7e | Lo 0.2 () + VE NOettnel 2o myswro2 (@) < C (10,05 f).
Proof. This follows by an iteration of the previous proof. Use
g = Ouf + On div(Vee(Vne)),
Bo = F(0) = (=A)*mg — e(=A)"n, + div(Vee(Vip)),
B = 00f(0) = (=8)% 0 — e(=2)" By + div(VEe(Vio) V),

we can readily verify the assumptions of Lemma 3.1, that is ¢ € L2((0,7); W~12(Q)), Bo €
Wko2(Q), B« € L*(Q). Proceed as in the proof of Lemma 3.2 to see that 8 = 9yu7. has the given
regularity with given estimates. (|

No dissipation limit. We will now see that when the dissipation vanishes, we obtain as the limit
€ — 0 a solution to the problem without dissipation.

Theorem 3.5. For ng € WE°’2(Q), ne € L*(Q), f € L*((0,T); L*(Q)). Then there exists a
weak solution to

Oum + (—A)Fon — div(Vee(Vn)) = f
n(0) = no (3:8)
9n(0) = s
If further
m € W0HQ), n.e WHQ), af e L*((0,T); L*(Q)),
then
dun € L=((0,T): L*(Q)),  9m € L=((0,T); WH*(Q)), € L™((0,T); Wi, *(Q))

loc
with

0(7707 UED f)

ko <
10| oo ((0,7):22(0)) F 19| Loo (0,7 %0.2()) T HA n )Lm((O’T);LQ(Q)) <

If further,
nosmx € WH2(Q),  f e W3((0,T); L*(Q)),
then
dun € L2((0,T); Wh2(Q)),  dun € L=®((0,T); L*(Q)), 9 € L¥((0,T); WA*(Q))

loc
with

K
10eenl oo ((0,19;22(@)) T 106l oo 0,0y %02()) T+ HA OathLOO((O,T);LQ(Q)) < C(nosns, f). (3.9)

Proof. Let for € > 0 be 7. a solution of
Ouene + (_A)kone + 5(_A)koat77€ —div(Vee(Vne)) = f
n:(0) = no
e (0) = 7
From the estimates (3.4) we see that there is a subsequence of ¢ — 0 (here and below not
relabelled), so that
e S in L0, WR(Q)), e = 0 in L2((0.7): (@)
and moreover, by the Aubin-Lions lemma and the compact embedding of W%0-2(Q) into C1*(Q),
we see that (for a further subsequence)
ne — 1 in C([0,T]; CH(Q)). (3.10)

It remains to check that 1 solves the equation (3.8). Let us test the equation for 7. with a test
function ¢ € C°([0,T) x Q). Then we see

T T
(s, 90(0)>+/—<3m5, ) +H(VMne, VR o) 42 (VR 9y, VRO 0) 4-(Vee(Vin.), Vi) dt = / (f,¢)dt.
0 0
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Limit passage € — 0 in the first two terms on the left is from the weak convergence of 7. resp.
Oine, and in the last term on the left from the strong convergence (3.10). Finally, regarding the
dissipation term we estimate

T
| o v dt‘ < VEVE |70, ko
0

9

90‘ L2((0,7);L2(Q)) -

since by the (3.4), /& Hvkoﬁmsup((o T):.12(Q)) is bounded independent of €. So passing to the

L2((0,7);L2(Q)) H

limit ¢ — 0 we have

T T
<m,<p(0)>+/0 —<0m,3t<p>+<vk°nvv’“°so>+(Vge(Vn)aV@dt:/o (f. ) dt.

Further, the initial condition 7(0) = 7y is satisfied due to 1-(0) = 1y and the strong convergence
(3.10).

The regularity estimates except for the Ak and A*09,n follow by the uniform in e estimates
in Theorem 3.3 and Theorem 3.4. Further, they imply in the first case that f(t) — dun(t) +
div(Vee(Vn(t))) € L>=((0,T); L*(Q)), which implies that

(=A)Ron(t) = f(t) = Bun(t) + div(Vee(Vn(1)))

almost everywhere and the estimate of A*oy follows.
Similarly, we find in the second case that 0 f (¢) —8ttm(t)+div(V§e(V7](t))V8m(t)) is bounded

in L>((0,7); L?(Q)). Hence
(—A)*00n(t) = O, f(t) — Oum(t) + div(VEe(Vn(t)) Vom(t)),

is satisfied almost everywhere and the estimate of A0 9,1 follows.
The regularity in VVI?Z‘;IQ(Q) follows by the local regularity theory for the (kg)-Laplace equation

(which follows by applying iteratively the local theory for the Poisson equation). ([l

Remark (Space regularity). Please observe that in many situations the fact that AFon € L2(Q)
implies global higher spacial regularity up to n € W?2*0:2(Q). This regularity however sensitively
depends on the regularity and shape of the domain. For the sake of the generality of domains
and boundary values we decided to not make this specific here. Certainly, local estimates are
always available by the classical theory for the Poisson equation.

Remark (Improvement of regularity with dissipation). In case that the equation includes a
dissipation term (—A)*9;n, we can observe a time regularizing effect, known from parabolic
equations. Therefore in that case, it is possible to start with initial data of no higher regularity,
namely only (3.2). By a suitable testing of the equation we get that the regularity improves in
an arbitrarily short time interval, and therefore it is possible to take this new time as initial and
perform the procedure above.

3.2. Convergence rate — elastic solid. Now we turn to the main question of this section,
the rate of convergence of our scheme. In this section we again, to ease the notation, adopt
the convention that || - || without any index is the L?(Q)-norm, resp. (-,-) is the L?(Q)-scalar
product (or dual pairing in the DFE; terms). Moreover we strengthen the assumption (E.1) so
that e has one more derivative:

(BE.1) e € C3(RIX" ), where R} = {M € R™" : det M > 0}.

The solution 7 solves the equation (2.3) To compare 1 with our minimizing movements approx-
imation {1} }x ¢ defined by (2.17) or by (2.26), we will make a discrete version of 7. For this let
us integrate the equation in (2.3) over time s € (¢t — h,t) and then ¢ € (t;_,,t;) and divide by 7
and h, to get (recall the definition (2.18) of f{)

n(t)-n(th_y) -t 1)

T prh
= N = + ][ ][ DE(n(ty_y + s+ 0))dsdo = ff (3.11)
0o Jo

Please recall that we have introduced two schemes for construction of ni, one with stabilization
term (2.17) and one without it (2.26). All calculations are made here for 7}, with the dissipa-
tion term, that is from the approximation (2.17). We remark here that the version without

¢
stabilization (2.26), the only difference is that the term —CTA% will not appear. Thus all
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the calculations below go through (slightly more simply) also in this case, and we get the same
result.
Let us thus recall the Euler-Lagrange equation for nﬁ € int £ (recall that we exclude collisions):

00 —1_ £—1
Mg Me—1 Mk Me—1

= . = —l—DE(n)—cA

Subtract (3.12) and (3.11), denote the error term by el = 1t — n(t}) and get

77k 1 4
— = = f. 12

eﬁ_eiq . [1%_1_65:11 77
z W T —cT A Rl ][ ][ DE(nt) — DE(n(ts_, + s +0))dsdo =0

e

We add and subtract DE(n(t£)) — crAw, so that

s S S .
p- - ¢ ¢ €k ~ k1
. + D) ~ DEG(t)) - era®— 1
T h tf — te
= ][ ][ DE(n(ts_, + s+ 0)) — DE(n(t)) ds da+07AM.
T
eé _62
Use as a test function +—*=* to obtain
2 1 -1 |2 0 e _ 0P
1 {le — e 1 |lep—ery & —e ) ko 0 ko Sk — Ck—1 € — €p_1
% f ﬁ - - - + \V4 €L \V4 f “+cT vV—4—F=
-1 012 ; ¢
Lller  — €k ¢ ovy €k T k-1
= |2 O DR ) — DE(n(t))), £ k=L
2h T < 1(77]6) 1(77( k:))a -
T h ef _ ef tf _ tf ef _ e(
+<][ ][ DE(n(t,_; + s+ 0)) — DE(n(ty)) dsdo, M>—C7‘ <V77( k)~ kil),V h__hd
0 0 T T T
so that
1 ||el —el 2 1 |lel — el et —ell 2 1 2 1 2
k k—1 k k—1 k k—1 / y4 l
71 I IR el I M =1 LA S ]
¢ 0 2 -1 0—1]|2 L _ ot
€k ~ €1 Ljlep  — € L oko e |2 ¢ oy, €k T €k-1
+er Vf Y — +§ Hv Oek—lH —( DE1(n),) — DE1(n(tk)), T —
T h ef _ ef tf _ tﬂ eﬂ o eﬂ
+<][ ][ DE((t'_, + s + o)) — DE(y(t%)) ds do, ’*“‘H>—CT <v”( B = 10or) % = Gt
0 0 T T T

Therefore we need to estimate the two terms containing the difference of energies. These will
be estimated in the following two lemmas.

Lemma 3.6. There exist C1,Cy depending on the energy bound of Theorem 2.27 such that

12

€k~ Ck—1
T

2
(DE\(1) — DE1(n(t})), ¢ — ef_1) < 7C) Hvkoei H G

Proof. Write
(DE: (1) — DE1(1(t)), ef, — ef—1) = /Q(Vae(vnﬁ) — Vee(Vi(ty)) : V(e —efy)dz (3.14)

and denote 19 = Onf + (1 — 0)n(tt) for 0 € [0,1]. We modify the energy density e so that it
remains bounded on Vg over @, in the following way.

Let us take &: R™" — R, & € C3(R™"), &é(€) = e(&) for £ € R™ " det& > g, €] < C,
where g¢ is the lower bound on the determinant (E.3) and C is from the energy estimate of
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Theorem 2.27, such that ||€[| s(gnxn) depends only on these constants. Such € can be constructed
e.g. as

€=e- (xgnxn B5(0) *1)5), where 2§ = dist(Rgggo, {€ e R™" 1 det & > 0, [€] < C}),

det>e

where xs is the characteristic function of M, 15 is the standard mollifier and * denotes convo-
lution.

Then we have e(Vn}) = é(Vnt) and e(Vn(ty)) = é(Vn(ty)). Thus, since € is everywhere finite
and C3, we can write

(DE\(nf) - DEy(3(t}), ef—e}._) = /Q /Ovlzéw(enﬁﬂl—e)n(ti)))de Vel V(eh—cf_,)d0da
Integrating by parts, this gives
- /Q /01 VEE(Vng) Vg o : Ve, : (ef —ef_1) da — /Q /01 V2E(Vng) d6 : V3¢l - (ef, —ef,_y) da.
Hence we can use the Holder inequality and obtain
(DE;(nf,) — DE\(n(t})), e} — €,1)
< [ Ivteom Il Vet ek - s+ 192 TN o 92 e = a0
We have, by our estimates, (C' independent of time)

[VEe(Vno) || o - [|V?n0]| < €
and by the embedding W1>(Q) c Wko-2(Q)

which in total, after Poincaré inequality HV%iH <C Hv’mef;” gives

[vet] .. < ¢ [vet

2
2 el —el
(DEx (1)~ DE: (n(t}), eh—efr) < C | V5oef | |ef — efa | < Cur | hoef || +Cor | 2

with constants C7, Cs independent of 7. O

Remark. A more explicit construction of € can be obtained in the case that e explicitly depends
on det V7. Suppose that e € C3(R}%",) is of the form
e(€) = h(€,det€)  with  h € C3(R™™ x (0,00)).

Then we can truncate

h(€, det &) = h(&, v(det))),
where 1 is some smoothing of max(eg, -), so e.g. ¥ € C3(R) with ¥(t) = t for t > g, (t) = 9/2
for t <e¢/2 and [¢"| < C/ep. Then

€(6) = h(, det)
fulfils the required properties.

Lemma 3.7. We have for C = C(no,n«, f) given by (3.9) that

T h
(F £ PG+ 5+ 0) - DEGE) dsdoned — 1) < Clut

Proof. We only provide here the estimate for Fy. The estimate for E; follows in the same way
but needs much less regularity. Recall the definition of Fy in (3.1) and compute, given the
regularity from Theorem 3.5,

l 4
6k — ek_1H .

T h
<]€ ]ﬁ DE((t}_, + 5+ 0)) — DEy(n(t})) dsdo, e, — )

T h
—f [ T s ) ) Ve~ ey dedsdo
o Jo Jo
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T rh
= /Q]ﬁ ][ VR (s | +s+0) —n(ty))dsdo : VF(eh —ef ) dz

/ ][ ][ (n(ts_; +s+0) —n(ty))dsdo : (ef — ef ;) da.
T rh
n(th_ 1 +s+0)—n(th))dsdo|| < ][ (5—|—0)H8t(— 077‘ dsdo
0o Jo
+h
= [or(=a)n| T
Joc=aren L=(02@) 2
which implies the result by Theorem 3.5. U

Finally we are in the position to show the convergence rate result.
Theorem 3.8 (Convergence rate for elastic solid). Let the initial data satisfy

m € WHoAQ), n. e WHoQ), 8,f e L*((0,T); L*(Q)).

There exists a hg > 0 and constants C1,C depending on E(no), |[n«|lp2, | fll2(0,m):02(q)) and
T, such that for all 0 < 7 < h < hgy (recall that we have NT = h and Mh = T, and the error
term is defined as ef; = nﬁ — n(ti)) the following convergence rate estimate holds

2
¢
€ — €1

k
2 1
NN QHV%@iH ton 2 < (PP R)CTeM™, £=1,... M.

T

Proof. Throughout the proof C' is a constant, depending on on E(no), [/l 2, (£l 12¢0,7).02(0))
2
term and multiplying by 7,

¢ 0 =1 _0—1
€k Ck—1 Ck—1
T T

and T. From (3.13) we get, omitting the 5

T egfeg 2 6K € 2
|| el ek - e[ et v
T 66_1—6 ? 1 2
k k—1
< o |||+ 5| Voeko | - (DB — DEh)). ek — ehy)

T h
! <]€ ]ﬁ DE(n(tiy + 5+ o)) — DE(n(t})) ds do ef, - ef;_1>
—cr? <Vn(t£) —n(ti_y) Vei —et > |

T T

Using the inequalities from Lemma 3.6 and Lemma 3.7

2

¢ ¢ 2 ¢ ¢
T ||€r — €h—1 Lilako e 117 L L lloko kot |2 €L — €h—1
S A o i
- -1 |2 ¢ |2
e — e 1 2 2 e —
< % S +§HV'“°6’£_1H 10y Hv’foeiH 70y +C’(h+7’)He£—e,€_1H
-

)

T T

o <vn<tf;> LG SV Ly >

For the last term, thanks to the regularity of Theorem 3.5, we can write Aw =

% tt,ﬂk,l Oy Andt to get the estimate

—er? <v77(t£) - U(t£—1) vei - ef;—1> — o2 <A77(t£) - 77(%—1) ei - 6i—1>

) )
T T T T
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2 ei - €£—1
< e 0An | oo, ryiz2 @) ||~ ||
Finally use Young inequality and the estimate of Theorem 3.5
¢ 0 e 0 P
€k — Ck—1 €k — Ck—1
07'2||8tA77||L°0((0,T);L2(Q)) 77_ < CT3—|—CT —_—
By a further Young inequality
e 0 |2
¢ 2, 12 L€y — €k
C(r+h) Hek - ek—1H <7C(T" + h7) tro T
we arrive at
|2 o0 |2

T || ~ Ck—1 H ko b H 2l o ~ Ck—1

— Ve et ||V—-—

2h T + BT T

-1 -1 o 0|2
T |6k k1 Lok e |7 ko ¢ ||? €k ~ €1
<o |[A—22) + 5 [roeho|| + ron||Fhoet |+ res | =
2 2
1let —et et —eb
+TC(T2+h2)+T§ & kL Lo o7 || kL
2 el —et 2

Finally we get, denoting af, = 3 [VFoel ]|, bf = ===t that

1 1
ay, + Nbf; <al_,+ Nbffl +7(Cy 4 1/2 + Oy + 7C (372 + h?).

Thus we can use the Two-scale Gronwall inequality, Theorem 2.15 and obtain, since a8 =0,
b) =0 (as n and 77,‘2 satisfy the same initial conditions), and M N7 = T, the desired estimate

2
1

2N <

=1

[ ——— e —e 2 | 12\ (Cot1/24+C)he
(2l A ] ) <ome s

T

4. NUMERICAL EXPERIMENTS

We discuss some numerical experiments on the case of ODE in one dimension. These experi-
ments verify:

(1) The expected optimality of the rates demonstrated in this paper. See Figure 2 where it
is seen that the rate is indeed linear.

