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Introduction

The compactness of mappings is one of the most important questions that have
been studied in contemporary functional analysis. This field of mathematics is
interesting not only from the theoretical point of view but, at the same time, has
a wide array of applications in various parts of mathematics. However, especially
in infinite-dimensional spaces, the mapping in question is often not compact.

The difference between compactness and non-compactness of an operator is
however often too rough, and, therefore, it is worthwhile to study its various
refinements.

One particular example of such a refinement is offered by studying the so-

called measure of non-compactness.
The measure of non-compactness «(7') can attain any value between zero and
the operator norm ||T'|| of the mapping 7: X — Y in question, where X and Y
are (alpha/quasi)-normed linear spaces. In the case when «(7') coincides with
the operator norm, the mapping is called maximally non-compact. The concept
of measure of non-compactness is a good device for quantifying how bad the
non-compactness of a mapping is.

We will study this property for various particular instances of embedding
(identity) operators in sequence spaces, focusing on Lorentz sequence spaces.

The thesis is divided into three parts. In the first part we introduce the
definition of measure of non-compactness a(7"), which we get from the article [I].
We also state and prove some of its basic properties, which follow from those of
metric spaces and the operator norm, and are mentioned in the article without
the proof.

In the second part we focus on generalisation of the example in the intro-
duction of the article [I]. We formulate the prerequisites and state some general
theorems which are addressing the question whether an identity operator between
two embedded sequence spaces is maximally non-compact.

In the final third part we study the Lorentz sequence spaces 77 and some of
their basic properties. We prove that for an arbitrary combination of p, ¢ € [1, ]
such that min{p, ¢} < oo, the space ¢77 is a subset of ¢y by using some elementary
knowledge of series convergence from introductory courses of mathematical anal-
ysis. After that, we concentrate on finding the inclusions ¢, 4, < £, 4, between
the Lorentz sequence spaces depending on the values of pi,ps and ¢q1,q. We
draw some of the inequalities and inclusions from the article [2]. Either we try
to detail and complete their proofs, or we try to generalize them more. Then in
some of the cases we also determine the exact values of the norms of the identity
operators between these spaces.

Lastly we determine whether these identity operators are maximally non-
compact by using our general theorems from the second part of the thesis.



1. Notation and preliminaries

We will throughout the text denote by K the field of scalars, that is, either the
set of real numbers R or the set of complex numbers C.

Definition 1.1 (Norm, quasinorm and a-norm). Let X be a linear space over K
and || . ||: X — [0,00) satisfying:

1. Forallz e X: ||z]| =0« 2 =0,

2. Forallz € X, t € K: |[tz]| = [t]||z]],

3. For allz,y € X: [lz+ gl < 2]l + [yl

Then || - || is called a norm. If it satisfies 1., 2. and instead of 3.

3. There exists a constant o € (0, 1] such that for all x,y € X :

[l +yl1* < ll=|* + lyll*;

or

3.7 There exists a constant C' € R such that for all x,y € X:

Iz +yll < C(ll=l] + [llyl]),

then it is called an a-norm or a quasinorm, respectively.

Remark 1.2. Below are some basic relations between norms, quasinorms and
Q-norms:

1. Every norm is a quasinorm with constant C' = 1 and also an a-norm with
a=1.

2. If o <P and | -] isa f-norm then || - || is also a a-norm.

. . . 1_ .
3. Every a-norm is a quasinorm with constant C' = 2a~! but not every quasi-
norm is a a-norm.

The proofs can be find in the first chapter of [3, Proposition 1.5; 1.7; 1.8].

Definition 1.3. Let X andY be (alpha/quasi)-normed linear spaces over K. For
r€X,ACX aacK we define following sets:

r+A={r+y; ye A}
aA = {ay; y € A}

Notation 1.4. Let X be an (alpha/quasi)-normed linear space over K. We will
denote the closed unit ball by

Bx ={x e X: |jz|| < 1}
and the closed unit ball centered in x € X with radius r > 0 by

Bx(z,r) ={ye X: ||lx —y| <r}.

3



Remark 1.5. For every x € X and r > 0 the following equality holds:
x+rBx ={x+ry;y € Bx} = Bx(x,r).

Definition 1.6 (Compact operator). Let X and Y be (alpha/quasi)-normed lin-
ear spaces over K and let T: X — Y be a bounded mapping defined on X and
taking values in Y. We say that the operator T is compact, if for every bounded
sequence {x,} in X the image {T'(z,)} has a convergent subsequence in Y.

Definition 1.7 (Ball measure of non-compactness). Let X, Y be (alpha/quasi)-
normed linear spaces over K and let T: X — Y be a bounded mapping defined
on X and taking values in Y. The ball measure of non-compactness «(T') of T
is defined as the infimum of radii r > O for which there exists a finite set of balls
in'Y of radii r that covers T'(Bx). In other words,

o(T) =inf{r >0:T(Bx) C |J(vi +rBy) y; €Y & m € N}
i=1
Definition 1.8 (Operator norm). Let X and Y be (alpha/quasi)-normed linear
spaces over K and let T: X — 'Y be a bounded mapping defined on X and taking
values in' Y. We define the operator norm ||T|| of T as follows:

17|} = sup ||T(z)].

rE€EBx

We shall now present a simple proof of the two-sided estimate for the measure
of non-compactness.

