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Introduction

Self-similar processes are processes whose distribution is invariant under a suitable
scaling of time and space. The most prominent class of self-similar processes is
the family of fractional Brownian motions. The fractional Brownian motion,
parameterized by the Hurst parameter H € (0,1), is a Gaussian self-similar
process with stationary increments, which, for H € (%, 1), exhibits long-range
dependence.

The Rosenblatt process, indexed by the Hurst parameter H &€ (%, 1), is a
stochastic process that arises as a limit of normalized sums of long-range depen-
dent random variables in the so-called Non-central limit theorem ([1, 2]). It is a
self-similar, long-term memory process with stationary increments, but, contrary
to the fractional Brownian motion, it is not Gaussian. As such, it poses a suit-
able alternative as a model to the fractional Brownian motion in cases where the
system shows some clear signs of non-Gaussianity.

In [3], it has been established that for the p-variation of the fractional Brow-
nian motion Z! it holds

1
= H,1 H,1 P 0, H11 P>
2N, = 2y S \TEIZT T, p= g (1)
=0 0, p< %7

where {tI'}I' , is a suitable sequence of partitions of interval [0,7"] whose mesh
tends to zero. Later on, for H € (%,1), this result has been extended by
Guerra and Nualart [4] to 1/H-variation of stochastic integral with respect to
the fractional Brownian motion, where the stochastic integral is defined as the
divergence-type integral in the framework of the Malliavin calculus. In partic-
ular, they showed that the 1/H-variation of the integral [;u,dZM! is equal to
cr ST |u|VH ds, where ¢y = E|Z{W |V

On the other hand, it has been shown (see [0, Proposition 2.3]) that for the
1/ H-variation of the Rosenblatt process Z%2 we have

2 H2(L P H2) L

¥|Z;ﬁl_ | —— TE| 2,77 (2)
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Similar to the fractional Brownian motion, one can use the Malliavin calculus to
define a stochastic integral with respect to the Rosenblatt process (see e.g. [6]).
In view of (1)), (2), and the common properties of the fractional Brownian motion
and Rosenblatt process, this brings up the question whether we can expect a
result similar to the one by Guerra and Nualart also for stochastic integrals with
respect to the Rosenblatt process.

The thesis consists of four chapters. Chapter [1| contains a summary of basic
notions of Malliavin calculus such as the Malliavin derivative, divergence operator
and multiple integral. In Chapter [2| we introduce the fractional Brownian motion
and Rosenblatt process in the more general context of the Hermite processes and
derive some of their properties. In Chapter [3| we use the Malliavin calculus to
first construct an integral with respect to the Hermite process for deterministic
integrands. Subsequently, we extend this definition and develop a stochastic
integral with respect to the fractional Brownian motion and Rosenblatt process.



The majority of the original work lies in Chapter 4l Based on the techniques
used by Guerra and Nualart in [4], we show that for a suitable class of integrands
the stochastic integral with respect to the Rosenblatt process [;usdZ”? has a
finite 1/H-variation of the form

T 1
Cur [ lus| s,
0

where Cy = E|Z{?|VH.



1. Malliavin calculus

The Malliavin calculus (also known as the stochastic calculus of variations) is
an infinite-dimensional differential calculus on a Gaussian space. Originally de-
veloped by Paul Malliavin [7] to obtain a probabilistic proof of the Hérmander
theorem, the theory found an extensive application in other areas (e.g. in prob-
abilistic approximations [§] or in anticipating stochastic calculus [9, Chapter 3]).

In this chapter, we summarize some basic notions and results of the Malliavin
calculus which will be useful for the goals of this thesis. For an exhaustive expla-
nation of the topic, we refer to [8, 9, 10]. The majority of the mentioned results
will be stated without proofs; for the proofs, consult the reference accompanying
each result.

1.1 Wiener-1t6 chaos decomposition

We start by introducing the notion of an isonormal Gaussian process which plays
the role of random noise in the presented theory. Throughout the whole text,
we will be working on a complete probability space (€2, F,P). Consider a real
separable Hilbert space with inner product (-, -) .

Definition 1.1. A family of random variables W = {W(h),h € H} defined on
(Q, F,P) is said to be an isonormal Gaussian process if W is a centered Gaussian
family such that E(W ()W (g)) = (h,g)y for all h,g € H.