(2) A characteristic danger in non-convex regimes, which is the possibility to “land in the
wrong well”; summarized in the necessity of the appearance of 7y in the stability and
convergence results. Indeed, if 7 is to large one may get trapped in the wrong well; see
Figure 1.

(3) The expected differences between the fully discrete, the time-delayed and the continuous
solution. That is that the difference between the time-delayed solution and the time-
discrete solution is of order 7, while the difference between the time-delayed solution and
the limit solution is of order h. This also indicates that choosing 7 = h is commonly
optimal with regard to convergence; see Figure 1.

We consider a double-well potential, with minima at 1 and —1
E(z) = (2 — 1)2

We will compare the solution of
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with that of our minimizing movements approximation T

(}Tl). We will consider here the case

7 = h, which is according to our theory a good choice. Recall that our minimizing movements
approximation is then defined as

2

Tp = arg min —
z€eR

T—Tp—1  Th—1—Tk—2 2

T

T

T

+ E(x),

where for £ = 1 we replace the fraction xof” by x., and the piecewise constant resp. piecewise
affine interpolations Z(;) resp. () are defined as
E(T)(t) =xK, tE ((k:— 1)7’, ]{27'],

. t—(k—1)7 kT —t
‘T(T)(t)_ (7_ )

= T + Tr_1, tE [(k—l)T,kT].
Further for comparison we include the solution of the time-delayed equation

' (t) —2'(t — h)
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FIGURE 1. Comparison of the our approximation Z(, (blue) with the time-
delayed solution (dashed) and the limit solution (red). Note that with too large
parameter h = 7 = 1 the solution overshoots and ends up in the other local

minimum of F.

’T:h‘Hx_@Mhmmmﬂ

0.5 0.42947058
0.2 0.40930512
0.1 0.35324727
0.05 0.27452178
0.02 0.16104612
0.01 0.09451410
0.005 0.05162134
0.002 0.02183888
0.001 0.01113153
0.0005 0.00562018
0.0002 0.00226120
0.0001 0.00113302
0.00005 0.00056687
0.00002 0.00021291

e XX
//x’
X/
-1 ] e
10 X
X
7
7
E 7
S X
5 4
= 1072 5 /,X
T X
4
X 7’
= 7’
X
,/
1073 - X
/7
X
4
7/
/
4
X
1074 1073 1072 1071

FIGURE 2. Table and graph (in log scale) showing the predicted error decay of
the minimizing movements approximation, for different time steps.
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FLUID-STRUCTURE INTERACTIONS WITH SLIP

ANTONIN CESIK, MALTE KAMPSCHULTE, AND SEBASTIAN SCHWARZACHER

ABSTRACT. We construct weak solutions to the fluid-structure interaction problem of a Navier-
Stokes fluid interacting with a nonlinear viscoelastic bulk solid. Our weak formulation consists
of two types of test functions: continuous over the fluid-solid domain, and fluid-only test
functions with nonzero tangential component at the boundary. We further show that this weak
formulation is compatible with the strong formulation in the sense that regular weak solutions
are also strong solutions.
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1. INTRODUCTION

Recently there has been much interest in the construction of weak solutions for fluid-structure
interaction problems. The former results have been in lower dimensional structures, such as
plates or shells, interacting with fluids [BS18, SS22, MS22, MC13, MC15, MMN122, MC13,
KSS23, BS23, LR14]. More recently, a variational approach was devised [BKS23b] which allows
for treatment of bulk solids interacting with fluids, giving rise to several new results in this
setting [BKS24, BKS23a, KMT24]. In this paper we wish to contribute to this ongoing research,
including the possibility of a full slip at the fluid-solid interface. We mention also the recent
result [LMN24] treating slip in the case of an elastic shell.

We employ the physical setup of a viscoelastic bulk solid immersed in an incompressible
Navier-Stokes fluid as in [BKS23b]. We fix a container 2 C R? and consider both the fluid and
the solid to be confined to 2. The solid is described with respect to a Lagrangian reference
configuration @ C R%. The solid deformation is then 7: (0,7) x Q — , so that n(t) = n(t,-)
is the deformation of the solid at the time ¢ € (0,7"). The spatial dimension is d > 2 with

Date: July 31, 2024.
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d = 3 and d = 2 being the most physically relevant ones. We assume that the fluid occupies
the rest of the container not occupied by the solid. That is, the fluid at time ¢ is defined on
the domain Q(t) = Q\ (¢, Q). and is determined by the velocity v(t): Q(t) — RY and pressure
p: Qt) — R.

reference solid
physical domain 2

FiGURE 1. Geometrical depiction of the fluid-structure interaction problem.

Now let us describe the equations of motion. We assume, similarly as in previous works
[BKS23b, CGK24, BKS24], the for the solid the Piola-Kirchhoff stress tensor can be derived
from the energy and dissipation potentials. Thus the momentum equation for the solid is

psOun + DE(n) + DaR(n,0m) = psf in Q
where p, is the (reference) solid density and f: (0,7) x @ — R? the external force in the
Fulerian configuration. The fluid will be assumed to be satisfy an incompressible Navier-Stokes
equation, so that
pf(Ow+v-Vu) =vAv—Vp+prf in Q(t)
with the incompressibility condition
divo =0 in Q(%).

The kinematic coupling to the fluid-solid will be through an impermeability condition. That is,
it holds

v-n=(9dmen=t)-n ondn(t,Q)
where n is the normal vector to the fluid-solid interface dn(t, Q) (i.e. also the normal vector
to 9€2(t) on the interface part). On the outer boundary of the container, we also prescribe the
impermeability condition
v-n=0 on 0.

Additionally to the kinematic coupling condition there will be the equalities of stress with
the slipping law, and also of the solid hyperstress (which arises due to the presence of second
gradients). All these boundary conditions are stated in the definition of strong solutions, namely
Definition 3.3.

Further, the solid is presumed to satisfy the no-interpenetration of matter in the form of the
Ciarlet-Necas condition

(@] = [ det Vo)
Finally, we complete the system by prescribing the initial conditions

n(0) =m0, 0in(0) =n., v(0) =wvo, (0) =2\ 7 (Q).

In contrast to no-slip boundary conditions in case of slip the tangential component of the
fluid velocity is not fixed at the interface. Hence, as stated above, the kinematic coupling
condition reduces to impermeability. In the framework of weak solution the test functions have
to be adapted accordingly. Typically for fluid-structure interactions, the space of test function is
non-linearly related to the solution. In contrast to the no-slip case, in the case of slip the normal
vector of the geometry (that comes from the time-changing solid deformation) influences the
test-function space. Hence the gradient of the solid deformation directly influences the weak-
formulation. In order to construct a solution this higher order influence is reduced to the fluid
equation.
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This explains why our weak formulation consists of two types of test function — what we
call the coupled and the fluid-only test functions. The coupled test functions are defined to
be continuous over €2, and the corresponding Lagrangian test function for the solid is pulled
from 7n(Q) back to @ by n. Then the fluid-only test functions are defined on Q(¢) and have the
normal component zero on 9n(-, Q). In essence only the tangential part of the fluid-only test
function on dn(-, Q) is important, and this is what gives rise to the slip. (Compare to [BKS23b]
where the only test functions are the continuous coupled ones, this results in no slip condition.)
Please note that the splitting of the weak formulation has to be performed on all levels of
approximation. This is necessary due to the regularity drop between solids (2nd order) and
fluids (1st order). Related to this deviation it turns out suitable to derive the proper a-priori
estimates already on the 7 level (see below). Here we rely on our findings in [CS23].

We then show the following existence result.

Theorem 1.1. The fluid-structure interaction problem has a weak solution in the sense of
Definition 3.1, until the time of the first solid-solid collision.

The paper is organized as follows. In Section 2 we introduce some preliminary material on
moving domains and the corresponding function spaces. In Section 3 we introduce the full weak
formulation of the problem, as well as the strong formulation, and show their equivalence for
regular solutions. In Section 4 we construct the solution by a variational time-stepping scheme
by multiple levels of approximation.

1.1. Assumptions on energy and dissipation. We work in the context of nonsimple elastic
materials [KR19], where the energy depends on higher gradient. It has been observed by [HK09]
that under suitable growths of the energy, a well-known issue of obtaining lower bound on the
Jacobian [Bal02] is circumvented, thus obtaining an Euler-Lagrange equation for the minimizer
is possible. As in previous results, we stick to this setting here.

The set of admissible deformations is defined as

£ = {77 € W24(Q;RY) : n(Q) € Q,det Vi > 0, [n(Q)] = /Qdet Vn(z) dx} (1.1)

where ¢ > d, so that we have the embedding W%4(Q;R%) — C11=4/4(Q; R?). Here we specify
the assumptions on the energy E and dissipation R. We assume that the elastic energy potential
E: W29(Q;R?) — (—o0, 00] has the following properties:
(E.1) There is Ep, > —oo such that E(n) > Epy, for all n € W9(Q;RY). Further, for
n € W24(Q;R?) with infg det Vi > 0 it holds E(n) < cc.
(E.2) For every Ey > Eniy there exists 9 > 0 such that E(n) < Ey implies det Vip > ¢ .
(E.3) For every Eg > Enyin there exists C such that E(n) < Ey implies || V27|« < C.
(E.4) E is weakly lower semicontinuous. That is, for n;, — n in W24(Q;R%) it holds

E(n) < liminf E(ng).
k—ro0

Further, E strongly continuous in W29(Q; R%).
(E.5) E is differentiable for € £ with derivative DE(n) € (W24(Q;R%))* given by

DE()) = g B+ e¢)

Furthermore, DFE is bounded sublevel sets of F and continuous with respect to strong
W24(Q; RY) convergence.
(E.6) The derivative DE satisfies

lim inf(DE(ng) — DE@))((ne —n)v) 2 0

for all ¢ € C°(Q;[0,1]) and all n;, — 7 in W*4(Q;R?). Further, DE satisfies the
following Minty-type property: If

limsup(DE(ng) — DE(n)){(nx —n)) <0

k—o0
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for all 1 € C§°(Q;[0,1]), then 7, — 7 in W24(Q; RY).
(E.7) E satisfies the following non-convezity estimate: For all Ey > Ep;, there exists C; > 0
such that for all n1,m9 € € with E(m), E(no) < Ep it holds

DE(m)(m — o) > E(m) — E(no) — C1[|Vm — V|72
For the the dissipation potential R: W24(Q; RY) x W2(Q; R?) — [0, 00) satisfies the following
properties:
(R.1) Ris weakly lower semicontinuous in its second argument. That is, for all n € W29(Q;R?)
and all by — b in WH2(Q;RY) it holds

R(n,b) < liminf R(n, by)
k—o0

(R.2) R is 2-homogeneous in its second argument, that is,
R(n,Ab) = A®R(n,b), A€R.

(R.3) R admits the following Korn-type inequality: For every eg > 0, there is K such that
Eg|blfy2 < [[bll72 + R(n,b)

for all n € & with det Vi > g9 and all b € WH2(Q;RY).

(R.4) Ris differentiable in its second argument, with the derivative DoR(7,b) € (W12(Q;R%))*.
Further, the map (n,b) — DyR(n,b) is bounded and weakly continuous with respect 7
and b. This means that for all € W'2(Q;R%) and all n, — 5 in W>9(Q;R?) and
b — b in W12(Q;R?) it holds

Jim Do R(ni, bi.){p) = D2R(n, b)()-

The model case which satisfies these assumptions is
2 2
R (1, 0) := /Q (Vo) Vi + (V) (V)| de = /Q [0 (V' V)| da

E(n) := {fQ [% }VnTVn - I}c + W + % ‘V2n‘q] dr if det Vip >0 a.e. in @,

400 otherwise,

denoting |V17TV77 — I}C = (C (V'nTVn — I)) . (VnTVn — I) with C being a positive definite
tensor of elastic constants, and a > ﬁ. For a more detailed discussion of this model see
[BKS23b], and in particular for the discussion of the non-convexity estimate (E.7) see [CS23].

1.2. The approximation. The construction of the solution will go through three levels of
approximation that we shall briefly describe here.

Spatial reqularization — k level. At the k-level we introduce in the problem a W*0+22_regularization
of the solid energy and dissipation, as well as a Wk0:2-regularization of the fluid dissipation.
Here kg is chosen so large that W02 < W24, The equations with this regularization are then
quadratic in the highest order, and thus using (91, v) as a test function is admissible as long
as k > 0. The two gradients more for the regularity of n are used in the approximation of test
functions in Proposition 2.6, since there we use the spatial extension of the normal n (recall
this is the normal to 9n(-,Q)) to the fluid domain.

Time-delayed equation — h level. The h-level corresponds to replacing the equations by a time-
delayed equation where the second time derivative is discrete with scale h, and the first time
derivative is continuous. So that then
8tn—8tn(t—h)7 81;1)+U~szvoq)h_v(t_h)

h h
where @, is the flow map, defined by 9;®; = v(¢t) o &; and &y = id. The flow map has to be
constructed along with the solution.

Oun ~
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1.2.1. Minimizing movements — 7 level. The first level is the minimizing movement approxima-
tion of the time-delayed problem with 7-steps. Note that the time-delayed equation can, on an
interval of length h, be seen as a gradient flow where 9yn(- — h) and v(- — h) can be seen as a
given external force. Indeed, these quantities are already known from the previous h-interval.
Note that to get the 7-independent estimate, we do this already on the discrete 7 level based
on [CS23].

The approximation passes to the limits in the following order 7 — 0, h — 0, x — 0. This
then results in the solution of the full problem.

For a more detailed discussion of the scheme we refer the reader to [BKS23b]. Keep in mind
that in this original paper, the parameters x and h are tied together and h — 0, Kk — 0 is
performed simultaneously. We chose to separate these two parameters for more clarity and also
for future work which will include collisions, since these happen only as a result of the x — 0
limit (see Corollary 4.12).

2. PRELIMINARIES

Here we state some notions for time-dependent domains and the respective function spaces.
These will be later used for the Eulerian fluid domain.

2.1. Moving domains. Consider a domain variable in time, that is Q(t) C R? be a Lipschitz
domain for each ¢t € (0,7T), such that the time-space domain

Qr:=(0,T) x Qt) :=={(t,z) € (0,T) xR :z € Q)} = [ J {t} xQt)
te(0,7)

is open in R4, We say it is a moving domain, if Q7 has moreover Lipschitz boundary in R4+,
We adopt the notation that by 9,97 we mean only the lateral (spatial part) of the boundary,
that is
007 = {(t,z) € (0,T) xR :z e 0Q(t)} = |J {t} x0Q(t)
te(0,7)
so that the true time-space boundary in R4 of Qr is
001 = 0,07 U {0} x Q(0) U{T} x Q(T)

Denote by n(t) = n(t,-): 9Q(t) — R? the normal to the Lipschitz boundary of Q(t), defined
Ha.e. on 9Q(t). Since we assume Qp C R4 to be also a Lipschitz domain, it has H%a.e.
defined normal 7: 907 — R which necessarily is of the form

(—n(t,x),n(t,x)), te(0,T),x¢c o),
n(t,z) =< (-1,0), t =0,z € Q(0),
(1,0), t=T,z € QT),

for some n;: 9,Q7p — R which we may call the normal velocity (note that in all three cases the
value on the right is written as (a,b) € R x R?). Note that 7 is not a unit vector, rather it is
chosen so that the spatial part n is unit. We denote by dS the surface measure on 9€Q(t), and
dn denotes the vector-valued measure dn := ndS. The domain §2(¢) said is transported by the
vector field w: Qp — RY, if w-n = 7.

2.2. Transport theorem. Now let us prove a variant of the Reynolds transport theorem for
this moving domain. We do not explicitly refer to a transport field in the statement. However
if such a field exists, i.e. £2(t) is transported by w in the sense above, we recover the standard
Reynolds transport theorem.

Theorem 2.1 (Transport theorem). Let Q(t) be a moving domain as above and u € C*(Q7).
Then it holds for all t € (0,T)

4 u(t,z)de = Opu(t, x) de + / u(t, )iy (t, ©) dH(z)
dt Jaq) Q) 0]
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Proof. Denote U = (u,0): Qr — RxR?. Pick 0 <t < s < T and invoke the divergence theorem
for U on the Lipschitz domain Qg := Qp N (s, 1) X R? to obtain

/ u(s, x) dx—/ u(t, x) dz :/ Owu(r, x) dz d?"—i—/ / u(r, )i (r, z) dH () dr.
O(s) Q) ¢ Jaw ¢ Joa(r)

Let us now pick ¢t € (0,T) a Lebesgue point of t +— fQ(t) u(t,z) dx and of t — n;. Then we
compute, by above,
d fQ(s) u(87 x) dr — fQ(t) u(tv x) dx

— t,x)dr =li
dt Q(t)u(7$) v SIEE s—t

= Oyu(t,x) dx —i—/ u(t, )i (t, z) dH (),
Q) a0(t)

which finishes the proof. O

Remark. It is enough that u differentiable in time and having a trace, so that all manipulations
in the preceding proof go through. However we will use it only for C! strong solutions in
Theorem 3.4.