Proposition 1.9. Let X and Y be (alpha/quasi)-normed linear spaces over K

and let T: X — Y be a bounded linear mapping defined on X and taking values
in'Y. Then:
0<a(T) <|T.

Proof. We will prove each of the inequalities separately:

We can see that a(7T") > 0 easily from the definition of the ball measure of
non-compactness, because infimum of positive radii r is always greater or equal
to zero.

Take o > ||T'|| arbitrarily. Then for every € Bx one has || Tz| < ||T|| < o,
which in turn implies that Tz € By (0, 0). Since x was arbitrary, this implies that

L] (0 + 0By).

The last inclusion is true for all o > ||T’||. Consequently, a(T") < ||T|. O
Definition 1.10. Let X be a metric space and A C X. We say that A is:
1. relatively compact in X if the closure of A is compact.

2. totally bounded in X if for every real number ¢ > 0, there exists a finite
collection of open balls of radius € whose centers lie in X and whose union
contains A.



Lemma 1.11. Let (X, o) be a metric space and A C X. Then A is relatively
compact in X if and only if every sequence {x,} C A has a subsequence that is
convergent in X.

Proof. "=": A is compact from the definition of relative compactness, therefore
{x,} C A C A has a convergent subsequence {x,, } with a limit in A.

"<": Let {x,} C A be a sequence. Then for every n € N exists y, € A such
that , € Bx(Yn, ). According to our assumption {y,} C A has a convergent
subsequence {y,, } with a limit y € A. Then o(z,,,y) < 0(Tn,, Yny) + 0(Yny, y) <
i + 0(Yn,,y) — 0 as k — oo. Hence x,, — y and we get that A is compact. [

Remark 1.12. Let X be a metric space and A C X. We recall some basic and
known properties of totally bounded and relatively compact sets.

1. A is totally bounded if and only if every sequence in A has a Cauchy sub-
sequence.

2. Relative compactness of A always implies that A is totally bounded.
This is because a sequence in A has a convergent subsequence with limit
in A from relative compactness, and a convergent subsequence is a Cauchy
subsequence, so A is totally bounded.

3. If X is complete, then A is relatively compact if and only if A is totally
bounded.

There is an intimate relation between the situation when the measure of non-
compactness of a given operator is zero and its compactness. We shall collect
relations between these two notions in the following proposition.

Proposition 1.13. Let X and Y be (alpha/quasi)-normed linear spaces over K
and let T: X — Y be a bounded linear mapping defined on X and taking values
in'Y. Then:

1. T is compact if and only if for every bounded A C X the set T(A) is relatively
compact in'Y .

2. If T is compact, then o(T) = 0.
3. If Y is a complete space and o(T) = 0, then T is compact.
Proof. We will gradually prove each statement from the proposition.

1. 7<": Let A C X be bounded and let {y,} be a sequence in T'(A). Then for
every n € N there is z,, € A such that y,, = T(z,). Then {z,} is a bounded
sequence in A and {y,} = {T(y,)} has a convergent subsequence owing to the
compactness of T'. It follows that T'(A) is relatively compact from Lemmal[l.11]

"=": Let A C X be bounded and and let {z,} be a sequence in A. Because
{T'(z,)} C T'(A), there exists an increasing sequence of indices {n;} such that
{T'(z,,)} converges thanks to the relative compactness of T'(A). So T satisfies
the definition of a compact operator.



2. Let T be compact. From (i) we have that for every bounded A C X the
set T(A) is relatively compact in Y therefore T(Bx) is relatively compact.
Hence, T(By) is totally bounded (as follows from Remark[1.12). Consequently,
for every € > 0, one has T'(Bx) C U,(y; + €By), in which y; € Y for
ie{l,...,m}, and m € N. Therefore, o(T") = 0.

3. Since a(T) = 0, for every ¢ > 0 we have T(Bx) C U%,(y; + €By), where
y; € Y and m € N, which implies that T'(By) is totally bounded. Because Y
is complete, this implies that T'(By) is relatively compact in Y.

Now let A C X be a bounded set and let {z,} C A be a sequence from A.
Then there exists 7 > 0 such that {z,} C A C Bx(0,r). Then iz, C By.
Now, similarly to the proof of (i), {T'(¢z,)} C T(Bx), and there exists an
increasing sequence of indices {n;} such that {T'(x,,)} converges owing to
the relative compactness of T'(By). But then also, by the linearity of 7" and
linearity of limits, we get that {T'(z,)} = {rT(3z,,)} converges. Therefore,
for every bounded A C X the set T'(A) is relatively compact in Y. So, from
1., T is compact.

