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Introduction

The thesis ”Maximal Non-Compactness of Operators and Embeddings”
by Anna Kneselova delves into the advanced topic of the ball measure of
non-compactness «(7") for various embedding operators in sequence spaces,
with a particular focus on Lorentz sequence spaces. This work is rooted in
functional analysis and aims to elucidate the conditions under which iden-
tity operators can be considered maximally non-compact. The thesis is
structured into three main sections: the first section introduces the neces-
sary notation and definitions, the second section investigates the maximal
non-compactness of embedding operators in sequence spaces, and the final
section, which is the main part of the thesis, focuses on the detailed study
of Lorentz sequence spaces.

Structure and Content

The thesis is well-organized and logically structured. The initial sec-
tion lays the groundwork by defining essential concepts such as norms,
quasinorms, a-norms, compact operators, and the ball measure of non-
compactness. This section ensures that the reader is well-equipped with
the foundational knowledge required to understand the subsequent sections.

The second section of the thesis examines the maximal non-compactness
of identity operators in classical sequence spaces. Here, Kneselova attempts
to provide necessary and sufficient conditions for these operators to be max-
imally non-compact. This section is characterized by good exposition and
clear writing, except for the aforementioned incorrect statements.

The third and most substantial section focuses on Lorentz sequence spaces
lpq- It investigates the inclusions ¢y, 4, — £p, 4, depending on the param-
eters p and ¢q. The norms of identity operators between these spaces are
described with proofs, and the conditions for maximal non-compactness are
obtained (Section 3.2). Examples of cases where the embeddings are not
maximally non-compact are also mentioned (Section 3.3).

Strengths

1. Clarity: - The thesis is notable for its clarity in defining complex
concepts and its rigorous approach to proving theorems in Section 3.

2. Mathematical Depth: - The thesis exhibits a good understanding of
functional spaces and analysis. The rigorous proofs and detailed exploration
of maximal non-compactness reflect Kneselova’s grasp of the subject matter.

Areas for possible improvement/further continuation
I think that this work could be a good foundation for possible master
thesis.



1. Proposition 2.6 During reading I've spotted that in the recent form
Proposition 2.6 is not true. See this contra-example:
Let | be the space equipped with the norm:

ly'll = (32, \yi\p)l/p (i.e., 1 = 1P), and let w be the space equipped

with the norm ||(y)|lw :== (|y'P + 3 302, |y [P) 1/ (i-e., a weighted sequence
space). Clearly, we can see that for the embedding I : | — w, we have
II|| = 1, and that conditions 1-3 from Proposition 2.6 are satisfied. It is
straightforward to see that in this case a(I) = 1/2, i.e., I is not mazimally
non-compact.

It seems that, perhaps, some conditions gets missing during typing.

2. Further continuation:

I would like to recommend that the author consider continuing the study
of non-compactness. Investigating non-compactness in spaces beyond lo-
cally convex spaces, as well as related problems involving strictly singular
maps, could serve as an intriguing and valuable topic for a master’s the-
sis. Delving into these areas could provide deeper insights and contribute
to the broader understanding of functional analysis. Additionally, exploring
the implications of non-compactness in various applications and connecting
these theoretical concepts with practical problems could enhance the sig-
nificance of the research. Pursuing this line of study has the potential not
only to yield interesting results but also to lay a strong foundation for future
academic and professional endeavors in the field of mathematics.

Conclusion

Anna Kneselovd’s thesis is well-typed, and it is evident that she has stud-
ied and mastered the concepts of functional analysis related to non-compact
operators and embeddings in sequence spaces. The work is characterized
by its clarity and good structure, and the exposition on Lorentz sequence
spaces (Section 3) is particularly well done. Simply the work goes over and
beyond requirements expected from BA thesis.
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