2.3. Spaces on a moving domain. Assume now (t) is a moving domain.
We now rigorously describe the spaces

L*((0,T); WH(Q(t);
L2((0,T7); WEA(Q(1);
L*((0,7); W2 (Q(t); RY).

div,n

Q(t); RY))

)

First, classically we can identify the space L2((0,T); L2(Q(t); R%)) with L?(Qp;RY). That is,
we consider measurable functions u: Q7 — R¢ which are square integrable:

/ lu|? dz dt < oo
Qr

so that by Fubini theorem, we have for a.e. t € (0,7) that u(t) € L?(2(¢); R?) and it holds

T
2
" ' - u|” dr dt < 0o
lull 20,7522 @08 A l@ﬂ'

Let us henceforth assume Q(t) C Q, t € (0,7, for some fixed Lipschitz domain €. Clearly we
can consider the zero extension to ug: (0,7) x Q — R? by

B u(t,z), x € Q(t),
uo(t,) = {0, z e\ Q)

so that then ug € L2((0,T); L?(£;R%)), and in this sense we will understand the embedding
L2((0,T); L*(Q(t); RY)) < L*((0,T); L*(% RY)).
Now we say that u € L2((0,T); WH2(Q(t); RY)) if it holds
o uc L*((0,7); L*(Q(t); RY))
e for a.e. t € (0,7) we have u(t) € Wh2(Q(t); RY)

e Vu € L2((0,T); L?((Q(t); R™*4)), where the function Vu: Qp — R4 is a.e. defined by
the previous point.

The norm on this space is defined as
Hu”L2((0,T);W172(Q(t);Rd)) B HuHL2((O,T);L2(Q(t);Rd)) + HVu”L2((0,T);L2(Q(t);]RdXd))
We now can consider the mapping u — (ug, (Vu)g) to be an embedding

L2((0,T); Wh2(Q(t); RY)) — L2((0,T); L2(;RY) x L2((0,T); L2(Q; R™*?)).



FLUID-STRUCTURE INTERACTIONS WITH SLIP 7

We now define the weak convergence in L2((0,T); W2(Q(t); R?)) by weak convergence in the
space on the right. Explicitly, we say that

u, —u in L2((0,T); WL2(Q(t); RY))
if it holds
(un)o = uo i L2((0,7); L* (4 R7)),
(Vun)o = (Vu)o in L2((0,7); L*(Q;R%)).
It is easy to see that the Banach-Alaoglu theorem continues to hold: If
lunll 20, m): w12 )R < C
then we can choose subsequence (not relabeled) such that
(un)o = w in L*((0,T); L*(%4RY))
(Vug)o = A in L2((0,T); L*(Q; R™))

Clearly suppw C 7, so that w = ug for some v € L2((0,T); L2(Q(t); R%)). By choosing
® € C°(Qr; R¥9) we find that, as n — oo

T T
/ / un-divq)dxdt%/ / u - div ® dz dt,
0 Jawr 0 /)

where by integration by parts on the left this is equal to

T T
——/ / Vun:q)dx—>—/ / A:ddxdt
0o Jow o Jar

showing that A = (Vu)o.
We define the subspace of functions that have zero normal trace as

L2((0,T); W, 2(2(t); R))
={u € L*((0,T); W-2(Q(t); RY)) : u(t)|aae) - n(t) = 0 on 9Q(t) for a.e. t € (0,7)}

where u(t)[a0() € W1/22(90(t); R?) is the trace of u(t). It is clear that this subspace is closed

under the weak convergence in L2((0,T); W2(Q(t); R%)), by compactness of the trace operator.
Finally, we consider also the space of divergence-free functions:

L2((0,7); Wia (Q(1);RY)) = {u € L*((0,T); WH(Q(t); RY)) : divu = 0},
L2((0,T); W12 (Q(t):RY)) := {u € L*((0,T); WH2(Q(t); RY) : divu = 0}.

div,n

We call the moving domain admissible if there exists w € L?((0,T); W&i’g (Q(t); RY)) with
W N = Ny.
To define spaces with time derivative

WE((0, T); WH(Q(t): RY),
we proceed as follows. We say that
u € WH2((0,T); WH(Q(t);RY)),

if there exists Oyu € L2((0,T); W12(Q(t); RY)), which is a time derivative of u in the sense that
for any » € C1(Q7) it holds

T T
/ / 3tu-g0dacdt:/ / u - Oppdx dt.
o Jaw o Jaw

Spaces with higher derivatives or different integrability shall be defined analogously.
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2.3.1. Convergence of domains. Now consider a sequence of moving domains. That is, for i € N
each Qg,f) is a time dependent domain, as well as 7. We say that Qgﬁ)
in the Hausdorff metric in space, uniformly in time, that is

— Qr if they converge

sup H(ng),QT) — 0, where H(ng), Qr) =max [ sup dist(z, Qr), sup dist(y,ﬂgz))
te(0,T) er(Ti) yeQr

as 1 — oo. It is easy to see that it implies the convergence of their characteristic functions in
L'
<ol
Xq@) = Xor in L*((0,T) x Q)
and in fact for any any L9, 1 < ¢ < 0o, as can be seen by
1/q 1/q

LY((0,T)xQ)

HXQ¥> — XQr = ’XQT BXow| = HXQ¥> — XQr

La((0,T) %)

where A denotes the symmetric difference. Observe also that whenever K C Q7 is a compact

set, then K C ng) for all ¢ large enough. This will later be in particular important for us when
K is the support of our chosen test function.

2.3.2. Convergence of functions on different domains. Let u( € L2((0,T); Wh2(QW(t); RY))
and v € L2((0,7); W12(Q(t); R?)) where we have a sequence of converging time dependent

domains ng) — Qp. The space normals to these domains are denoted by n the normal to Q(t),

n® the normal to Q).
In this context we can define the weak convergences by zero extension, that is we say that

ul b in L2((0,T); WH2(Q(t); RY))
if it holds
up) —ug in L2((0,7); LA RY),
(VulD)o = (Vu)o  in L2((0,T); LA (4 R™Y)).
We can see that the Banach-Alaoglu theorem continues to hold: If
[ut] 2 (0,1); w1200 (t)rd)) < C
then we can choose subsequence (not relabeled) such that
(D)o = w in L*((0,T); L*(;R7))
(VulD)o = A in L2((0,7); L* (2 R™))
By the convergence ng) — Q7 we can easily see suppw C Qp, so that w = wug for some
u € L2((0,T); L?(Q(t); RY)). By choosing ® € C®(Qp;R¥*9) we find that for any i large
enough enough it holds ® € COO(Q(Z); R?*4) 5o that

/ / d1v<I>dxdt—>/ / u - div ® dx dt
Q) (¢
/ / cPdr — — / / A:ddxdt
(Z)(t

(remember that xqa)(t) converges strongly) showing that A = (Vu)o.

is equal to

Proposition 2.2. If u) € L2((0,T); Wp?(QO (£); RY) and uD * u, then the limit satisfies
w € L2((0,T); Wa? (Qt); RY)).  In other words, zero normal trace is preserved under weak
convergence.
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Proof. Let us take a test function & € C1((0,7) x R?). Then we compute for a.e. ¢t € (0,T) by
the divergence theorem

0_/ / ) dn® dt = / / Ve -u® + divu® dz dt
aszm(t Q)
—>/ / Vf-u—i—fdivudwdt:/ / Eu-dndt
0 Jaw) 0 Joa()

and since £ was arbitrary, this shows u -n = 0 on 9,Qp. The convergence for i — oo goes
through, as it holds

uy) = ug in L3((0,T); (% RY),
(divu)y — (divu)y in L2((0,T); L*(Q; RY)),
Xo@ = Xor in L*((0,T); L*(; RY)).

In fact we can also treat converging normal boundary values.

Lemma 2. 3 (Convergence ofnormal trace). Let Q0 — Q(t), u® X o in L2((0, T); WH2(Q(t); RY))
and u® - )‘8(2() = ¢ with ¢ : 90 — R given such that ¢ — ¢ in the sense that

pOHI~ 1|8Q<1) S opHd oo as measures M([0,T] x R9), ie. for ally € C([0,T] x RY) it holds

T T
/ Ve dS dt — / Yo dS dt.
0 Jon® 0 JoQ(t)
Then it holds u - n\ag(t) = ¢. In other words
u® N — @ .n(i)q.[d*l‘m(i> XNou- nq.[dfl‘aﬂ(t)

Proof. Tt is sufficient to show that for all ¢ € C(]0, 7] x R9) it holds that

T T
/ Yu - dn = / Yo dS.
0 oO0(t) 0 o0(t)
We know that

// u® - dn® dt = // det—>/ 1/1¢d5dt
a0 (%) N o0(t

Rewrite the left Slde by the divergence theorem

// ) dn® gt = // Ve - w4+ div e do dt
a0 (¢ Q0 (¢)

T
—>/ Vz/wu—{—i/)divudxdt:/ Yu - dndt
Qt 0 Joa(t)

and we are finished. (|
2.4. Approximation of test functions.

2.4.1. Eulerian to Lagrangian and back. We will have the deformation 1 mapping the La-
grangian solid @ to the deformed configuration 7(Q). Here we shall see that under the W?2¢
regularity, one can switch between Lagrangian and Eulerian domains at no cost. This statement
is made precise below.

Lemma 2.4. Let n € WH2((0,T); WH2(Q; R N L>¥((0, T); W24(Q; RY)) with det Vip > g9 and
n(t,-) injective for all t. The mapping & — & on is linear bounded operator between the spaces

LY((0,T); W (n(Q); RY)) N Wy ((0,7); L2 (n(Q); RY))
— LY((0,7); W9(Q; RY) N Wy ((0,T); L*(Q; RY))
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with the bound C, depending only on o, |1l oo ((0,r);w2a(Qire)) and 10| Lo (0,1);22(Qsr4))-
Proof. Linearity is clear. As in [BKS23b, A.4], we calculate
IV2(£ o n)llzaig) = I(VZE0n - Vn) - Vi + VEon - V2l
< IVl @) IVZ€ 0 nllza@) + VE L mi@n 1 V*nll o)

and use

detVn
IV o nlfuiqy < [ 19360l L de = IV

which then proves

1€ 0l L1 o, ryw2a@sray) < Coll€llro,r)w2ame.Q)ra)
Now for the time derivative, compute

Oi(§on) = on+ (VEon)dm

In the first term, we compute using the, we can see that
det Vn 1
9,€ o nl|? </8o2da::82 .
H tf 77||L2(Q;Rd) > 0 | tf 77’ o 0 || t€HL2(n(Q);Rd)

In the second term, with C' coming from the Morrey inequality
(V€ om)aml L2 orey < IVE o0l oo (@ray 10| 2@y = [IVEl oo (n(@)ira) 19en] 2 (ire)y
< CIIV*¢|| pagn(@)r) 10l L2(Q.ra
In total, this shows that

1
10:(§ oMl r0,1):22(Q)) < g”atguLl((O,T);L?(Q)) + Cll0e| oo (0,122 (@) 1€l L1 (0, 7): 2.9 (m(@))
which concludes the proof. O

Lemma 2.5. Let n € W24(Q;R?Y) N Wko:2(Q; R?Y) with det Vg > gq be globally injective. Then
the mapping

§—=Eon
is an isomorphism Wko-2(n(Q); RY) — Wko.2(Q; RY) with norm depending only on Ml w2.a(Q;ray
and €.

Proof. Proof follows from application of the chain rule to V*0(¢ o ), the embedding W24 —
W1 and interpolation in the product which results from this chain rule, see [BKS23b, Lemma
A3]. O

2.4.2. Extending the divergence-free domain. We recall here [BKS23b, Proposition 2.22], which
will be useful for convergences in the coupled euqation.

Proposition 2.6 (Approximation of coupled test functions). Fiz a function
n € Lo([0,T;E) nWH([0, T; WH(Q;RY))  with Sup E(n(t)) < oo

such that n(t) ¢ OE for all t € [0,T]. As before, set Q(t) = Q\n(t,Q). Let T, be the set of
admissible test functions, defined as

Ty = {(6,6) € w2 (0,71 W2 (Q5R?) ) x 22 ([0, 7); Wy (% R7) )

p=&on on[0,T] xQ and divE(t) =0 in Q(t)}.

Then the set
— {69 emcec=(,11cE (URY)) dive(ty) = 0}

for allt € [0,T] and all y with dist(y,(t)) < € for some € > 0 is dense in Ty, in the following

sense: For every e sufficiently small there exists a linear map (¢,§) — (¢e, &) € 7;] such that
div (é(t,y)) =0  for all y € Q with dist(y, Q(t)) < e.
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Moreover, if € € L2((0,T); WF2(Q(t); RY) then
& — & in LE(0,T); Wk2(Q(t);RY)  ase — 0
and if n € L>®((0,T); Wko+22(Q;RY)), then
ge = ¢ in L((0,T); WHF22(Q;R) nWH2((0, T); WH(Q: RY))
Moreover the following bounds hold
1€ lwr200)ma) < ClE@ w2 (qyma)
16 () = E@) | L2y < ceT [|€(t) lwrao 2(0(t))
1€ (®)lywre.o ey < c@NED I 2(02)mm)
< cllE®)ller o H??( Miwe.a@) < c@IE@) L2 In() lwr.aq)

For a proof see [BKS23b, Proposition 2.22].

[0 ().

2.4.3. Universal Bogovskii. We state here a version of the universal Bogovski operator. It is
universal in the sense that we have the very same operator for domains which are similar enough,
in a suitable sense. Classically, similar enough means star shaped with respect to the same ball
[GHHO06], and graph domains in the same coordinates [KSS23]. We shall further extend this to
similar Lipschitz domains, respectively to close deformations.

Theorem 2.7 (Universal Bogovskii). Let 2 be a bounded L-Lipschitz domain. Fix a finite
covering G of its boundary by L-Lipschitz graphs; by this we mean that G consists of open
rectangles such that for each G € G, G N is a subgraph of an L-Lipschitz function (in some
direction). Let b € C°((0,T) x Q) with [,b(t) = 1 for all t. Then there exists a universal

Bogowskii operator B: C(Q) — C°(S;R?Y) which satisfies
divBf=f-1b / f
Q

and moreover for any L-Lipschitz domain Q such that G is also a covering of its boundary by
L-Lipschitz graphs (in the same sense as above) it also satisfies B: C°(Q) — C2(;R?Y) and
extends to a bounded operator
B: WP () — Wy P (s RY)

with norm of this operator depending on G and ) but independent of ).

Proof idea. Restricted to one rectangle G € G, this is shown in [KSS23, Corollary 3.4]. In the
proof therein, the rectangle is covered by slices such that two neighboring slices are star-shaped
with respect with the same cube and through a subordinate partition of unity the operator is
extended from one slice to the next. In our case, the slices at the edges of the neighboring
rectangles overlap, and in this way the construction can be extended from one rectangle to the

next. For more details of the construction see [KSS23], proof of Theorem 3.3 and Corollary
3.4. O

Theorem 2.8 (Bogovskii for close deformations). Letn € L=((0,T); E)NW12((0,T); WH2(Q; RY).
Then for § > 0 small enough the following holds: Fiz b € C°((0,T) x €,)) with an b=1 and
dist(supp b, 0) > 8. Then exists a universal Bogovskii operator B for domains Q,, that is

B: G°((0,T) x ) = C((0,T) x 2y RY)
which satisfies
divBf =f — b/ f
Q’]
and for every 7 € L>((0,T); ) N WH2((0,T); WhH2(Q; RY) with
In(t) = 2() w2a@ray < ¥(9) (2.1)
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the operator B maps B: C°((0,T) x Qz) — C°((0,T) x Qz;RY) and is moreover extended to a
bounded operator for 1 <r < oo and 1 < p < 00

B: L7 (0, T); Wy (7)) — L™ ((0,7); Wy ™7 (@ R))
with norm independent of 7.

Proof. By the C([0, T]; C1*(Q; R%)) regularity of 1, we can find a partition of the time interval
0=t <ty <--- <ty =T,such that on each interval (¢;,t;+2) the assumptions of Theorem 2.7
are satisfied. Namely that there is a covering G; which covers the boundary of €2,,(t), t € (t;—1,t;)
by L-Lipschitz graphs and for any given 77 as in the statement, G; also covers the boundary of
Qi(t), t € (ti—1,t;) by L-Lipschitz graphs (because W29 embeds into Lipschitz functions and
the closeness (2.1)) so that Theorem 2.7 above gives us the Bogovskii operator B;. Consider
a partition of unity {¢;} on (0,T") subordinate to the covering (t;,t;+2) we define in total the
sought Bogovskii operator by

M—2
B(f)(t) =) vi(t)Bi(f(t)).
i=1
All the desired properties of B follow. O

2.4.4. Approximating fluid-only test functions. Here, analogously to above, we state an approx-
imation result for the test functions, this time to be used in the fluid-only equation. This will
go by extending the normals and tangents to the deformed domains, by means of extending the
deformation.