]

Definition 1.14 (Maximal non-compactness). Let X and Y be (alpha/quasi)-
normed linear spaces over K and let T: X — Y be a bounded mapping defined on
X and taking values in Y. We say that T' is maximally non-compact ¢f

a(T) = ||



2. Maximal non-compactness of
embedding operators in sequence
spaces

Definition 2.1 (Sequence space ¢,). Let 1 < p < co. Then we define the sequence
space:

o0 o0 1/p
by = {{zn}22, CK; Y |zn|P < +oo} with norm |[{z,}], = (Z \xn\p> :
n=1

n=1

We also define

loo = {{zn}02, CK;sup |z,| < +o0} with norm |[{z,}|e = sup |z,].
neN neN

Definition 2.2 (Sequence space ¢g). We define
co = {{zn}22, CK; lim 2, = 0} with norm |[{z,}||co-

Definition 2.3. Let (¢,] - ||¢) and (w,|| - ||») be sequence (alpha/quasi)-normed
linear spaces over K. We say that ¢ is a embedded into w (we shall denote this
as 0 — w) if £ is a linear subspace of w and the identity operator is bounded in
the sense that there exists a constant C > 0 such that for every a € ¢ one has
acw and ||all, < Clalle.

Remark 2.4. For 1 < p < q < oo, the following inclusions clearly hold:
b, Cly CcoClu.
Definition 2.5 (Canonical sequence €’). For j € N, we denote
e/ =(el)°, =(0,...,0,1,0,...),

where on the j-th position is 1 and O on all the others. We call every such sequence
a canonical sequence.

We shall now present a proposition which nicely illustrates the principle of
showing that a given identity operator between two embedded subspaces of ¢y is
maximally non-compact. A particular case of this assertion can be found in [IJ.

Proposition 2.6. Let ¢ and w be sequence (alpha/quasi)-normed linear spaces
over K satisfying:

1. ¢, w C ¢y,
2. L — w,
3. the embedding I: { — w satisfies |I|| < 1, and e/ € By for every j € N.

Then I is mazimally non-compact.



Proof. We will prove the proposition by contradiction. Let us assume that [ is
not maximally non-compact. Then «(]) < ||| and we take o € (a(I),||||). Then
from the definition of the ball measure of non-compactness we find y',...,y™ € w
and m € N such that:

m

I(Br) € Uy + 0Bu).
i=1
Note that y* € w C ¢ for each i € {1,...,m}. So from the definition of limit there
exists jo € N satisfying: |(y");| < ||I]| — o for all j > jo and for all s € {1,...,m}.
Now, the sequence ||I|le? = (0,..., 0, |||, 0,...), 7 > jo, satisfies ||I||e? € I(By),
but ||I|le? ¢ (y' + 0B,,) for any i € {1,...,m}. Because for every z € (y' + 0B.,),
we have (2); < (||I]|—eo)+0 = ||I||, so we get our contradiction, hence a(I) = ||I||,
and [ is maximally non-compact. O]

We shall now present an example which illustrates Proposition [2.6]

FEzample 2.7. Let 1 <p < oo and I: £, = cy be the identity operator. Then I is
maximally non-compact.

1. From Remark [2.4] we know that ¢, C c.

2. We will compute the operator norm of I. For every x = (2,,)52, € ¢, it
holds that:

o] 1/p
el = supleal < (S baab) = i,
neN n=1
Moreover, ||1(x)|lc = ||||oo, and so we get ||I|| < 1. We will show that the
norm of I achieves the value 1 on the closed unit ball. For arbitrary j € N,
we get [[e’]|, =1 (i.e. ¢/ € By,), and also [|[I(e7)||oo = [|€7]|c = 1. So we get
that [|]] = 1.

3. From computations in the previous step, ¢, — ¢o and the embedding op-
erator [ satisfies the prerequisites of Proposition namely ||/]] < 1 and
e/ € By, for all j € N.

So I is maximally non-compact and «(I) = ||| = 1.

We can notice that Proposition limits us to the cases where the norm of
the embedding operator is less or equal to 1. Later in this chapter we present a
more general theorem addressing the maximal non-compactness in ¢y subspaces.
But first we need to introduce some new terminology and definitions.

Notation 2.8. We denote by P(N) the power set of the set N of all natu-
ral numbers. We endow the set N with the usual o-finite counting measure
m: P(N) — [0, o).

Below we define a decreasing rearrangement for sequences. We use the defi-
nition from the book [4, Definition 1.1 and Definition 1.5; page 36-39] and refor-
mulate it only for the special case where we set the space (X, A, 1) with a o-finite
measure u equal to (N, P(N),m).



Definition 2.9. [Distribution function and decreasing rearrangement] Let us con-
sider the measure space (N, P(N),m). For a sequence {a}>>, C K we define its
distribution function m,: [0,00) — [0, 00] in the following way:

mq(w) = m{n € N: |a,| > w}
and the decreasing rearrangement a*: N — [0, 00| of the sequence a as:
ay = inf{w > 0: my(w) < n}.