It is easy to show that the mapping h +— W (h) is linear. Also, given a real
separable Hilbert space H, one can always construct a probability space and
a Gaussian family {WW(h),h € H} satisfying the conditions of Definition [1.1] (see
[8, Proposition 2.1.1]).

The isonormal Gaussian process encodes a large class of random objects. For
instance (see [8, Example 2.1.5]), any centered Gaussian process with covariance
function R is an isonormal Gaussian process indexed by Hilbert space H, which is
defined as the closed span of indicator functions with respect to the inner product

<1[07ﬂ, 1[0’S]>H = R(t, 8).

Another (and for the purposes of this thesis the most important) example is
the isonormal Gaussian process which arises from the Wiener process.

Let (Wy)ies be a Wiener process (here, J can be an arbitrary bounded or
unbounded interval, in most cases either R or [0,7] for some 7" > 0), that is,
(Wi)ies is a centered, continuous Gaussian process with the covariance function

R(s,t) = 5 ([s| + [t = |s —=tl), s,tel

N[ —

Then (W;);es can be associated with an isonormal Gaussian process indexed by
the Hilbert space L?(J) in the following way. For any a,b € J,a < b, we set

W (Ly) = Wy — W,



Denote &; the space of functions of form

m—1
h(t) = Z ail[si,si+1)(t)’ (11)
i=0

where m € Nja; € R and s; € J such that [s;, s;+1) are disjoint intervals. For
h € & of the form (|1.1)), we set

m—1
W<h) = Z &iW(l[Si,Si-o-ﬂ)' (12)
i=0
Then we have
m—1 m—1
BV (1) = Y @RIV (Lpu ) = 3 @51 —s0) = [ B3(0)dt = bl
i=0 i=0
(1.3)

Since the space & is dense in L?(J), then, by (1.3), the mapping h — W (h)
can be extended to an isometry between L?*(J) and a subspace of L?(Q) (see [5],

Section 1.1.1]) which we will denote by H;. We will also denote this isometry by
W (h) or by

/J h(s)dW,.

This isometry is called the Wiener integral with respect to the Brownian motion
(or simply the Wiener integral if there is no risk of confusion).

Consequently, the family {W (h), h € L*(J)} is an isonormal Gaussian process,
as it is clearly centered and Gaussian (since any W (h) is a L*(Q)-limit of jointly
Gaussian random variables of form ((1.2))) and for any h, g € L*(J) it holds

EW ()W (g) = (f.9) 12(s) -
In what follows, we will only consider the case of the isonormal Gaussian

process given by the Wiener integral. Note, however, that all of the following
theory can be generalized to the case of arbitrary isonormal Gaussian process.

Definition 1.2. For n € Ny, the n-th Hermite polynomial H, is defined by
Ho(z) =1 and

N

H,(x) = (=1)" . ddx” e"7, z€R
For n € Ny, we will denote by H,, the closed linear subspace of L*(Q, F,P)
generated by the random variables {H,(W(h)),h € L*(J), ||h|z2(sy = 1}. The
space H,, is called the n-th Wiener chaos. Clearly Hy = R is the subspace of
constants and H; = {W(h),h € L*(J)} is the subspace of Gaussian random
variables. The Wiener chaos provide an orthogonal decomposition of the space
L*(Q, FW P). Here, by FV we denote the o-algebra generated by the Wiener

process (Wy)ie .

Theorem 1.1 (Wiener-It6 chaos decomposition, [8, Theorem 2.2.4]). The space
L3(Q, FW P) admits the following orthogonal decomposition.:

L*(Q,FV P) = &y g Ha.
In particular, any F € L*(Q, FV ) can be represented as

F=EF+Y F,

n=1

where F,, € H, and where the sum converges in L*(Q).
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1.2 Malliavin derivative

In this section, the notion of derivative of random variables in L?(Q) is intro-
duced. Since we do not impose any conditions on the topological structure of the
probability space, the derivative is defined in a weak sense. Consider a space of
“smooth” random variables

S={F=f(W(h),...,W(hn)),m €N, f € C*(R™),h; € L*(J)}, (14)

where Cp°(R™) denotes the space of infinitely continuously differentiable functions
f : R™ — R such that f and all its partial derivatives have at most polynomial
growth, that is,

CO(R™) = {f € C*(R™) : ¥k € Ng3a, B € (0,00) :
[fB(@)] < a(l+[z)’) Vo € R},
Note that the space S is dense in LP(Q2) for any p € [1,00).