Extensions of 7, and the normal and tangent. Throughout this section, assume that we have
the limit deformation

n € L((0,T); W 22(QsRY) nWH2((0, T); WHH%(Q; RY)) with E(n(1)) < Eo
We now consider for a.e. t an extension of n(t) to 7(t): R — R such that
M) lwro+22may < Clinllwror2 (g

(it can be done by a bounded linear extension operator =: W*0+2.2(Q; RY) — Whko+2.2(Rd; R?)),
so then we have
11l 2= (0 mywror22@amay < Cllnllzo(o, o2z
106771 2 (0,0)w o +22(Regrayy < ClIOM| L2(0,0)w k0 +22(Qir4Y)
and for some § > 0 we have on (s, a d-neighborhood of @,
det Vi > ¢9/2 in (0,7) x Qs
so that 77 is locally injective on s, and it is even globally injective for small enough 4, because
71 is. Moreover, § depends only on FEjy.

Extension of normal and tangent.
We assume the reference domain ) has C°° boundary, so we have the reference normal
ng € C*(0Q;RY), and then the deformed normal n: 9n(Q) — R? to the deformed configuration

n(Q) is
n(y) = A Vi~ @)lne(n~ (y)

|[cof Vn(n~=1(y)Ing(n~"(y))]
We now extend ng to Ps, a §-neighborhood of 9Q), so that we have ng € Cko(Ps; RY).

Then we define the extension of the deformed normal
() = [cof V(T ()1 (y))

|[cof V(7 (y)]g (M~ (v))]

for y in e-neighborhood of 1(Q), where ¢ is given by § and the energy bound FEj.

By Lemma 2.5 we see that 7 inherits all the regularity of ng up to Wko:2 In particular that
€ W2 (7(Qs); RY).
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To extend the tangent field, recall that the projection to the tangent plane is I — n ® n, that
is for a vector v € R¢

vy = —-n®njv=v—(v-n)n

is the tangential component of v. Thus for the extended normal @ and a vector field &, we
consider its extended tangential component by

€l=(y) = [EW)]F = [I = nly) @ n(y)]v(y) = v(y) — (v(y) - ny))n(y)-
Here it is apparent that [¢]+ inherits the regularity of @ up to W*0? due to Lemma, 2.5.
The approrimations.

Proposition 2.9 (Approximation of fluid-only test functions). Let n¥ e L*((0,T);€) N
WL2((0,7); Wh2(Q; RY)) with E(n(t)) < Ey and

n@ S in L2((0,T); W29(Q; RY))
omD = dm in L*((0,T); WH(Q; RY)

so that also Q\ nV(t,Q) = QW (t) = Qt) = Q\ n(t,Q). Let £ € C®(Qt);:RY), £-n =0 on
O0(t), and divE =0 in Q(t).

(i) Then there is gﬁi) such that for every e > 0
&) B e in (0,7 WH(4RY),)
08 % dr&. i L2((0,T); LA (4 RY)

such that féi)(t) e Wh2(QW(t);RY), divféi) = 0 in QO(1), éi) -1 =0 on an e-
neighborhood of 9Q(t) (that includes QDY) fori large enough) and &.(t) € W2(Q(t); RY),
& -m =0 on an e-neighborhood of OQ(t)with

& ¢ in L((0,T); WHH(RY)),
. B oe in LA((0,T); LA RY)).
Moreover, the following estimates hold:
1€ (1) = & ()l < e 2192 () — () 2.
l€=(t) — €@ lwe < ce2[|€E)[lwr.oo

with ¢ only depending on Ej.
(i) If additionally

0 —n i WH2((0,T); WHH2(Q; RY))
then it also holds
g9 S & in LX((0,T); WH2 (@ RY)
with the following estimates:
1€ (8) = & (D) lwroe < ce NIE@ llyrvo 2

where ¢ depends only on Ey and ||n]|yko.2-
If moreover, V(€-n) =0, £ =1,... ko, then

&5 ¢ an L2((0,T); Wko2(Q; RY)
with the estimate

1€ () — () |lyprroz < cell€(®)]lpprro+1.2-

where ¢ depends only on Ey and ||n||yyke.2-
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Proof. Let for now € > 0 be fixed. Consider a smooth cutoff ). which is 1 on e-neighborhood of
On(Q) and vanishes outside its 2e-neighborhood. That is, ¢. € C*°(R%; R?) such that 1.(y) = 1

if dist(y, On(Q)) < € and v(y) = 0 if dist(y, On(Q)) = 2e.
Let

&0 = ((6-7)79) + (1L =wo)g in 2O()
and ~
§e =1 ((€-T)T) + (1 =¢e)€  in Q1)
These satisfy all the conditions except being divergence free.
So instead we put, where B is the universal Bogovskii operator from Theorem 2.8

€ =& - B(aivel)
so that then we get
divel = ¢ / divél) de = ¢ / €0 . dn® =
Q) o0
where the integral is zero because éz) -n() =0 on 90", Define also
§e = ée - B(diV 55)
so that then ‘ L R -
(o — €W =€ — €9 — B(divE) + B(diveD)
Now &, éi) satisfy the given boundary conditions and divergence free condition as required. It
is left to check the convergences and estimates.
(i): Since it holds
g — & =ye(e 7T - 7Y),
we compute
IVE = ED)lzz = ||V (wale - 7T =79 +4ule - 7V =70 |
< IV @& ) ppasian 1T = 7D 2o + [8=(€ P p2ara2 IV F = 7)o
< Ce2a/(a-2) |l — n® [

so by the continuity of the Bogovskii operator from Theorem 2.8 we have the same estimate for
()
557 &g

V(& = €Dz < Ce2 9D I — nOfyya,
which is the desired estimate.
For the limit passage ¢ — 0, we compute

f - §€ = § - gs + B(divgs) = %(E ﬁ)ﬁ + B(div gs)
and so o
V(€= &) =V(@e(-n)n) = Ve (€ m)N + 1 V(E - n)n + e (€ - 1) V.
To estimate this in L2((¢); R?), the cutoff 1. satisfies

c
||vqr[}5HLOO <-,
£
the function & - has zero trace on 9n(Q) so that
1€ 7| Lo < ce,
and finally ||V7||ze < C||n|lwz2q. So altogether with the fact that |supp .| < ce we obtain
- 1
V(€ =&)Lz = IVhe(§ - M) + ¢V (§ - M) + e (€ - M) VAl 12 < CezInllwzallEllw
and thus X
lée = & wre < ce2.

Further, since div & — 0in L2((0,T); L%(Q(t)) we have also, by continuity of the operator B
that B(div&,) — 0 in L2((0,T); L?(92(t); R?) and the same inequality holds for &, &..
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For convergence of the time derivative with ¢ — oo, we write
(€D —&) = Oi(ve(e )T =T)) = Orpe (6 T) (T=TW) 4016 7) (T =7 46 T)OH(T-71)
and use the estimates

c . . . .
10npellioe < = 7 =7l < elln—0llw2a, 107 = 7)llz2 < clldm — |2

along with | supp ¢.| < ce to obtain the estimate

U C . . .
10: (68 = &)l .2 < ;HUHWZ‘Z||77_77(Z)||W274+||at§||L2||77_77(l)||W27‘1+5H§||L°°H77||W27‘1||at77_8t77(1)”-
Finally, for the time derivative with ¢ — 0 we write

at(ge - g) = 3t(1/1a(§ : ﬁ)ﬁ) = &f"t/}a(ﬁ : ﬁ)ﬁ + weat(f ﬁ)ﬁ + we(ﬁ 'ﬁ)atﬁa

use the estimates (the second one following from £ - n = 0 on 0€(¢))
c _ _ _
1Otpellzoe < = NI -TllLoe < ce,  Illze < cllnllwza,  [19imllzz < c]|Oen]| L2
as well as |supp | < ce to obtain the estimate

10:(& = Oz < Celnllwaa + 10N L2 Inllw2a + [Bell2)-
(ii): For i — oo, compute
&~ &V =yele- T)(m-7)

Since 1. (¢ - 7) € Ck(Q;RY), we can calculate

l
IV &N = | DV @& INVIE =) < V98] oo [V ET ] oo |V (F=TD) | 12
j=0 12
< Ce™![¢ - Flero n = 1P llyrrre:

As before, due to the continuity of the Bogovskii operator, the same estimates for & and §§T).
For the limit passage ¢ — 0, we compute

5 - 55 = 5 - é& + B(divga) = %(5 : ﬁ)ﬁ + B(div g&)
¢ 7
V(e -mm) = Y Vi Y Vit (e m)Vin,

=0 j=0
To estimate this in L2(Q(¢); R?), the cutoff 1. is chosen such that

—i C
IV el < =
the function V*(¢ - ) has zero traces on 97(Q) up to order kg so that
IV (€ )z < ee™™
and finally ||V/7||z~ < C. So altogether with the fact that |supp .| < ce we obtain
IV (e (& -]l < Ce.
This shows ) )
1€(8) = &)l 2 < Celln(®)llyro-2
and again by the continuity of the Bogovskii operator, the same holds for £ and &..

3. STRONG AND WEAK FORMULATION

In this section formulate the fluid-structure interaction both in weak formulation and in
the strong (pointwise) formulations. We further verify the consistency of the weak and strong
solutions, namely that any sufficiently regular weak solution is also strong.
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3.1. Weak formulation.

Definition 3.1 (Weak solution). The deformation n € L>((0,T),&)NWH2((0,T); Wh2(Q;RY))
and the velocity field

v €L((0,T); Wai7, (t); RY))
= {u e L2((0,T); W2(Q(t); RY)) - dive = 0 in Q(t),u-n = (dnon 1) -non dnt,Q)}

where Q(t) = Q\ n(t,Q), are called a weak solution to the fluid-structure interaction problem
if the following two weak equations hold:

Fluid-only equation. € € C®([0,T] x Q(t);R?), € -n =0 on IN(t), diveé = 0, with £(T) = 0 it
hold

Cr r

| =psto0r€ha + os0.0- Ve +vlev.chae = [ oplf. o e+ pson €O

Coupled equation. Forall ¢ € L>((0,T); W>9(Q; RNNWL2((0,T); WH2(Q; RY)), £ € C>=([0, T x
Q; R?Y) with ¢ = €onin Q, &-n = 0 on 9N (outer boundary, not the fluid-solid interface), div & = 0
in Q(t), &(T) =0, ¢(T) = 0 it holds

T T

- /O (D1, D1 dlt + /0 DE()(6) + DaR(n, o) (@)t
T

+ [ =ps0.88)00 + p30,0- F)ay + viev, o
0

T T
:/0 Ps<f,¢>dt+/0 pr{fs € dt + ps(ne, ¢(0)) + pr{vo, £(0))a(0)-

We shall see now that from this weak formulation, the pressure can be reconstructed.

Proposition 3.2 (Pressure reconstruction). Let n € L((0,T);E) NWH2((0,T); Wh2(Q; R9)),
v € L*((0,7); den(Q(t);Rd)) be a weak solution to the fluid-structure interaction problem as
in Definition 3.1. Then there exists a pressure p € D'((0,T) x Q) with suppp C (0,T) x Q(¢t)

such that

T
| =pitom.aus om) + (DE) + DRl 0m). € o) = pulF om.€om)
—pf (v, 0&) — pr{v @ v, V&) + vlev, e§) — pp(f, &) dt — (p,divE) =0
holds for all £ € C§°((0,T) x Q;RY). Moreover, p has the regularity
p € L¥((0,T); W19 (Q)) + WH((0,T); Wy *(2)) + L((0,T); L (%))

ad
ad—2

(3.1)

forl<a< oo and b=

Proof. The following weak equation is satisfied

T T
- /0 {04, Bu( 0 m)) dt + /0 DE(n)(€ o) + DaR(n, dyn) (€ o n)dt
T
+/O —ps(v, 0 o) + prv,v - VE)au + viev, e)qu) dt

. T
:/ p5<fo77,§O?7>dt+/ p(f Eaw) dt
] 0

for ¢ € C§°((0,T) x Q;RY) with div £|o) = 0, as defined above.
Define the functional IT by (in the end we will show II = Vp)

T
(I ¢) = /0 —u(84m, 3(€ o)) + (DE(n) + DaR(n, dm), € o) — ps(f o€ o)

_pf<vvat§> - pf<'U ® v, V§> + I/<€U,€€> - pf<f7€> dt7 5 € COOO((O,T) X Q;Rd)'
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By the weak equation above, II vanishes for £ € C§°((0,T) x ;R?) with divé|ow = 0. In
particular IT vanishes for & with suppé C n(-,@Q), which means that suppIl C Q(¢) (as a
support of distribution IT € D'((0,T) x Q)%).

By interpolation of |v|? € L*((0,T); L' (2(t))) N L?((0,T); Ld%Z(Q(t))) we have a bound on
v@w in L2((0,T); LP(Q(t); R¥*9)). So from this we have for £ € C§([0,T] x ; R?) the estimate

[(IL &) < psllOenll oo (0,7);22()) 196(€ o M L1 (0.17):22(m(0)))
+IDEM oo (0,702 @) 1€ © Ml L1 (0, 7)w2:9(@)
+ 1 D2R(n, 0|l 20,7y 12 Q) 1§ © 0l L2 (0,002 (n(@)))
= psllf o nll 20,1y 2 (@iray 1€ © Nll L2¢0,17);22 (iR 4Y)
—=psllvllze 0,1y 2@en 19l 1 (0,m);22 200)) — PV @ vl Lao.1) L0y IV e (0.7 17 (20
+vllevl| z(o.1):L2 e 1€l 2 (0.7): 2 () — oI f I 220,122 (20 m)) €l L2 (0,7): L2 (20 sm2) AE-

Recall that by Lemma 2.4 we have that £ — & o7 is an isomorphism in the spaces above.
This shows that indeed II is defined (can be extended) for

€€ X o= LN(0,T); WP RY) n Wy ((0,7); LA RY)) 0 L (0, T); WY (9 RY))
and is bounded on this space. In other words, II satisfies
e X* = L™((0,T); W7 (2 RY)) + W1°((0,T); LA RY) 4+ L((0, T); W (4 RY)).
Consider now the divergence operator in ) as a mapping
div: X =Y = LY((0,T); Wh4(Q)) n WEL((0,T); W—12(Q)) N L ((0,T); LY (2)).
We construct the fluid-structure Bogovskii operator
B: C((0,T) x Q) — C((0,T) x Q; RY)

as follows. Fix b € C§°((0,T) x n(-,Q)) with fn(uQ) b(t)dz =1, t € (0,T). Then define

B)(t) = Ba (wu) ~o(0) [ it d:c) e CE(0.T] x Q)

where Bq is the Bogovskii operator for the fixed domain 2. From this we see that
div(By) = b/ Ydz, e C([0,T] x Q).
Q

In fact we can see that it holds that it can be extended as a bounded operator B: Y — X.
Define now p € Y* by setting

(p,) == (I, By), peY.

This p is well defined and in Y*, as it holds by Bogovskii estimates that B: Y — X is bounded,
and we already know that Il € X*. It remains to show that II = Vp. We verify this as V is a
dual operator to div. For this we compute

(p,divyy) = (IL B(div ) = (IL, ¢) + (IL, B(div ) — ) = (IL, ), ¢ €Y

where the last inequality holds since div(B(div ) — ) = 0 in Q(¢) and thus it is annihilated by
II. This verifies that II = Vp, and to conclude the regularity, we have

peY* = LO((0,T); W (Q)) + WH((0,T); Wy () + L*((0, T); L"(9))
By the definition of p, we directly verified that the weak equation with pressure
T
| =pitom.ous o)+ (DE) + DBl 0m). € o) = pulF om0

—ps{v, 0:8) — pp{v @ v, V&) + viev,e§) — pp(f,§) dt — (p,divE) =0
holds for all £ € C5°((0,T) x Q;R%) O
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3.2. Strong formulation. Here we state the strong formulation of our problem. For this
assume the solid energy and dissipation have a density, that is they can be written as

E(n) Z/Qe(VmVZH) dz, R(n,0m) Z/QT(W@NH) dx,

where e € 03(R§:td>0 x RYY, r e CQ(Rg:tio x R94) Further assume the boundary 9Q is

C"™!, so that the normal to the boundary n € C%!(0Q;R?) has bounded mean curvature
divgn € L>®(9Q).