Definition 2.10 (Rearrangement-invariant lattice). Let (¢, || - ||¢) be a
(alpha/quasi)-normed sequence space over K. We say that { is a rearrangement-
invariant lattice if it satisfies the following axioms:

1. Let b € { and let a be a sequence such that for alln € N: |a,| < |by,]|, then also
a €l and |lall; < [|0]]e-

2. For every a € £ it holds that ||a*||¢ = ||alle-

We can now state our first principal result, namely, a general theorem about
the maximal non-compactness in ¢y subspaces.

Theorem 2.11. Let ¢ and w be sequence (alpha/quasi)-normed linear spaces over
K satisfying:

1. { — w C ¢,
2. 1, w are rearrangement-invariant lattices,

3. the embedding operator I: ¢ — w satisfies 0 < ||I|| < oo, where ||I| =
sup ||z||.-
zEBy

Then the embedding operator I is maximally non-compact.

Proof. We will prove the proposition by contradiction. Let us assume that [ is
not maximally non-compact, then a(I) < ||||. We take o € (a(1),||I]|) and find

A € (0, 1) such that:
Y

— < ||| 2.1
2 (2.)
From the definition of ||I]| we find x € B, satisfying:
4%
o> 2 2.9
o > —25 (2

Then from the definition of the ball measure of non-compactness we find m € N
and y',...,y™ € w such that

18) € Uy + oBu). (23)
i=1
Let us now define a new sequence € = {g;}?2,. For all k € N we set
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Owing to (2.4), € € ¢p. Then from the positive homogeneity of (alpha/quasi)-
norm, our prerequisite that w is a rearrangement-invariant lattice, and inequality
(12.2)), we get

l2" = ellw = [{zy, = Mg}l = (1 = M2l = (1 = M[[z]lw > o (2.5)

Now y* € w C ¢ for each i € {1,...,m}. So for every k € N, there exists j, € N,
such that for every k > 2, one has jii1 > ji, and for alli € {1,...,m}

()] < & (2.6)
Let us now define a new sequence:
0 .
a:=Y_ zpel. (2.7)
k=1
Then a* = z*. Consequently, a € By, ||all, = ||z||¢ and ||a||, = ||z|w, since £ and
w are rearrangement-invariant lattices and x € B,. Now for every i € {1,...,m}

and every k € N from inequality (2.6 and definition of a:
aj, — 5, = Th — Y5 > h — e > 0. (2.8)

This together with inequality (2.5)) yields
la=y'llw = 1122 ) = y'llo = 1 D e (2% — ) llw
k=1 k=1

o0
> | > ¢ @k = er)llw
k=1

= [l2" =€l
> 0.
We showed that a ¢ (y" + 0B,,) for all i € {1,...,m}. Which gives us a con-

tradiction with our claim (2.3) for any choice of ¢ € (a([l),||I||). Therefore I is
maximally non-compact, and a(I) = ||I]|. O

We will now state an example of a maximally non-compact embedding, where
the target space is not a subspace of ¢y, and therefore Theorem [2.11] cannot be
used.

Example 2.12. Let I be the embedding operator I: ¢y — {,. Then [ is maximally
non-compact.

Proof. First, we compute the operator norm of I. Let z = {z,}5°, € ¢, then

|I(x)|| = ||#|lc- So I is a linear isometry from ¢ to {, which implies that
|Z|l = 1 and it achieves its norm on an arbitrary element z € B, such that
o0 = 1.

We will proceed with the proof by contradiction. Let us assume that [ is not
maximally non-compact. Then a(I) < |||| = 1 and we take o € («(I),1). Then
from the definition of the ball measure of non-compactness we find y!,...,y™ €
ls, where m € N, such that:

m

BCO C U (yz + QBZOO)'

i=1
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We will define a sequence a = (a;)32, in the following way:
1, if(y/); <0andje{l,...,m},
aj =1¢-1, if (y/); >0and j € {1,...,m},
0, for j > m.

Trivially a € ¢y, because it has only a finite number of non-zero elements. Also
|lallcc = sup,ey |an| =1. So a € B,,.

We will show that a ¢ y*+0B,_ foranyi € {1,...,m}. Fixi € {1,...,m} and
j € N. Then for all z € 4"+ ¢B,__ it holds that z; € [(v*); — 0, (v'); +0]. We have
o0 € (0,1), thus for any j € N it cannot happen that {1, -1} C [(v");— 0, (¥");+0],
because this interval can contain at most one of the elements of the set {1, —1}.
Let us take j € {1,...,m} arbitrarily. From the definition of a it follows that
the element a; ¢ [(v7); — 0, (¥7); + 0]. So the whole sequence a cannot belong
to the ball (y/ + ¢By_ ). This holds for every j € {1,...,m}. And thus we have
shown that a ¢ U™, (y" + 0By..) and we get a contradiction. O

Our next aim is to find conditions under which an operator is not maximally
non-compact. We will need the following new notion.