Definition 3.3 (Strong solution). 1 € C*([0, T]xQ; RNNL>((0,T); £), v € C*([0, T]xQ(t); RY)
and p € C1([0,T] x Q(t)) is a strong solution if it satisfies the equations:

Bulk solid equation:

psOun — divy Vee(Vn, V277 —}-divi Vuwe(Vn, V277 — div, Ver(Vn, 0,V
3 13
—div, V.r(Vn,0:Vn) =psf in(0,T) xQ

Bulk fluid equation:
pr(Oww~+v-Vv)=vAv—Vp+prf in (0,T) x Q(t)
divo =0 in (0,7) x Q(t)

Initial conditions:

v(0,-) =vo in Q(0)
n(0) = no
9m(0) = n.

Kinematic coupling on the interface:

v-n=@mon ') -n on (0,T)x dt,Q)

Stresses and slipping on the interface:
[Vee(Vn, V) — divy, Vwe(Vn, V1) + Ver(Vn, 9, Vn)+
V.r(Vn,0:Vn) — divs Ve(Vn, V21) — dive nV,e(Vn, V29)n @ n), = [[ev]n + pnl,
on (0,7) x 0Q
[Vee(Vn, V) — divy Vwe(Vn, V2n) 4+ Ver(Vn, 9,Vn)+
V.r(Vn,0:Vn) — divg Vwe(Vn, V1) — (divg n)Vee(Vn, VE)n @ nl, =0 on (0,T) x 9Q
([evjn)r =0 on (0,T) x 9Q(t)

Solid hyperstress:
VeV, V) :n®@n=0 on (0,T) x 0Q

Theorem 3.4 (Weak-strong compatibility). Let us_assume we have a weak solution with 1 €
CY[0,T] x Q;RH) N L>®((0,T); &), v € C%([0,T] x Qt);RY) and p € C*([0,T] x Q(t)). Under
this reqularity, it is a strong solution in the sense of Definition 3.3.

Proof. Throughout this proof, to aid reading, we include the calculations in vector notation, as
well as written in (spatial) components. Component-wise calculations always use the Einstein
summation convention, that is any repeating index (labelled i, 7, k, ) is summed over 1,...,d.
Fluid-only test function. By the weak formulation for the fluid-only test function, we have
that for £ € C°([0,T] x Q(t); R?%), £ -n = 0 on 9Q(t), with £(T) = 0 it holds by (3.1)
T T
/0 —p(v, ) aw) + pr(v,v- V) au + viev, oy dt — (p,dive) = /0 pr{fs &) dt

+py(v0,£(0))00)-
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Time derivative: by our transport theorem, Theorem 2.1 we compute
d

— v-fdx:/ (9tv-§dx—|—/ U-@t‘fdx—i—/ (v-&nydS
dt Jo Q) 0 a9(t)
integrate this in time (here {(7") = 0)

T
—(v(0),£(0))a) = /0 ((3tv,f>9(t) + (v, ) o) + /89(t)(v &) dS) dt

Convective term: integrating by parts gives, thanks to dive =0 (i.e. dju; =0) and v-n =y
(i.e. vjn; = ny) on 0Q(t),

v,v-V =—(v®uv,V :/ v - U-dn—/ v-Vuv-&dr
{ Eaw ( Eaw m(t)( §)v-dn o 3

=n¢ dS

/ Ui?)j(?jfi dr = / Uifi % dTLj - / 8jvz-vj§i dx
Q(t) aN(t) S~ Q(t)

=n¢ dS

Viscosity term: again using dive =0 ( i.e. 9jv; = 0)

1
(ev,e)au) = / [ev]€ - dn — / ~Avédx
a9(t) Q) 2

1
/ 4(8 vi + 07v;)(9; €z+8§J)dfC—/ 10501 + 0ij)(&ny + §ni) dS
Q(t) oQ(t)

1 1
— —0;v;& + = 035v:&; dx
/Q(t) 4 Wy 4 757

Finally for the pressure (the boundary term vanishing since £ - n = 0),
T T T
—/ / pdivfdxdt:/ —/ pé - dn + Vp-fdxdt:/ Vp - &dxdt
0o Jaw 0 a0(t) Q(t) 0o Jow

T T T
— / / p0;&; dx dt = / — / p€idn; + / 0;p&; dx dt = / / 0;p&; dx dt.
o Jow 0 20(1) Q) o Jow

So altogether we obtain

T
(0(0), £(0)) o) + /0 @, o + oy [ Vs

1 T

for all £ € C>([0,T] x Q(t);RY), £ -n = 0 on 9Q(t), with £(T) = 0. In the boundary term we
use that [ev]€ - n = & - [ev]n and that £ is an arbitrary tangential field. Thus in particular, we
see that the tangential normal stress is zero, i.e.

([evln); =0 on (0,7) x 0Q(t

)
Continuous test function We have for ¢ € L>=((0,T); W>4(Q; R?)) nW12((0,T); Wh2(Q; R%)),
£€C0®([0,T) x Q) with p =Eonin Q, £-n=0o0ndQ, £T) =0, ¢(T) = 0 that it holds by
(3.1)

T T
- /0 (D1, Do) dt + /0 DE(n)(6) + DaR(n, ) (#)dt
T
+ /O (0, %) o) + (v, v - VE)age) + (v, e€)ary dt — (p,div €) (3.2)

T T
- /0 pulfo byt + /0 Pl E)eatey dt + a1 B(0) + w0, E(0)) o)
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So let us take such £ and ¢.
For the fluid terms, perform the manipulations as above to obtain

T
/O —pr(v, 0w + pr(v,v- VEau + viev,e§)qaw) dt — (p,divE)

T
—/0 pr(fs E)aw dt — pr{vo,£(0))aw) = (v(0),£(0))a)

+/ (O, E) o) +pf/ v-Vu-&dx+v / [ev]€ - dn — = AvEdx | dt
0 Q(t) o9(t) 2 Jo

T
+/Q(t) Vp.fda:dt—/m(t)Pf-dn—<vo,§(0)>9(o) —/O pr{fi &) dt

Now consider the solid terms from (3.2) , namely

T T T
- / (D1, Du) dt + / DEm)(6) + DaR(y, dm) (6)dt — / po(f, B)dt
0 0 0

—ps(n«, $(0))

We calculate (writing e = e(&,w), 7 = r(&, 2)) for a test function ¢ € C*°([0, T] x Q; R?) with
¢(T) =0

DE(n)(¢) = /Q Vee(Vn, V1) : Vé + Vue(Vi, Vi) : Vo da

Dy R(n, 0im)(¢) = /Q Ver(Vn, 0,Vn) : Vo + V.r(Vn,0,Vn) : Vo dz

in components:
DE(n)(¢) = /Q Oe,,e(Vn, V20) 056 + O, (V1) Vo0) s dax

DyR(n, 0m) () = /Q e, 7(Vn, 0,V d;¢i + 02,7 (V o, 0 V)¢ dax

We can integrate by parts and obtain (in component notation denote dn; = n; dS where S is
the surface measure)

DE(n)(¢) = / Vee(Vn, V) - ¢ - dn — / div, Vee(Vn, V?n) - ¢ dx
0Q Q
+ [ Vwe(V1, V) : Ve -dn — / div, Vwe(Vn, V2n) : Vo da
oQ Q

DE(n){¢) = /a 95V, T, /Q 0,0c, ¢(Vn, Vo) da

+ / Oy, €(V1, V20)0;hiny, — / NV, e(Vn, V?0)0;¢; da
aQ Q
Integration by parts in the last term yields

—/ div, Vwe(Vn, V2n) : Vo dr = —/ div, Vwe(Vn, V2n) - ¢ - dn + / div2 V,e(Vn, V2n) - ¢ da
Q o0Q Q

— / OV, €(V0, VP0)di¢idr = — | 030w, e(V, V20) s dnj + / ;0 0uw,;,.€(Vn, V) d; da
Q Q

2Q
Now, the second-to last term (namely faQ Vwe(Vn,V?n) : V¢ - dn) can be further rewritten as
follows. Here we use the assumption of bounded mean curvature k = %divs n. We denote
V=mn&n+{I—-n®n))V=n®09,+ Vg
(% = nmj@j + (81 - nmjaj)
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in other words for u: R? — R
Vu=(n-Vun+ (Vu— (n-Vu)n) = dyun + Vgu
Oiu = n;0jun; + (Oju — n;0jun;)
and for : R — R4
Vn=m-Vo)n+ (Vn—(n-Vn)n) =0,n@n+ Vgn
9jmi = niOkming + (951 — nkOkming)
divgn = Tr Vign = 9in; — niOmini

Rewriting the gradient to this normal and surface part, we obtain

V(90,5 V-dn = / Voue(V, V20) : 10 ® Oud - dn + / VeV, V2n) : Vsé - dn
/ Wik € e(Vn, V?0)d;¢idny, —/ O, (V) V)0 injdny,

/ i1, e(Vn, V) (06 — mOypin;)dny,

Using the Gauss-Green formula on the surface Q) (which has empty relative boundary since it
is compact) gives us

Vwe(Vn, V) : Vgo - dn = —/ divg Ve(Vn, V) - ¢ - dn
oQ

— / (divs n)Vwe(Vn, V2n) :n® ¢ - dn
0Q

oQ

/3@ Ow,;,€(V, v2n)(aj¢i — mOypin;)dny = — /aQ(é)Z-Vwijke(Vn, Vzn) — OV, e(Vn, V2n)n,~)¢j dny,

— / (Oin; — nkOkning)Va, ;, e(Vn, VE30))nigy, dnj
o0Q
So thus in total we get for the energy

DE(n){(¢) = /a de(vn, V) - ¢-dn — /Q div, Vee(Vn, V2n) - ¢ dx + /8 Zwe(vn, V) :n® Opo - dn

- / divg Ve(Vn, V2) - ¢ - dn — / (divs n)Vewe(Vn, V) :n®@n - ¢ -dn
aQ o0Q

—/ div, Vue(Vn, V2n) - ¢ - dn+/ div2 V,e(Vn, V2n) - pdx
aQ Q
For the dissipation, integrating by parts in space
DaR(n, 0m)(¢) = /862 Ver(Vn, 0¢Vn) - ¢ - dn — /Qdivx Ver(Vn, 0,Vn) - ¢ dx

+ V.r(Vn,0,Vn) - ¢-dn — / div, V.r(Vn,0,Vn) - ¢ dx
oQ Q

DoR(n, 0in){p) :/8 agijr(Vn,(?tVn)qbidnj—/ 0j0¢,,7(Vn,0,Vn)¢; dx
Q Q

+ / OZ¢j7"(V77, atvn)qbi dnj - / ajazl'ﬂ"(vm 8tV77)¢i dx
0Q Q

For the inertial term, integrate by parts in time to obtain (remember that ¢(7') = 0)

T

T
- /0 P00, 010) dt = pu(Om(0).0(0) + [ pulorn. ) di
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Therefore in total the we get that

T T T
= [ putom.0)di+ [ DEG)G)+ Dokl im)(@)at — [ pulf. 0t = pune,6(0)) =
0 0 0
T
/ ps(Oun, @) +/ Vee(Vn,V?n) - ¢ - dn
0 aQ
— / divy Vee(Vn, V2n) - ¢pdx + Vwe(V1,V20) : n® dpe - dn
Q

oQ

—/ divsvwe(Vn,V2n)~¢-dn—/ (divg n)Vwe(Vn, V2) :n@n - ¢ - dn
0Q 0Q

— / div, Vwe(Vn, V2n) - ¢ - dn +/
oQ Q

- / divy Ver(Vn, 0,Vn) - ¢ dx dt + / V.r(Vn,0,Vn) - ¢-dn — / div, V.r(Vn,0;Vn) - ¢ dx
Q 0Q Q

divi Vwe(Vn, V27]) . qbdm/ Ver(Vn, 0,Vn) - ¢ - dn
oQ

T
- /0 pal €0t + pa(D1(0), 6(0)) — ps(B4(0), 5(0))

Altogether with the solid and fluid terms, it holds

T 1
(v(0),£(0))00) —I—/O (O, §) o) + oy /Q(t) v-Vou-édr+v </69(t) [ev]€ - dn — 5 Avé da:) dt

Q(t)
T

T
[ Vpcdedt - / pE - dn — (v, €(0)) o) — /0 pi(f € dt + /0 p(Dhe, B+

Q(t) 0(t)

/ Vge(VT],VQT])-qﬁ-dn—/ div, Vge(Vn,VQn)-gbd:E—l—/ VeV, V21) :n® 0,6 - dn
aQ Q 0Q
—/ divsvwe(vn,vzn)-¢-dn—/ (divs)nV,e(Vn, V) :n® ¢ - dn
0Q 0Q
— / div, Vwe(Vn, V2n) - ¢ - dn + / div2 V,e(Vn, V2n) - ¢ dx / Ver(Vn, 0,Vn) - ¢ - dn
oQ Q oQ

—/ divy Ver(Vn, 0;Vn) - ¢ dx dt +/ V.r(Vn,0,Vn)-¢-dn— / div, V.r(Vn,0:Vn) - pdx
Q oQ Q

T
—/O ps(f,§)dt + ps(9n(0), #(0)) — ps(0im(0), ¢(0)) = 0

for all ¢ € L°((0,T); W>4(Q; RY)) N WH2((0,T); WH(Q: RY), £ € C>([0,T] x T RY) with
p=EConin@,{-n=00n 9, {T)=0,¢(T)=0.

From this, we can see that the strong formulation as in Definition 3.3 holds. U

4. VARIATIONAL EXISTENCE SCHEME

We will use the regularized energy and dissipation with « > 0, that is
Eu(n) = B(n) + &V 2|2 Ry(n,b) = R(n,b) + | V20

where the exponent ag > 0 will be chosen later, and kg is chosen so large that W*0:2 embeds
into W24,
Now we fix h > 0 and solve first the time delayed problem on (0, k).

Definition 4.1 (Time-delayed solution). Let w; € L2((0, h) x Qo; R?), ws € L2((0, h) x Q;RY)
be given, where Qy = Q\70(Q). Then 7, v is called a weak solution to the time-delayed problem
if (pon™)-n=wv-non dn(-,Q), and satisfies the equations
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Fluid-only equation.
vod —w
vlev,e€)aq + w(VH0, V€ o) + oy <hf,§o <I>> —pr(f. € =0
Qo

for all test functions & € C*°((0, h) x Q(t); RY) with divé = 0 in Q(¢), £-n = 0 on 9Q(2).
Coupled equation.
DE(m){6) + DaR (n, 0m) (6) + 26 (V40 2, VAv+26) 4 2y (VR 20, vhot2g)

+ps <8m =) ¢> s(fon, @)

Hriev,b)ag +(VF00, VoE)aq +pf<“¢h‘““‘,5o<1>> ~ps(f, €0 =0
Qo

for all test functions & € C*((0,h) x Q;RY), ¢ € C([0, h]; Wko+22(Q; R?)) with ¢ = £ oy and
divé =01in Q(t), V(€ -n) =00n 0Q, £=0,..., ko.

The flow map ®: (0,7") x Qq is such that ®; := ®(¢,-) solves 0;P; = v(t) o ®; with @y = idg,,
here we denote Q(t) = Q\ n(t, Q).

The velocities wy resp. w, will later represent the fluid resp. solid velocity in the previous h
step. To solve this problem, we perform the following minimization scheme.

4.1. Minimization. For now let 7 > 0 be a fixed discretization step.

To ease the notation we write for the fluid terms | - ||, for the L2(Qx; R?) norm, and in the
solid terms || - || for the L?(Q;R?) norm, similarly for scalar products on these spaces.

We discretize the right hand side

and the velocities i .
1 T 1 T
ngIE = / wg dt, wffg = / wy dt.
9 ( b T (

Assume we have 7],(:)1, v,(;)l, where n(T) € &N Whkot2, 2(QJRd) and véT) € Wko2(Qg; R?) is the

given initial condition and the domain is Q( 2=\, )1(Q)
The next step is found as

(n,(;),vg)) € argmin jk(T)( , V) (4.1)

where the minimum is over (n,v) € £ N Wko+22(Q; R?) x Wf&’ (Q,(CT)l, R?) satisfying

_ M
with il n,(Ql =wvon- n,(Ql, on JQ, and v - n,(Ql = 0 on 012, where
T

and the functional jk(T): Who+22(Q; RY) x W£%2(Q§€T_)1; R?) — R is defined as

(1) (1)

T8 ,0) = E() + 7R (n,ﬁ?l,"_nk_l> g o2t |

-
= () ? ()
+ Lh T - ws,k—l _ f (1) ° =M1

Ps 9 h Ps k 77k 17 -

2
(1) (1)
Th|[vo @) —wiy
HEUHZ(T) +’%7”vkov”2(f) +pf 9 h £ _Tpf<fl§7—)7v>gl(cl)l‘
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The flow map begins as <I>(()T) := id and for the next step is defined as
ol = (id+70{) 0 &7, (4.2)

We will assume that it holds Q,(:) = <I>](CT) (Q0), and moreover <I>§CT): Qp — Q](CT) is a diffeomor-
phism with bounded Jacobian, which is certainly true for £ = 0 and for subsequent steps it will
be shown below in Proposition 4.4.

Lemma 4.2 (Existence of a minimum). The minimization problem (4.1) admits a minimum
(r) (1)

(" vp )

Proof. We show that the minimum exists by the direct method of the calculus of variations.

Firstly, the set over which we minimize is nonempty, because (17,(;_)1, 0) € ENWho+22(Q;RY) x

Wfi‘yz(ﬂgf_)l; RY) satisfies the coupling condition and is thus admissible. To see that the func-

tional jkET) is bounded from below, use the inequality (@ — b)? > a2/2 — b? in the terms

(7) @ |
7'h Vo (I)k:—l —w K—1 T T
piy — > pypllvo @B, = oyl I
Qo
and
e r 2 o2
h|| 2=t ) .7 n—n; T2
Ps=5 A = Psyy L, —psﬁllws,k_lll

and Young inequality in the f terms, namely
2 T2
—ror{f o) = =yl IEe —prglelEe

77_77;(;—)1 - 77_77](;)1 2
—Tps <f o1, T> > —ps7||fonl* — Pyl

and omitting the other non-negative terms, to get

T T T T T
T 0,0) 2 Buin = py e 1w 17 = pag w12

- PfTHfH?l(r) —psTlfo 77H2

k—1
and, since the mapping f — f on is bounded in L? by Lemma 2.4 (since F(n) is bounded) this
gives a uniform bound and thus J is bounded from below.

Further jk(T) is coercive on Wko+22(Q;RY) x Wk072(Q,(€T_)1;Rd), as can be easily seen (the
k-terms are coercive and the f terms can be absorbed as above). Further, it is weakly lower
semicontinuous due to the assumptions on £ and R and the convexity of the other terms. So
there exists a minimizing sequence with a weakly convergent subsequence.

Moreover the set over which we minimize in (4.1) is weakly closed by the following argument.
The Ciralet-Necas condition is weakly closed, because weak convergence in W*o+2:2(Q;R%)
implies uniform convergence of n and V7. Further, we stay strictly away from det Vi = 0 by
the assumption (E.2). Moreover the normal coupling is also a weakly closed condition, since
continuous functions up to the boundary are compact in W#0+22 resp. W02 we get that the
trace and in particular the coupling is preserved in the weak limit. O

4.1.1. The discrete weak Fuler-Lagrange equation. Fluid-only equation.

, U eing a minimizer o we get 1n particular that v IS a minimizer o
(r)_ (7)
jk(T) (77,(;), -) over v satisfying Uonl(;) nl(cT_)l = % n](;_)l Since the functional jkT) (77,@, -) is

convex on Wk0’2(Q§cT_)1; R?), we get that the following Euler-Lagrange equation for the minimizer
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(1)

vy, i satisfied:

o o ™ _ ™

T — w — T
1/(51),(€ ),€§>Q<T> —H@(Vkovl(C ,Vk(]f) +pf< b i ; Lk 1,§O<I)k—1> —<f;<(; ),§>Q§€f_>l =
Qo

(4.3)
holds for all € € C(Qy; RY) with & -n{”, =0 and divé =0 in Q7).
Coupled equation

Let us now derive the discrete coupled equation. So we take functions ¢ € C*(Q;R%) and
¢ € Wko2(Q; R?) with divé = 0in Q( Z,and ¢ = {on 1 in Q. Now let us take the perturbation

with the scaling (¢,&/7) (this is the correct one that preserves the coupling condition on the
interface.) That is, we differentiate

t Ty (Uk +t¢,vk +t&/7)

at t = 0. Here it is possible, in particular that the perturbation (n,(;) + to, U](CT) + t&/T) is
admissible for small enough ¢.
The resulting equation is

77](;) - 77](;_)1
T

() _p(m)
(1)

) =, et ) (1) (r)
2K <Vk0+27__,vk0+2¢> +ps < T h > 7¢> — Ps <fkT onk7-_17¢>

DE(1)(@) + DaR (’71(;)17 ) (@) + 2k (Vo t2(T) gho+2g) 4

oy
+V<5UIE;T)75€> ™ + r(VHRo ) , VFg) ™ +pf< h 7 7£O(I)](€T_)1>
Qo

—pf<f;§7),€>ﬂl<;_>1 =0

for all £ € C®°(Q;R?), divé =0 in Q,(g L and ¢ € Wr2(Q;R?) with ¢ = fon in Q.

Lemma 4.3 (Discrete energy estimates). For the constructed ny, vy the following energy esti-

mate holds:
(7) () 12 () (1)
(1) a k +2 (T) 2 k _|_277] 77]',1 (r) 77] _77j71
B + koo |[vho+2y ™) +Z} AR +TR<77H77
]
U T (r) T )
J J 2 k, )2 ) 12
oo ||| e e, IV G, +erggle” o # Tl ]

< E(no) + K[|V 2|2

k
TN 112 T 12
# 3 o [wDa 4 o [, + el om0+ pp2ehl £ |
j=1

Proof. For the discrete energy estimates, we compare (77,(;),1),(;)) with (77,(21, 0) in the minimiza-
tion (4.1). That is,

j(T)(n](CT)avk ) < jk (nk; )170)
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Writing this out gives

™ — (™ ™ — @ 12
E@SU+TRQﬁl,k,Th4>+MMW%”%mP+M'V%Hka4
n( = 2
n (1)
T I e £ 6 ™ =l
PsS A Ps\ Jk  ©Mk-1> i
wh |0y 0 07 —wi) 2 (") ()
”5% H2<r> +“*Hvko Hzm torg A ’ —Tppfy v >Q§€rjl
Qo
2 2
(1) (1)
(r) ko+2 2 Th || Ws k-1 Th || Wy k-1
< B + k|| VR 200 12 4 p, 5 Sh Al e
Qo
Now we sum this over j = 1,...,k, so that we obtain the energy estimates
k ™ _ @2 r _ ™
(7) ko+2, (T2, 1 kot2'li i1 (m M T4
B7) VI 3 e | VRS e (o, B
() _, (1) 2

n; =n; () () ()
Th 1= P 2 - ws . T T n; 77—].
TPy T _7%<ﬁ)°@ﬂ73]

2
e 0 @), ) ]

2 T ko, (T) 12 fi=1 (1) (™)
*||€U H <T>l+’f§||v ‘v; ||Q§1>1+Pf7 h =7(f; v ) o
Qo
< B(no) + £[[V* 2|2 + C(h)[wl|72(z2) + CIlf |2 (00

To get uniform in 7 energy estimates, using and the Young inequality we get in inertial and
forcing term in the solid

2

— ps2rh||f7 o7 |

77;537) — Mk—1

T

2 T T
T T2 77;(6)—77,(6,)1

T (7- 2
- P5%||w5,k_1” - Psg

Psah

T T 2
I s ARG I
< ps— T s,k—1 — Tps <fl£'r) o 77(7') k‘k—1>

k—1> -
and in the fluid

(T) 12
oo o @By = sl — pr g o e — 27kl I

2
ool 0 20, — i),

T)  (7)
S,Of 9 h _Tpf<fk(: ’UIE: >QI(€";)1
Qo

As <I>(T) is a diﬁeomorphism with bounded change of volume by by Proposition 4.4 below, we
have Jo{” 0 87, i, = o7 e
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So that we get

(r) _ () 2

E(TI;(;))"‘TR <n](€r_) M, :_77k—1> +I€ao‘|vko+2 )”24_&7

2

T

77;(;) - 77]({7;)1

T

+ T
Psgr,

T k T T
+ 5 e +aglIVRuT B +orgrlin” o i, R,

2
< B + w20 P o T ol | s [+ pe2rnl) oy R
+or27 0l e

Now we sum this over j = 1,...,k, so that we obtain the energy estimates in the statement of
this lemma. O

Proposition 4.4 (Estimates of the flow map). For every e > 0, the discrete flow map satisfies
the estimate on its Jacobian

1 .
< detVO) <14¢
1+¢

for T small enough, in dependence of € (i.e. for all 0 < T < 19(¢)). Consequently, it holds
lim det V&™) =1
T7—0

uniformly on [0,T]. Moreover the maps ®(M) are uniformly Lipschitz-continuous in space, So
that the Lipschitz constant Lip ®(7) (t) is independent of T and t.

Proof. We recall that the definition (4.2) of @,(;), so that
vol) = (1 +7vu)) o0, - val™|

and consequently

k
det VO = det((I + Vo) 0 @{7,) det VO, = [ det((I + 7V0{”) 0 d{7)).
j=1
Now compute, expanding the product by the definition of the determinant and assembling by
powers of T

d
det(I+7Vol)) =1+ 7 Trvel” + 3 70 (Vo!l)
— =

=div v<‘r)—0

where M, are homogeneous polynomials of degree ¢, so that we have

d k d
det V(I> H (1 + ZC@TZHVU](T)H€00> < exp ZZC@TKHV’U [

(=2 j=14=2

d k d
= exp Z cprt!? Z (THVU](-T) H%«;)g < exp Z T2 Z THV@§T> 12 | <exp (TZ cﬂC)
=2 j=1

J=1 (=2

where we used EJ 1 @5 P < Z j=1a; for p > 1, and that we know from the energy estimate of
Lemma 4.3, since we have the embedding Wk‘)’ W1 with constant ¢, that
k k
S rlVe e < YTV < K
Jj=1 J=1
Choosing 7 small enough we get the exponential smaller than 1 4+ . Similarly we can estimate

from below, using 1/(1—s) < 1+4esfor 0 < s < e/(1+¢). The uniform convergence of Jacobians
to 1 follows from this.
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The Lipschitz continuity follows by (we use 1+t < et)

Lip (o) < T (147 Lip (v7)) < exp (Ek:TLip (ul”)))

=1

k 2
< exp J ZTJ ZTLip (vl(T)> < exp(VRVK).

4.1.2. Weak limit 7 — 0. We define the piecewise constant and piecewise affine interpolations
as

Nt z) = (x) for 7(k —1) <t < 7k,
N (t,2) = ny”, (2) for r(k —1) <t < 7k,
77t x) = TkT_ L (@) + t_T(f_l)nfj) () for 7(k — 1) < t < 7k,
v(y) = U;(Ql (y) for r(k—1) <t<7tk,ye€ ngl, (#5)
e (t,y) = 2", (y) for 7(k —1) <t < Tk,
o) (t,y) = Tk~ t‘P,Ef_)l(:E) + t_T(Tk_l)@,(;) (x) for 7(k — 1) <t <7k,

as well as Q) (1) = Q) for 7(k —1) <t < 7k.
By the estimate of Lemma 4.3 we have (for a nonlabelled subsequence 7 — 0) that

'™ S in (0, k) WRE(QiRY))
o' = O in L2((0, h); WH22(Q;RY)) (4.6)

o™ oy in L2((0, h); WF2(Q(t); RY)).

Since we have a compact embedding
CU2 ([0, 1] C2* (@5 RY) s WH((0, h); WH2(Q; RY))
we have that
0D =i CW([0, k) CT(QRY)

which in particular means that 7(”) = 7 on [0, h] x dQ and also det V(™) — det V in C([0, T] x
Q)

Now we verify that the coupling condition holds in the limit: We know that for the approxi-
mate deformations the following coupling condition holds

v o™ . n) = gn) . n( on [0,T] x 0Q (4.7)

Let us operate now in the Eulerian domain and let us fix an arbitrary test function ¢ €
Co((0,T) x ). Now write the solid part using the divergence theorem, change of variables, and
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the above convergences:

T T
/ / Vo™ o ()™ dn() dt = / / div(dn'™ o (n™) 1) da: dt
0o Joaam 0 Jn™M(Q)
T
= / / V- 0™ o (P 4 Vo™ o (™)1 VT () da dt
0 JnM(Q)
T
= / / (V@/J o™ -9 4+ oMV VT (M)~ o n(T)> det V™) dz dt
0 J@
T
— / / (Vpon-0m+1ponVom : vipt on) det V da dt
0 J@

T
_ / / Vi dpon !+ eVamon L VTl dt
0 JnQ)

T T
= / / div(vdym o™t da dt = / / vomon t-dndt
0 Jn(@) 0 Jon(@Q)

Similarly on the fluid domain, we can write by the divergence theorem

T T
/ / Yo - dn(D) dt = / / Ve -0 4+ dive™ de dt
0 Jo)(t) 0 Jom(t)

T T
—>/ Vw~1)+1/1divvdmdt:/ / Yo - dn dt.
o Jaw o Joaw)

Now recall that by (4.7) we have that the left hand sides of the last two equations are equal, so
that this proves that the coupling condition holds in the limit, that is

v-n=0amon t-n on (0,T)x Nt

We also pass to the limit in the low map. By the estimates of the previous section, Proposition
4.4, there is ® € C([0,T]; W (Qo; R?)) such that

™ & in C([0,T]; C"(Q; RY).

By Proposition 4.4 we know that det V& = 1 a.e. Moreover, passing to the limit by 4.2 definition
of (™ we have

9,®(t) = lim 8,97 () = lim w7 () 0 ) (£) = v(t) 0 B(2). (4.8)

T—0 T7—0

From here it also follows that ®;: Qg — Q(t) is a diffeomorphism, ¢ € [0, 7.
4.2. Passing to the limit 7 — 0 in the Euler-Lagrange equation.

4.2.1. Fluid only equation.
Proposition 4.5. The limit solution v from (4.6) satisfies the equation

vo®d —wl

h
/o viev,e€)qu) + K(VF0, V) g + py <h ,€o ‘§> —(f,§)aw dt =0
Qo

holds for all £ € C>([0,h] x Q(t); R?), VE(&-n) =0 on 0Q(t), divE = 0 in Q(t), with £(h) =0
and V(€ -n)=0,0=1,... ko

Proof. We have a fluid only equation as in (4.3), denoting this in the (7)-notation of (4.5), this
reads as

h o 0 () _
/0 v(ev™, €M) o) 4 k(VF(D TRy 4oy < o L0 o )

% (4.9)
_<f(7)7£(7)>9(7) dt = 0
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where £ = ¢l € @1 RY) on ((k—1)7, kr] with £ -n{” = 0 on 90" and divel” =0
in Q,(CT).

Approximation of £: Let us have a fixed test function for the limit equation, that is £ €
C>®([0,h] x Q(t); RY), € -n =0 on INt), divé = 0 in Q(t), with £(h) = 0 and V(¢ -n) = 0,
C=1,... ko.

Let now € > 0 be fixed. Consider a smooth cutoff ¥, which is 1 on e-neighborhood of dn(Q)
and vanishes outside its 2e-neighborhood. That is, 9. € C*®(R% R?) such that ¢.(y) = 1 if
dist(y, On(Q)) < € and ¢.(y) = 0 if dist(y, In(Q)) > 2¢.

We now define the sought approximation §§T) and & given by Proposition 2.9 (ii). By this

lemma it is seen that §§T) is an admissible test function for the equation (4.9). By the same
proposition we see that for fixed € > 0 we can pass to the limit in the equation as 7 — 0 and
see that the limit equation is satisfied with &..

At this point we will comment in a bit more detail about the convergence 7 — 0. For any £
as above ( £ € C°°([0 T] x Q(t);RY), € -n =0 on 9Q(t), divé = 0, With &(T) = 0), construct

¢(7) as above (£7)(t) € COO(Q,(,C_)l;]Rd) ont e ((k—1)r, kr] with ék . ( ) =0 on 89( ") and
div 5,(;) =0in Q,(le) By the lemma we have

e Be o in L2((0,T); Who2(Q; RY))
holds in the sense that
(V)0 = (Vi&)o i L2((0,T); LA RY))
for ¢ =0,..., ko, where (-)¢ is the extension by 0 to €. In particular this means
T
U €0~ (Vo e = 0
for £ =0,...,ko..

Then we show in a standard way, that for every u(™ e L2((0,T); L?(Q7)(t); R%)) and u €
L2((0,T); L*(Q(t); RY)) with u(™) — w it holds that

T T

Indeed, we can write

/<<T> V) gy — (u, Vi )a m‘

0

0

/ (W§, (Vg — (Vie)o)a — (uo — ul, (Vi€)o)a dt‘ <

T
lu§ 22002200 IV y))o—(Vzﬁe)o|!%2((0,T);L2(Q;Rd))+’ /0 (uo — g, (V€)oo dt| = 0

(1)

where the convergence is respectively by boundedness of u ’, strong convergence of (Ve

(1)

and weak convergence of u; . In this the weak convergences in the equation should be under-
stood. In subsequent usages of this approximation we will not comment more on this point.