Definition 2.13 (Sequence space span). Let ¢ be a (alpha/quasi)-normed se-
quence space over K. We define the span o, of £ as follows:

oy := sup | supy, — inf y, | . (2.9)
yeB, \neN neN

We are now in a position to state and prove our next main result. It gives
a general sufficient condition for an embedding operator into /> to avoid maximal
non-compactness.

Theorem 2.14. Let ¢ be a sequence (alpha/quasi)-normed linear space over K
satisfying £ — > and

11| < o0 < 20)1]1. (2.10)
Then the embedding operator I: £ — (°° is not mazximally non-compact. More-
over, a(I) < a,/2.

Proof. Denote o € (04/2,||I]|) and consider m € N such that
(1 + 1) 2 < (2.11)
—)5 <e :

Define A\, = %’f for k = —m,...,m and let y* be a constant sequence defined by
(y%); = A\, for every j € Nand k = —m, ..., m. We will show that

BiC | (W + 0Be), (2.12)

i=—m

proving a(I) < o < ||I]|. Assume y € B,. Then y € By (0, ||I]|) and |y;| < ||| <
oy for every j € N. Now from (2.9)) it follows that supy — infy < o,. We shall
now distinguish three cases.

11



a)

c)

If infy = —oy, then supy € [—oy,0]. Thus, y; € [—0y, 0] for each j € N, and
we claim that y € y™™ + 0By~. Indeed, since ¢ > % and for every j € N we

have (y™™); = Ay = U™ — 2 the claim follows.

If infy € (—oy,0], then there is a unique £k € {—m + 1,...,m} such that
infy + 0/2 € Ay, M) = (228D 2tk) = (_5,/2 5,/2]. Then by the choice

2m 7 2m

of o > 0,/2 and inequality ([2.10)),

M+ 0> N +00/2 > infy+ o0, >supy.

Here, we get the second inequality from
infy + oy € (M=t +0¢/2, A\ + 04/2].

On the other hand, using the definition of \; and inequality (2.11]), we arrive
at

Jgk?—O’g—O’g

infy > N1 —o0y/2 =

1
m:)\k—<1+)g£>)\k—g.
2m m/) 2

If infy € (0,04, then y; € [0,04] for each j € N, hence, evidently, y €
Y™ + 0Byee.

Altogether, we showed that y € y* + 0By, and (2.12)) follows. Therefore a(I) <
0¢/2 < ||I]] and I is not maximally non-compact. O

Remark 2.15. We could not use Theorem for the embedding I: ¢ — f
in Example [2.12] because o.,, = 2. It is achieved for example on the sequence
y=(1,-1,0,0,...) € B,.

12



3. Lorentz sequence spaces

Definition 3.1 (Lorentz sequence spaces (). Let p,q € [1,00]. We define
Lorentz sequence space 79 as a space of all sequences a = {a,}>>, C K, for
which the value ||al|,,, defined below is finite:

1

e q
<Z(a2)"n5‘l> , ifl1<g<ooandl<p< oo,
n=1

lallpg =

sup{n'/?a’}, ifg=o00 and 1 < p < o0,
neN

where a* = {a’}>° | is the decreasing rearrangement of a.
Remark 3.2. Throughout, we adopt the convention 1/00 = 0.

Observation 3.3. Below are some of the basic properties of Lorentz sequence
spaces which follow directly from the definition:

1
00 * 1_-1\7q 11,
L. lallpg = (So2a(ay)me ™) = nv~5a*,
2. (PP = (P
Remark 3.4. If 1 < ¢ <p < oo, then ||-|/,,isanorm. If 1 <p<qg<oo, ||,

is not a norm but it is a quasi-norm satisfying, for any a,b € P9,
la +bllpq < 272 ([lallpg + 1bllp.)-

The proof can be found in [2, p. 76, Proposition 1].

Observation 3.5. Any Lorentz sequence space (7%, p,q € [1,00], trivially sat-
isfies the axioms in Definition [2.10, Therefore, it is a rearrangement-invariant
lattice.

3.1 Inclusions of Lorentz sequence spaces

Lemma 3.6. Let p,q € [1,00] and min{p, ¢} < oo, then (71 C c.

Proof. Let us assume that (77 ¢ ¢y and take a € ¢77\ ¢y. Then there exists € > 0,
such that for all ng € N there exists n > ng, n € N: |a,| > €, which implies that
a’ > e for Vn € N. First, let us look at the case when ¢ < oo and p € [1, o0].

n

Then:

X 11 % 4, %
00 > |laflpq > € Z(?ﬁ )| =e ZnE = 00,
n=1 n=1

because for all p € [1, 0o] one has (1—1) > —1, and we know that 372, n® diverges
for « > —1. This gives us a contradiction with our assumption that a € 9.
Similarly, for ¢ = 0o and p € [1,00) we get 0o > ||allpco > SUpP,ex{en/?} = oo,
which is a contradiction once again. ]

13



The following two lemmas occur in the article [2, p. 77-78]. However, the
proofs are rather incomplete there. Here we present the complete proofs including
full details.