(7'))

vo®d — wf

h
/0 V<€Ua €£€>Q(t) + K;<Vkovv Vk0£€>9(t) + Py < h € 0 (I)> - <f7 £€>Q(t) dt=0
Qo

By the same lemma we can now pass here with ¢ — 0 with &, — € in L2((0, T); Wk0:2(Q(t); RY))
to obtain the desired limit equation.
U
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4.2.2. Coupled equation.

Proposition 4.6. For the limit n,v from (4.6) the following equation is satisfied

h
/ DE(n){@) + DaR (1, 8im) (¢) + 257 (V* 2, VH20) 4 2 <Vk°+28t77, Vk°+2¢>
0

+ps<W,¢> —ps(fon,¢) (4.10)

vod —w
+V<€U7€£>Q(t) + ,{<Vk0,u’ vkog>Q(t) +pf <;;a€ o (I)> - pf<fa£>Q(t) dt=0
Qo

for all £ € C>([0,h] x Q(t);R?), divé = 0 in Qt) and ¢ € Wro+22(Q: R?) with ¢ = Eon on
Q. Further it satisfies the energy inequality

a 1 4
Bo(1)+ 26 [V 20 + o [ ool + ol at

/ 2R(n, 0en) + 24| V*F20pn||* + w]|VFOu|* dt

“ 1 h t
< E(n(0)) + 25|V 20 (0)|1* + - o Pf”wa?zO +P5st\|2dt+/o ps (f o, 0m) + ps(f,v)aq) dt.

(4.11)

(1)

Proof. As for now, assume the minimizer 7, ’ is always in the interior of £k Thus as above
(4.4) it holds

() (7)
! T i ~ - a, T
DE(n”){6) + DRt (n,i)l, kal> () + 2600 (VRo+2(T) hot2g)

(m)_ (1)

) — 0, e ) ) )
el T S, — T T
+2K <Vk°+27_, Vk0+2¢> + Ps < h 7¢> — Ps <fk OML_1» >

(1) (7)
T T v O(I)k— T Wy T
+V<€U;E;),€£>Q;T_>1+H<Vk°vz(§ AURINE +Pf< - — 1,5o<1>,(§_)1>
Qo

—pf<f,§T)7§>Q§:_>l =0

for all £ € C°(Q;RY), dive =0 in Q7 and ¢ € WHT22(Q;RY) with ¢ = £ o\,

Now we pass to the limit. We use as in Proposition 2.6 that the test functions can be
approximated.

Let ¢ be a test function for the limit equation, that is & € C*°([0, h] x Q(t); RY) with £-n =0
on 9N and divE = 0 in Q(¢). The corresponding solid test function ¢ is defined by ¢ := £ o 7.

Pick € > 0. Then for this ¢, find & and ¢. by Proposition 2.6. As Q(7)(t) — Q(t) in the
Hausdorff distance we have that &, is divergence free on Q7). Necessarily it holds ¢, = & o 7,
so we will use this notation.

For 7 small enough, &, ¢. is an admissible test function for the approximate equation. The
(7)-solution in (4.12) .
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Thus we get, after integrating over each 7 intervals and summing this up over k, that

/ DE(®™)(& 0 1) + DR (07,0 ) (€ 0 07) + 2620 (V0250 who+2(g, 0 (7))

™ —wll)_, e
+26 <V 09y, VFo (&, ot ))>+ps #,&ogm —ps<f OQ(T),&OQ(T)>
o™ 0 B — ™)
v et ) + r(VF(D) Vk(’fg)mf)(t) +py < : Lh=l e <I>(T)>
Qo

—(7)
—pslf 7§E>Q<r>(t) dt =0
(4.12)
Now we pass to the limit in this equation. It is possible since we have the following conver-
gences

0™ B in (0, h); WhT22(Q; RY))
0" — 9 in L*((0, h); WHF22(Q;RY))

N = in CUA7([0,h]; CM(Q;RY)

o™ Doy in L2((0, h); Wr2(Q(t); RY))

The passage to the limit in the non linearity is not a problem, as thanks to the compact
embedding Wkot22 sy 124 we have

n™ —n in L*((0,h); W>9(Q;R))
and thus by (E.5)
E(n™) = DE(n) in L*((0,h); W>9(Q;RY)")
and also by (R.4)
DyR(n, 0y ) — DaR(n,dm) in L*((0, h); WH(Q; RY)).

Thus one can pass to the limit 7 — 0 and the limit equation in the statement is satisfied with
¢.. Since the functions & — ¢ in L2((0,T); W*0:2(Q(¢); R?) from Proposition 2.6, we obtain
equation in the statement for £.

Now let us derive the energy inequality. Note that (in contrast to [BKS23b, Lemma 4.8]) we

derive already here on the discrete 7 level. Instead we rely on our findings from [CS23]. For
(1)

this use in (4.12) the test function pair (nan’“l m) which satisfies the required coupling.
This gives
(r) _ (1) (T) (1) (1) (1)
(DE(T]](CT))‘FDQR( (T) N, Tnk 1)) < T77k 1>+2/€“° <Vk°+2 (1) vk0+277k Tnk 1>
( ) _(7)
™ _ o1 (T () () (r) _ ()
19K vko+2”k T”k—1 + ps < T - k=1 M T77k—1> <fkT (7)17 "M T”k—1>

g, =0

SR A
Qo

k
tlle o +mIVER” R + oy < 7 ool
Here we use the non convexity estimate (E.7)

(r) _ . (7)
T -1 1 T T T T
DE(") <“> > (B~ By = GV = n)IP).
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two-homogeneity of R (R.2)

() (1) (), (7) (r) (1)
D2R< (T) nk T~ 1) <nk nk1> —92R (nI(CT_)l’M> :
T T T

we expand the term

(1) (1)
a n M. — K0 T
20 (Vo2 ot S —Thely T (whor D)2 w2 ) D)2 - |[okory (D) )12)

and use Young’s inequality in the inertial terms
(r)_ (1)

n, =1 () T
% W g1 nl(c 7 - n](ﬂ )1 > Ps
Ps h ’ T — 2h
(1) (7) (1)
Uy, Oq)kfl_w,kl r T P T T p ;
e L VI T L U T
Qo

Altogether, multiplying by 7 and using these estimates (the error from non convexity estimate
is absorbed by dissipation for 7 small enough) we obtain the estimate

- 2
()_77153)1

T

2
2 w7y

17( 7 n(T) TI(T) B n(r)
E(nl(;)) 4 2K%0 ||Vko+277](€7') H2 +712R (ng")p kal> + 2K vk0+2%
(7) (1)
s ||y~ — 7 ]
D 7“ * TﬁHvkovk HQ(” T 7"/”5% ”2<T) - T Hvk ( ’ H

k Pf
< Bny) + 262 [ V22T 12 4 722w 12 + 2L )R,

("), () ”z(c)—WIE:T)l ™ )
479, < : n,J_l,T—>+wf<fk D)o,

which summing over k yields the energy inequality

1 4 T ~(T
L /0 ol DNZ e + poll 9|2 dt

B (h)) + 26|V 20D ()| +

h
+/ 2R (5", 0, 7) + 2| V20,7 4 w]|VFou |12 dt
| 2R

T Q T 1 4
< BO0) + 26|20 + 5 [ ol + ool e

t
+/O Ps <f o™, 3t77(7)> +pp(f v dt.
|

4.3. Passing to limit with the delay h — 0. We construct the solution on intervals (0, k),
(h,2h), ..., (T'—h,T), as in the previous section and glue this together to get a time-delayed
solution on the entire time interval (0, 7).

More precisely, for £ = 0,...,T/h—1 we let ") (-4+-¢h), v") (-4-£h) and QM) (-4-¢h), ) (.4-Lh)
to be inductively the solution of the time-delayed equation of Definition 4.1 constructed in the
previous section, where we put first for £ = 0

ws(t) = ne, wp(t) =vo, M0 =m0, tEI[0,N).
and for the subsequent steps £ > 0
ws(t) = M (t + (0 — 1)h),  wp(t) = v (t+ (0~ 1)h) o @M (¢t + (¢ — 1)), te€[0,h),

Qo = QW (en), no =n"M(¢h),



34 ANTONIN CESTK, MALTE KAMPSCHULTE, AND SEBASTIAN SCHWARZACHER

where all these quantities are given by the solution in the (¢ — 1)-th step. Summing the time-
delayed equations over £ =0,...,T/h — 1, we have the following equations.
Fluid-only equation.

T
/ v(ev™, e€)qum iy + £ (VUM VR0 G ) + oy

h h
v o (1)1(3 ) v (- —h)o (I)gf)h £ o
0 h ’
Qo

—(f, &)y dt =0
(4.13)

for all £ € C(0, 7] x (1)) RY, £ - n® = 0 on 9QM (1), dive = 0 in Q) (¢), with £(T) = 0.
Coupled equation.

T
/0 DE(n™)(@) + DR (™), 0" (8) + 220 (70421, vhot2g)

(h) — g,ph)(. —
L9k <vko+28tn(h)’vko+2¢> + ps <3t77 on'"™( h)’¢> _ <f On(h)’¢>

h (4.14)

+u(ev™, e€) gy + KV, TR 50

(h) (I)(h) _ (k) (t _ h) (p(h)
v o v o ®,"
+pf< i - : h750@§h)> —{f,&am@dt =0
Qo

for all € € ([0, T] x Q™ ();RY), div ¢ = 0 in Q) (¢) and ¢ € WH+22(Q; RY) with ¢ = £o1
on Q.

4.3.1. Estimates and a weak limit. By the energy inequality (4.11) we have the following esti-
mate

1 t
B (0) + 26 [V 20+ 5 [ g0 gy + oo™ P
t
+ / 2R(n"), 9™ + 2k|| V29,72 4 || R0y ()12 gt
0
h ko+2,.(h 2 1 ! (415)
< B"/(0) + 26 [P 2O ) + 5 [

- prllwglié, + psllws|* at

t
+/0 Ps <f on®, 8m> +pp(fi o™y dt

and thus for (a subsequence of) h — 0 we have weakly converging subsequences

n™ S i L2((0,T); Wh22(Q; RY))
om™ = dm  in L*((0,T); WH*22(Q; RY)) (4.16)
o™ Ly in L2((0,T); WF2(Q(t); RY)).

In order to pass to the limit in the inertial terms, we take an approximation of test functions
for (4.13) as in Proposition 2.6 (resp. for (4.14) as in Proposition 2.9 (ii)) and pass to the
limits A — 0 in all of the terms in fluid-only equation and in the coupled equation in analogy
to Proposition 4.5 and 4.6, except for the inertial terms that we shall deal with below.

For this we shall need an estimate on discrete versions of dn and dv. In particular, from
the equation we get the estimate on h-difference quotients as follows.

Lemma 4.7 (Solid bounds with length h). The following bounds exists independent of h:

r

o™ — g™t — ) ||”
h

dt < C (4.17)

W-ko=22(Q:Rd)
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Proof. To show (4.17) we use a test function ¢ € W§°+2’2(Q;Rd) in the equation (4.14) (the
corresponding & is zero in the fluid domain), so we get

<at77(h)<t) - ‘Ztn(h)(t - )’¢> ‘<DE ( (h )(t)) ’¢>‘ + K40
+ (DR (0@, 0P ®) , #)| + [ (T 20 ™, VEH20) |+ 1(£:(0), )
< (| ()|, oy + 5 [TEO O]+ 1l ) Dl

+ (|p2r (1 ©.0mP W) |+ 5 [T @) Iollwiosaz < e®lllhrosac

s

<vko+2n(h)’ vk0+2¢>)

with the bound ¢ € L?((0,T)) thanks to (4.15), after integration in time we get the estimate
(4.17). 0

For the sohd the 1ssue of inertial term convergence is not difficult by the estimate we just
proved. Let b(®) f 8t77 h). By (4.15) it is uniformly bounded in L2((0, T); Wko+22(Q; R%))
Since we have
y _ 9" () = 9™ (-~ h)

h
we see that Lemma 4.7 9;b® is uniformly bounded in L2((0,T); W—*0~22(Q;R%)) which im-
mediately yields the convergence (for a subsequence)

b

oM — 9 in C([0,T]; LA(Q;RY)).

The convergence of the fluid inertial term is a more delicate matter that we now shall deal with

properly.
For the fluid, we shall use these additional flow map estimates

Proposition 4.8 (Flow map h-estimates). It holds

<C (4.18)

Hs(t +h)od —¢(t)
Lo L2

h

for all € € ([0, T] x Q™ (#):RY), £ - n® = 0 on QP(1), dive = 0 in QM) (2).

Proof. Remember that 0 <I>(h) u(s) o @gh) from (4.8). We rewrite

h h
f(t—i—h)o(IJSZh)—ﬁ(t):/ 85(§(t+s)o<1>gh)))ds:/ dgﬁ(t—i—s)o@gh)+V§(t+s)o<1)gh)-u(h)(s)ds
0 0

(4.19)
we have
(h) 2 t+h
t+h)od, —L(t 1
Hg( +h)o®, &) SCLipt£+CLipx§sup/ WM P2dt < C
h LooL2 o hy
and we conclude by the L™ estimate of h-average of v® from (4.15). g

Estimate of the inertial term: We now work with the global velocity field v defined by

o (t,y), y e Q1)
u® _ .
) {77(") (t. (™) (t.y), v € nM(t.Q). (420

Note that u®) has a tangential jump along on(-, Q). For this global velocity field, we have the
following estimate of its time derivative.
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Lemma 4.9 (Fluid bounds with length h). Let u(®) be the global velocity field (4.20). Then the
for m large enough we have the estimate

T uM () —uM(t —h
/ < ) - ( ),é(t) dt < ClIEl L2 (0,rywm 2@ (1):R1))
0 Q) (1)

for every & € C*([0,T] x Q(h)(t);Rd), ViE-n)) =0 on dQMW(t), £ =0,... ko, divE = 0 in
QM (1),

Proof. First we put in the flow map
h

T/ u®@) - u® (- p) > r <u<h> (t) = u®(t = n) o 2" (1) >
,&(1) dt = LE(E)
/0 < h Qh) (t) /0 h
.\ <u(h) (t—h) o @M () — u® (¢t — h)

h Q) (t)

We estimate by using the test function £ in the fluid only equation (4.13). Then we estimate

™t — ) o ™
[ <u<h><t> Wit -0 2l)(t) g(t)> .
0

Q) ()

h

Q) (¢)
T (4.21)
= _/0 I/<€u(h),€§>9<h)(t) + H<Vk0u(h), VkO§>Q(;L)(t) — <f,§>Q(h)(t) dt
< Cliéll oo oy
and choose m so that W2 embeds into C*0. O

4.3.2. Limit h — 0 in the fluid inertial term. We now want to pass to the limit h — 0 in

T B ()0 3" — Mt — b
/Opf<u ) - T ),ﬁﬁh)(t)> dt.

We want to do this in both the fluid-only equation (4.13), and also the coupled equation (4.14).
We shall prove now a version of Aubin-Lions lemma for the fluid.

Denote .
a® () = 1 / oo™ gt
h Ji—n

Our aim now is to show the convergence
T T
/ (wh) Am®)y gt / (u, Ari) dt
0 0

where A € C§°((0,T) x ) is a cutoff function chosen that «*) and also u™ (- + o), o € (0, h)
is always well defined on supp A.
First we show the Fluid Aubin-Lions in the form that

T T
/ ()Y, A o) dt — / (g, A) dt
0 0

We carefully construct our approximation of ()5 by first truncating the functions on a ¢ strip.

For that we use the cutoff 15 defined in Proposition 2.9 and the uniform Bogovskii operator
defined in Theorem 2.8 and take

(Wh); = (1~ o — Bdiv((1 — o).

Please observe that since v(") € LP((0,T) x Q) for p > 2 we find (using the L?-bound of the
Bogovskii) that for 1 < ¢ <p

Nk . 1_1 AN .
1) = | a0, ryxe) < CO7 7 [[(P)); = w120 1)y < C.
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Note further that (u(%))* is uniformly in L2(0, T; WOI’2(Q(hJ') (t)) for i, j large enough with bounds
depending on §. We take the standard mollifier ¢s and define
2

()5 = ()5 % 5. (4.22)

Analogous to the proof of Proposition 2.6 one finds the respective bounds and convergence
properties in dependence of §. Moreover
()5 = u" | Laomyx) < Coa
Thus we formulate the fluid Aubin Lions in the following way

Theorem 4.10 (Fluid Aubin-Lions). For every 6 > 0 it holds that

T T
| @ 4wy dt [ s, Apu at,
0 0

where (-)s is the approximation defined in (4.22).