Lemma 3.7. Let p € [1,00], ¢ € [1,00) and a = {a,};>, € Ly, then for all
n € N it holds that

1. a

3 *

T _
< (%)qn ?llallpg, if 1 <p<q<oo,

2. @y <n¥lallpg 1< g <p < oo.
Proof. We will prove the individual cases:

1. Let 1 <p < g < oo and fix n € N, Then:
= T
lallyg =>_ i~ (a5)*
i=1
> i (a])
i=1

*

Here, the second inequality follows from the fact that (a}) is the decreasing

rearrangement. The third inequality results from the Lagrange mean value
theorem. Indeed, for all i € N, there exists £ € (i — 1,4), that satisfies for the

function f(t) = gt%, where t > 0 following equality:
’ a_ Pr.a . q
f@ ==l ==,

Also i» 1 > 5%*1, because ]% >1and ¢ > & > 1. From the estimates above we
get the third inequality and 1. is proven.

2. Analogously to the computations in 1. we get the following inequality:

Here the second inequality follows from the fact that for all ¢ < n it holds that
1°€10,1). Therefore (% - 1) € [-1,0), so we get n(3—1) < i<%_1), and 2. is
proven.

]
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Lemma 3.8. Let 1 <p < oo, 1 <q <q < oo, Then:

14

p,q1 — E

p,q2»

and for all a € £, 4, it holds that

1 1

1 allpg < (2)™ ® lallpg; if p < a1,

2. |lallp,g < llallpg; if p > -
Proof. We will treat each case separately

1. (a) Let g2 < co. From the first part of Lemma we get:

o~ 21 Q2—q1 ( ,*\q1
=) nr (ap)® " (ay,)

n=1

lallFe. =
a2-a

0 a3 a1 a2
S <q> .
n=1 p

2_1

1\ " ‘11 1
() a0 % (at)n

p n=1

pan (a)"

2 _q

q
el lall3,

)

p,q1

Il
VRS
]
~_

2

qr\"
- lalF, -

|allpg = supnra
neN

1
q1
sSmmé(%) 077 |allpg,
p

S

(b) Now, let go = 00

neN
1

)

Here the first inequality again follows from Lemma (3.7}

So 1. is proven.

2. Now let p > ¢;. Then, the following inequality follows from the second part of
Lemma 3.7}

o0
lall, =S 0%~ (ag)= 0 (af)®
n=1
92 1 _492-91 _
<3 0T T al| s (ar)
n=1
‘Ll_
~ allen S Yy
n=1
= |lal|E®|a)®,,
- ” Hpq1

15



]

We will now concentrate on establishing the embeddings ¢,, ,, < €,,4, be-
tween the Lorentz sequence spaces in dependence on the values of p;,p, and
q1,q2- Then we will try to calculate the exact value of the operator norms of
these embeddings.

Lemma 3.9. Let 1 < p; < ps < 00 and q1,q2 € [1,00]. Then

épl,lh — gpz#]zv

and for all a € £, 4, holds:

1,91

1. Haszm < Hale,qu if @ < p1,
(o] @ o 1/(12
2 ol < (502 ol i1 < 1 =50 and g2 < o
n=1
11
3. lallps.q < (%) " allprgs i p1 < @1 < g2 < 00,

4 Nallpege < llallpgqrs i 1 <@ <00 and g1 = gs.

v

. ”asz,qz < Hale,qu if 1 = g2 = 0.

Proof. Let 1 < p; < ps < oo. We will prove the individual cases.
1. Let ¢1 < p1 < 0.

a) Let g2 < 0o. Then

o0
lallez,,, = " nH (a)®
n=1

Ly
= na T (a) e (ar)®
n=1

o0 _

< llallg g >on A (@) n
n=1
o0

— Jlafle o S s (af) !
n=1
00 a_q

< flafz e S (af) 2 nn
n=1

< llall3: 4

Here the first inequality follows from the second part of Lemma [3.7]

1
ap <n 7 allp g,
and we get the second inequality from the fact that

q2 92

nrz r1 < 1,

16



b) Now let go = oo then:
1
[al[ps,00 = sup a;n
neN
< supnin” 7 allp,
neN
1
= [lallp ¢ sUp Rz 7
neN

< HaHm,qr

The first inequality follows from the second part of Lemma

1
a, <n ?ulalp, g -

And we get the second inequality from the fact that

1 1

nrz r1 < 1.

2. Let py < ¢ = o0 and ¢» < 00, then:

o 21 q2
H ‘pg q2 Z nr2 (an)
n=1

92 a2

g2 492 a2
= E nr2 P1 q2nP1
92 oo
1 92 92 4
*k
< (supannpl> g nrz ri

neN n=1

92 a2

= [lallf; 0 E:na_ﬁ_,

in which the sum Z nes converges, because g—z — qu —1< -1
n=1

3. Let p; < ¢1 < o0 and ¢ < 00, then:

N2 a2
- n
lally 4, = D> n"" (a;)

n=1
2
= ) )
n=1
qa2—49]
< HGHZ?_qfl <(]1> a Zn ‘I2p1(11 (117,“,,2 -1
’ p1

Hlﬁq?<%> | E:n%*% Jrn !
’ D1

q2

@) nn
— pl P1,91°

Here the first inequality follows from the first part of Lemma

1
g\t _L
§<m> 0 lally
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and we get the second inequality from the fact that

92 a2

nrz p1 < 1.