1_1

Proof. Let 6 > 0. Observe that (u(")); is constructed so that the functions are divergence-free
in a neighborhood in space-time. This means that (u(")); is a valid test functions in a small
(but fixed) neighborhood of ¢ uniformly for i large enough.

To obtain the desired convergence, we will show that f0T<(u(h"))5,Am(hi)> dt is a Cauchy
sequence. For this we write

()3, AR0D) — ()5, AR = (D)5, A — AROD) ()5 = ()5, ).
We now focus on the first term, namely
((uP))s, Amha) — Amm(ha))y.

We partition the time with ¢ > 0 steps and replace the Am(*) with piecewise constant,
i.e. we write

() ()5, AP (E) = A (0) = () (1))5, AR (8) — AR (k)
) (1)), AR (k) — A (k) + (@ (1)s, A" (k) — 4RO (D)

Now we use that we have the uniform bound from Proposition 4.7

(4.23)

o 1 ok
Rl < 5 [ lpott)iadt < C.

So by the compact embedding
LX(Q) cC (W2(Qs)"
we have for a subsequence
") (ak) — m(ok) in (W32(Q5))*
so that

1@ (0)sllwr2 (@ | Am") (k) — Am") (ak) —0

lwiz -
since that H(u(hi)(t))(;le,z(Q) < C by the apriori estimates (4.15).
It remains in (4.23) to estimate the term?

/ T((u(hi)(t))g, Am) (t) — AmM) (ok)) dt (4.24)
0

To estimate it we apply the strategy to “replace o-difference quotient with h-difference quo-
tient” — with the aim to use then the bound on h-difference quotient. So for this to remove the
o-difference means we write

t
A )(t) — Am®) (k) = A / D 9)(0) df
ok

IThe other case if on the right there is ¢ instead of j is dealt with in the same way.
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so that we get in (4.24)

() ()5, A5 (1) — A (o)) = <(u(hi)(t))5,x4 / oyl (0 d9>-
ok

Realize that by definition of m() it is

pul") () — puhi) (0 — h;)
hj

e (0) =

So that now we have

! T tpulhi) () —
wlPi) mP) ) — Amhi) (o _ u(h) pu\")(0) — pu
/O<( ()5, A (t)—A ( k)>dt /0<( (t))(;,A/ak -

J

(6 - hj)d0> dt.

Now comes a switch of the order of integration which results in

<l [ / ‘< W6 + ). pu<hj><9>—2?<hj><e—hj>>

and we use the bound (4.21) to obtain, recall also the estimate from Proposition 2.6

ds do

< HAHoo H + ) payo2 dO < 1Al oo Cool|u™ | L2yy1.2
L2}
so this vanishes for o — 0, as ||u*)|| 212 is bounded by the energy inequality (4.15).
This proves the convergence
()5, A ")) = (ug, Arm)

where (") X g in L°((0,T); L2(; R%)) (the limit exists by the estimate (4.15)). It is not
difficult to check m = pu, since for £ € Co((0,T) x Q;RY) we have

T T 1 [h T
/ /fn(h")-ﬁda:dt:/ /pu(hi)-/ §(t+s)dsdmdt—>/ /pu-ﬁdmdt
o Jo o Ja h Jo o Ja

which concludes the proof.

Now we are equipped for the rest of the h — 0 limit passage in the fluid inertial term.

Theorem 4.11 (Limit passage h — 0). The limit n, h from (4.16) satisfies the following equa-
tions.
Fluid-only equation.

T
| vlev (70, 9 b=y O1m. oo + pr(0. - Ve —(F- e dt =0 (4:25)

for all € € C([0,T] x Q(t));RY), £€-n =0 on dNt), divé =0 in Q(t), with £(T) =
Coupled equation.

T
/ DE(n)(@) + DsR (n, 0im) (@) + 26 (VRr+2, TH0+26) 1 25 (Vho+ 20, vho+2)
0

—ps (0, Oy — (f o, @)

+I/<€U,€§>Q(t) + /€<Vk’0'u,vk0§>9(t) —ps <8tv,§> o) T ,of<v (R V§>Q f f>Q(t dt =0
(4.26)
for all € € C®([0,T] x Q(t);R?Y), divé = 0 in Qt) and ¢ € WFH22(Q;RY) with ¢ = Eon on
Q.
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Further it satisfies the following energy inequality

a p pS
B(n()) + 26 [V 2n(0) |* + S llo(®) B + 5 10m(0)]1

t
+/ SR(n, Bym) + 26l T+ 20|12 + |VEou |2 dt
0

t
< B((0)) + 26V 2(0) | + EL[w(0) 3, + 5 10m(0)]? dt + /0 ps (f 0 m,0m) + ps(f, V) dt

(4.27)
Proof. We are equipped to pass to the limit with the fluid inertial term, in particular
T [u®t) o @™ (t — h) —uP(t — h) N
/ < —— L&) o @M (t — h) dt
0 Q) (t—h)

After discrete partial integration in time we have

[ o ety
0 h
Q) (1)

We write only the term under the integral. Use the d-divergence free approximation

o ®(h) —
<u(h)<t)7§(t+h) ;bh f(t)>
QM (1)

o ) — o dh) —
:<(u(h>(t))5_u(h)(t%awh) o 5<t>> +<(u<h)(t))&s<t+h> o s<t>>
QM (1) Q) (1)

In the first term use

E(t+h) o @™ —&(t)
h

< [|@® )5 = u)

L1L2
L>L?

as the former is by the d-approximation of Proposition 2.6 bounded by

|@®@)s—u® @] |, <65 [u)

L1L2 L2(W1.2)

and latter is bounded by Proposition 4.8, so that in total for the first term

/T <(u(h) (t)5 — u® ), E(t+h) O;Lb(h) _ {(t)> dt
" Q) (¢)

For the second term

d ~
<darz(C.

E(t+h) o @M — (1)
<<u<h> on - >
Q) (t)

we perform again the manipulations (4.19) so that

E(t+h) o @™ —£(t)
<<u<h> on - >
Q(h)(t).

= <(u(h)(t))5, % /Oh (8t§(t +5)+ VE(t+5) - uP(t+ s)> o dh) d5>

This is now a sum where the first part is fine: after the limit h — 0

T h T
u) ()5, - 5) 0 &M ds ult))s, DU (1)) d.
| (s [oete+ o as) ars [ uo)s.oeo) a
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The second term now needs care:

/OT <(u(h) t)s, % /Oh (Vg(t +5)-ulM (¢t + s)) o ®h) ds> dt

We can change the domain to obtain

/ / ()50 8", VE(t +5) - ul
) (

T
_/0 flL/o (u(h)( ) 0 @) — (M (8))5, VE(t + 5) - u

ds
# [ @O0 [ e u® s as) a

Convergence in the first term follows from Proposition 4.8

P (t 4 s)) dsdt

)
)> dt

Mt + s

()5 0 @) — @™ (B))s] , < e Lip, (@) < ACs]u®™ (#)] [y

Convergence in the last term is obtained from

/OT<(u(h)(t))57;L/OhVﬂt—&—s).u(h)(t_i_s) ds> dt

T h
_ WM, L s QI
—/0 <( (t))a,h/o (VE(t+s) — V(L)) - u™(t + s)ds > dt

+/OT<(u<h>(t))a,vg(t) . ;/(Jhw(ws) ds> i

where in the first term we have
IVE(t +5) = VE®) ||l < hl|0VE|| Lo — 0 with b — 0

and in the second we use the Theorem 4.10, where we take A to be an approximation of V& XQ(t)
More precisely, write

/OT <(u(h)(t))5,V§(t) - ;/Oh u®(t 4 5) ds> it = /OT <(u(h)(t))5,A5(t) -;L/Ohu(h)(t—l—s) ds> dt

r h
u(h) - l u(h) 5)as
. /0 << ()5, V(E(H) ~ A1) - 7 /0 (t+ )d>dt

and in the first term we have by Theorem 4.10

/OT <(u(t))5,A5(t) : zlz/Oh uM (t + s) ds> dt — /OT <(u<h)(t))5,A5(t) ~u(t) ds> dt.

In the second term we estimate by Holder’s inequality and Sobolev embedding for a < d/(d—2)

/OT <(“(h)(t))6’v(f(t) — As(t)) - % /Oh uM(t + ) ds> dt’
T h
= /0 H(“(h)“))(;‘wm;11 /0 Hu(h)(HS)H 145(8) X (£ -+ )] s
< ) e i ) 0o )
1/2
( / [ As5(t) th)(t+8)||iz([07T];L2a/(Q)) ds>

1/2
SC(h/O 1450) = Xeo -+ 8)lz2 (01310 @) ds) |
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By the uniform convergence of " — 7, we find that

(1"
}lll_)r% <h/0 [45(-) = xam (- + S)Hig ([07T];L2a/(§2)) d5)1/2 = [|4s — XQHLQ([[lT];LQa/(Q)) .

Finally, choosing As € C([0,T7; C’go (2-5)) with As — VE&xq() and gives, collecting all above,
that

Tl o oMt —n) — ™t —h) oy,
S

QM) (t—h)

T
= [ ()5 080 + 960 - u(v)
0

to obtain the §-regularized equations.

In fact we can pass to the limit § — 0 and obtain the limiting equation. Finally, using (9;n, v)
as a test function (we still have enough regularity for that due to the regularizing terms) we
get, as in (4.11) the energy inequality. O

4.4. Estimate of the flow map and No contact. We will now see that since we keep at
this point the regularizing terms with « > 0, that this in fact means that the flow map remains
Lipschitz regular. Indeed, by the estimate of Proposition 4.4 we have that

Lip ®(t) < eXp(\/T\/HvkovHL2((O,T);L2(Q(t);Rd)))

and the norm on the right is by (4.27) finite (although depending on x). Then we can argue
that ®(t): Qo — Q(¢) is a diffeomorphism. This in particular means that there is no change of
topology and consequently no contact between any solid parts.

Corollary 4.12 (No contact with regularization). The solution obtained in Theorem /.11 does
not reach a collision.

4.5. Passing to the limit with the regularization x — 0. We now reveal the dependence
of v,n in Theorem 4.11 on k, so we write o), n(“). Recall that so far we have shown v(%), n(“)
to be a solution of the equation with W02 (resp. Wk0+2’2)—regularizer depending on k > 0.

Note that by Corollary 4.12 we know that the deformation n*) never reaches a collision, as
long as k > 0. However this is no longer guaranteed after k — 0. Thus below in Theorem 4.13,
to get a limiting weak equation, we take the absence of collisions in the limit n as an assumption
(which is true at least for short times, see [BKS23b]). We aim to incorporate the possibility of
collisions and description of the corresponding Lagrange multiplier in a future work.

Until now we have had a regularized initial conditions, so we need to approximate the initial
conditions now. That is, for given initial conditions

m€E, n e WH(QRY), vy e W (Q;RY)
we approximate it by
77(()&) cEnN Wk0+2’2(Q;Rd), n£ﬁ) c Wk0+2’2(Q;Rd), U(()’f) c Wko’z(Qo;Rd)

such that as k — 0 we have
i = in W(Q;RY),

) = in WHH(QRY),
vék") — v in W (Qg; RY)
and below the v(®), n(®) solution will be corresponding to these initial conditions.

Theorem 4.13 (Full problem). There exists a subsequence k — 0 such that the limit is a weak
solution to the full problem as defined in Definition 3.1, until the time of the first collision.



42 ANTONIN CESTK, MALTE KAMPSCHULTE, AND SEBASTIAN SCHWARZACHER

Proof. Fluid-only equation.
The fluid-only equation (4.25) now reads as

T
/0 —pf<v(”),8t§>9<n)(t) + pf(v( ) v V§>Q<n> + v(ev €§>Q(ﬁ>(t + k(VFop(®) hog) gt

T
/0 py(f,€) Q) () dt+ﬂf<“o ,£(0)) o (0 )(0)
(4.28)
for all € € ([0, 7] x Q" (#)), € - = 0 on JQX (1), dive = 0 in QW (¢), with £(T) =
We further have the uniform bounds on v(*) in L2((0, T); WH2(Q*) (¢); R%)) and a (k-independent)
bound

VEIVRU D a0 12000 (5ymay) < C-
Thus for a subsequence k — 0 we have

o By in L2((0,7); WHA(Q(); RY)).

Moreover, we can read the estimate on 90 in distributional sense, as from (4.28) we have

T
[ waga| <l ~ony,
Thus from the Aubin-Lions lemma [BKS24, Corollary 2.9] we get the strong convergence
o Ay in L2((0,T); L*(Q(t); RY)). (4.29)
We desire to show that the limiting equation holds, that is

T T
/0 —p(v, ) + pr(v,v - VEau) + v{ev, e :/o pr(f, € dt + py(vo, £(0))a)

for all € € C([0,T] x Q(t); RY), £ -n =0 on IN(t), divE = 0 in Q(t), with £(T) =
So for this let us now fix a test function for the limit, that is & € C°°([0,7T] x Q(t)); R4,
€-n=0on00t), divE =0 in Q(t), with {(T') =

For this ¢ find gﬁ“) as defined in Proposition 2.9 (i), this én) is now a valid test function for
(4.28). We thus have

T
/O —pr (", 0 gy + (0,0 VERD) ) 4y + v (0™ €6 0

+H<Vk°v(”),vk°£§”)>dt=/o pr (€ g0 dt + py(ug”, € 1(0)) w0

Now we use the weak convergence of v(®) — v strong convergence §§ﬁ) NN & and the estimate
(which follows from (4.28))

T
/0 R[(VEu) Rl oo ] dt < BV 20y, 20000 () IV EOES [ 20,722 000 (1))
<VkCC. =0
with kK — 0 and ¢ > 0 fixed. So that after passing to k — 0 we have for all £ > 0 (passing to

the limit in fOT<v, v- V&) dt is due to the strong convergence (4.29))

T T
/O 0, Bu ey + prlv, v - V) + r{ev, be)ag dt = /0 P € dt + pp (00, E(0)) e

Since then we can as before pass to € — 0 and see that we have the desired limiting equation

T T
/O —pi(v, 0w + (v, v - VE)au + viev, gy dt = /0 pr{fsE)aw) dt + prlvo, £(0))a0)-
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By a density argument we can see that this continues to hold for & € W2((0,7T); L2(Q(¢); R%))N
L2((0,T); W (Q(1); RY)).

Coupled equation.

The coupled equation (4.26) is now

/ DE™)(6®)) + Dy R( ( >,3m<n>) ()Y 4 90 (Fho2p () 7ho+25(k)y 4

% <vk0+26m(“), V’“0+2¢(”)> — ps <8t77(“), 8t¢(”)> — ps <f o™, d>(”)>
+u(ev™, e€)gu 4y + RV, V) g0 ) = o000, E) gy + oy (01, 0 - Vg
—pr(f: &) dt =0

for all ¢ € COO([O 7] x QW) RY), dive = 0 in QW (t) and ¢ € Wh+22(Q;R%) with

¢") =€ o™ on Q.
We shall now pass to the limit k — 0. We have estimates by the energy inequality (4.27)
which now read as

K a K P K Ps K
B(n®(1)) + 257 [V 20 (1) |2 4+ EL 1o (1) ) + B2 10 ™) )2

+/ 2R(", 0 ™)) + 25 V20 |2 4 | VR0l |2 dt
0

< B (0)) + 260|720 0)]2 + 2 ) 0)]13, + 22101 0) 2

t
+/0 Ps <f () 5t77(”)>+,0f<f, N dt

to obtain weak convergences

n® S in L0, T); W29(Q; RY),
o™ = dm  in L*((0, )W (Q; RY)),
o® Ay in L2((0,T); WHA((); RY).

Moreover as in [BKS23b, Lemma 3.9], which also explains the choice of ag, one can argue by
the Minty property (E.6) that

Y (t) = n(t) in W9(Q;R?) for a.a. t € (0,7T).

and as above we have
o) Dy in L2((0,T); L*(Q(t); RY)).

Passing now to the limit in the coupled equation, we obtain that
T
/0 RO |(Vro () TR 2609 [ dt < g0 | VR e 1 | VRO 1 e < k00

T
/ (V20" VR 20T it < k|| V20| a2 [VE 260 2 2 < RC
0

so that these regularizing terms vanish as x — 0.
We have thus shown enough to pass to the limit x — 0 and solve the limit problem

T
/0 DE(n)(#) + DaR (17,01) (&) — ps (0, 016) — pa (f o1, 0)

+rlev,e)aw — pr (00, Oaw) + prlv,v -V, = pr(f Oaw dt = 0.
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