4. Let p; < ¢4 < o0 and ¢; > @9, then from the computations in the 3. part of

the proof we have:
L1

q1 1 a2
lallpa < (p) lallpnans

where 1% > 1 because p; < ¢1 < co. But qil - q% < 0 because ¢; > ¢2. So
1

1 _ 1
()7 7% <1 and [lallpgs < Jallpg.

5. Let ¢4 = go = oo, then:

|l 0c = sUp @072
neN

< sup n%a;
neN

- ||a||P17l117

1 1
where the inequality follows from p; < po, hence nr1 > nrz2.

[]

Lemma 3.10. Let 1 < p; < py < 00 and ¢; € [1,00] and gy € [1,00], then the
norm of the embedding operator I: Uy, o — €y, 4, 15 equal to:

LI =1,if @ < p1,
2. =1, if p1 <1 < o0 and ¢1 > ¢o,

3. ”IH:L if 1 = g2 = 00

0 q 1/q2
92 92 4
4. ||]||:<E nrz 1 > ,ifpr <@ =00 and g < 0.
=

Proof. We will prove the individual cases separately:

1. Let ¢; < p;. We get the upper estimate for the operator norm from the first
part of Lemma So ||I]] < 1. Now we will show that I attains 1 on the
closed unit ball. For arbitrary ¢/ we have that (¢/)* = e! and:

1

||ej||p1#]1 — (Z npl e] q) 1 _ <1§1_ 1(11) _ 1

So ¢! € By, , . Now we need to show that also ||7(e’ =167l pp.ao = 1.
P1,91 P2,q2 p2,q

Q
==

a) Let o < co. Then ||€’]|,, 4 = 1 follows from the computations above.

b) Let ga = oo. Then ||€7]|py.0 = sup((e{l)*)né =1
neN

18



It already follows that [|I]| = 1.

. Let p1 < ¢1 < o0 and ¢; > ¢2. We get the upper estimate for the operator
norm from the fourth part of Lemma [3.9) So ||| < 1. We can show that
I attains 1 on the closed unit ball at an arbitrary e/. The computations are
same as in the proof of 1. So again ||I]| = 1.

. Let g1 = g = 0o. We get the upper estimate for the operator norm from the
fifth part of Lemma [3.9 So ||| < 1. We can show that I attains 1 on the
closed unit ball at an arbitrary /. The computations are similar as in the
proof of 1.

. . 1 )
||6]Hp1,q1 =sup((e},)")nm =1= Heijz,qz
neN

So again ||I|| = 1.

. Let p1 < ¢4 = o0 and ¢y < co. Once again we get the upper estimate for the

operator norm from the second part of Lemma [3.9]
1/q2

X, @2 _a_
Therefore ||I|| < (Z nrz r1 1) . Now we will again show that I achieves

n=1
this upper estimate on the closed unit ball. Let us consider the sequence

1 1 1
a=a"= (1,2 »m,3 7 ....,n P ...), then
El _1
la|lpy.co = sSupaynrt =supn rinr = 1.
neN neN

Hence a € By, ., and we will now compute the norm of [|1(a)l[p,.¢, = l|@|[py,q.-

[e'¢] a4 1/‘12
lallpnn = (Z nit <a;;>q2)

n=1

o) @ 1 1 1/g2
—_ q2
= Z nr2 (n pl)
n=1
o] @ 1/q2
= Z nr2 Pi .
n=1

So indeed I achieves it’s upper estimate on the closed unit ball and 4. is
proven.

[]

Lemma 3.11. Let 1 < p < q < o0 , then the norm of the embedding operator
I:l,,— lpoo 1S:

1) = (Z)é.

Proof. ||I| < (%)E from the first part of Lemma .

We want to show that there exists a sequence {a™ }°°; of nonzero elements, where
a” € ,, for all n € N, such that:

lim 1% e _ <q> " (3.1)

n=o flatfle o \p
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This would already imply that ||| = (%)E, since we would be able to get

1
arbitrarily close to our upper estimate (%) ? of the operator norm ||I||.
For every n € N set " = (1,1,1,...,1,0,0...), where a = 1 for i €
{1,2,...,n} and a} = 0 for ¢ > n. Then for every n € N:

L1 1
[a"{|p00 = supir =n,
1<n

. 1

a_1\1

|ra"|rp,q=( i ) |
=1

Now, from the theory of the Riemann integral, we know

while

1
n 1
i N9 oo _ o
n—o00 ||an||p7q n—oo n v q
=1
1

1
Hence {a"}22, satisfies (3.1)) and we proved ||I]| = (%) ‘. O

3.2 Maximal non-compactness of embedding
operators in Lorentz sequence spaces

We shall now present examples of embeddings between Lorentz sequence spaces
which illustrate Theorem [R2.111

Example 3.12. Let p,q € [1, 00] and min{p, ¢} < co. Then the embedding opera-
tor I: (P4 — ¢y is maximally non-compact.

1. /P C ¢y from Lemma [3.0]
2. We find the norm of operator /. Fix a = {a,}?°, € {,,.

a) Let ¢ = co. Then [I(a)]| = [lallc = suppenlan| < sup,en{n'/Pay} =
|allpq, where the inequality results from the fact that n'/P > 1 for all
n € N and the Definition of the decreasing rearrangement of a.

1
b) Let ¢ < co. Then |[I(a)] = ||allcc = sup,ey |an| < <Z(a2)q”gl> _
n=1

|allp.q, where the inequality results from the Definition [2.9)of the decreasing
rearrangement of a and because sup,,cy |an| = a7 = 1%_1(a’{)q.
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Thus || || < 1 for any p € [1,00), ¢ € [1,00]. Now we will show that I achieves
1 on the closed unit ball. For an arbitrary ¢/ we have that (¢/)* = e!, therefore
e/]lpg = [l€'|lpg = 1, thus ¢/ € By, and also [[I(€¢7)|o = [|€/|loo = 1, hence
1] = 1.

So from the Theorem the embedding operator I is maximally non-compact
and o(I) = ||I|| = 1.

Example 3.13. Let 1 < p; < ps < 00, q1,¢2 € [1,00], min{ps, g2} < oo and P19
(P2%2 Lorentz sequence spaces. Then the embedding operator I: /P19 — (P2:92 ig
maximally non-compact. We have

1. prar s (P22 and 0 < ||| < oo from Lemma 3.9
2. pr1 P22 C ¢ from Lemma [3.6]

So the prerequisites from Theorem [2.1T] are satisfied, the embedding operator [ is
maximally non-compact and «(I) = ||I||, where the values of || /]| for some individ-
ual relations between p;, ¢1 and g2 are computed in Lemma [3.10] or Lemma [3.11]

3.3 Examples of embedding operators that are
not maximally non-compact

We will now present examples of embeddings of Lorentz sequence spaces into £
which are not maximally non-compact. This will be shown by finding their span
owa and applying Theorem [2.14]

Ezample 3.14. Let p € [1,00), ¢ € [1,00] and p < ¢. Then the embedding
operator [: (77 — (> ||I]| = 1 is not maximally non-compact. More precisely:

1. a(I) <27Y7 < 1 when ¢ < o0,
2. a(l) <2711 +27Y7) < 1 when ¢ = oo.

Proof. We have (P4 C ¢y C (> from Lemma [3.6] and ||I|| = 1 follows from the
computations in Example [3.12

1. First we will have a look at the case when ¢ < co. Denote o = 2'=%¢, Then
|| < o < 2|I||. Assume y € Bga, then y € By~ since ||| = 1, hence
ly;| <1 <o. We claim that

supy — infy < 0. (3.2)

Indeed, given £ > 0, we find from the definition of supremum and infimum
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s,7 € N such that y; > supy — ¢ and y; < infy + . We get

12 [l |
- (St
> (ni@:;)q); - (ni@n)q);

> (Jys|? + |y )
> 2M97 |y | + |yi])

1
> —(supy — infy — 2¢),
o

where the second inequality follows from our prerequisite p < ¢ thus nrt >1
and the fourth follows from the binomial expansion and the fact that

0< 2ot <1,
Now when sending € — 0, we get our claim. Therefore
og,, <o <2|1]

and all the prerequisites of Theorem [2.14] are satisfied, so I is not maximally
non-compact and a(l) < o/2 < 1= ||I|.

. Now let ¢ = co. We will proceed with the proof similarly to the way we did
in the first part. The only difference is that we set ¢ = 1 + 2717, Assume
Yy € Bp.. We again need to verify that the inequality

supy —infy < o. (3.3)
Let y € By, then

Yllp.co = sup{nl/pyfl} < 1, hence sup{y,} < 1. (3.4)
neN neN

Inequality implies that the decreasing rearrangement y* of y must satisfy
y: < n~Y? for all n € N. So every sequence from B has its decreasing
rearrangement bounded from above by the decreasing sequence {n='/P}
and from below by {—n~1/7}>° . We shall now distinguish two cases.

a) If supy < 277, then from the observation above inf y > —1 and inequality
(3.3)) holds.

b) If supy > 277, then from the observations above Y, is bounded by the
decreasing sequence n~'/?, so there can be only one index j € N such that
y; > 2717, therefore y; = y; and we get that for all i # j: |y;| < 271/,
which implies that infy > —27Y/?. Thus supy — infy <1 — (—27/?) = ¢
holds for all y € By.«, and inequality follows.

We computed that o, = 0 = 142717 < 2||I||. Now again from Theorem
we get that I is not maximally non-compact and a(1) < o = 271(14+271/7) < 1.

[]
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