Let F € S be of the form as in (1.4) and n € N. Then the n-th Malliavin
derivative of F' is defined as the element of L*(Q; L?(J")) given by

Dn =,§:K% ,,,,, o) (WD, W) Yy (21) s, (),

The n-th Malliavin derivative can also be viewed as an element of L?(Q x J") or
L3(J"™; L*(Q)), since by Fubini theorem we have

E[ lofds=[ JgPa\ @)= [ Elgds
Jn JnxQ Jn

and so the three spaces are isomorphic.
The following proposition allows us to extend the definition of the Malliavin
derivative to a larger class of random variables.

Proposition 1.2 ([8, Proposition 2.3.4]). Let p € [1,00) and n € N. Then the
operator D™ : LP(Q)) D 8 — LP(Q; L*(J™)) is closable; i.e., whenever there is a
sequence {F}.} C 8 such that Fy, — 0 in LP(Q) and D"F}, — n in LP(Q; L*(J"))
for somen , thenn =0 a.s.

Definition 1.3. For p € [1,00) and n € N, the Sobolev-Watanabe space D"P is

defined as the closure of § with respect to the norm

|F|lpns = (E|F[” + E|DF|[}s 5 + ...+ EI|D"F[52 ) *

_ <]E|F|p+IE (/ |DxF|2d:v>2 +...+E </ |D;F|2dx>2)p
J Jn

We additionally set D" = LP(Q) and || F||por = || F||r(e)-

Due to Proposition the operator D™ can be consistently extended to the
space D™P. Moreover, from the form of the norm of Sobolev-Watanabe space and
the usual embedding of LP(Q2) spaces we have the following embedding

D"P < D™, (1.5)

whenever m < n,q < p.
What follows is one of the chain rules for the Malliavin derivative.



Proposition 1.3 ([8, Proposition 2.3.7]). Let ¢ : R — R be a continuously
differentiable function with bounded derivative. Suppose that F' € DY for some
p € [1,00). Then o(F) € D' and

Dg(F) = ¢/(F)DF.

The chain rule can also be applied to other classes of functions such as Lips-
chitz functions (see [8, Proposition 2.3.8]) or continuously differentiable functions
with derivatives of polynomial growth (see [10, Proposition 3.3.2]).

The Malliavin derivative possesses a local property.

Proposition 1.4 ([9, Proposition 1.3.16]). Let F € DY be a random variable
such that F =0 almost surely on some set A € F. Then DF = 0 almost surely
on A.

Remark 1.1. The notion of the Malliavin derivative can be extended to Hilbert
space-valued random variables. Let )V be a real separable Hilbert space and set

S(V):{F:ZFjvj,meN,FjES,vjEV}. (1.6)

Jj=1

For F € §(V) of form (1.6, the n-th Malliavin derivative is defined by

D"F = Z D"F;) ® v;,
7j=1
where ® denotes the tensor product between two Hilbert spaces. Similarly as
for the real-valued random variables the operator D™ is closable from S(V) to
LP(Q2; L*(J™) @ V) and consequently can be extended to the space D™?(V) which
is defined as closure of S(V) with respect to the norm

B =

I llpnry = (BIFIS +BIDF[2 gy + - + EID"Fll7a(mey)

An embedding similar to (1.5 also holds for the spaces D™?()).

1.3 Divergence operator

The divergence operator ¢ is defined as the adjoint of the Malliavin derivative. In
the case of the isonormal Gaussian process indexed by L?(.J), the operator can
be interpreted as a stochastic integral. In fact, it can be shown that on processes
adapted to the filtration generated by the Wiener process (W;)cs, the divergence
operator coincides with the standard It integral.

Let n € N and denote by Dom ¢" the subset of L*(Q; L?(J")) consisting of
processes u for which there is a constant ¢ € (0, c0) such that

(D" Fu) g | = ‘E[IR(D?F)ut dt’ < |l Fll2)- (1.7)

for every F' € S. Then for any u € Dom 6", by virtue of ((1.7)), the linear operator

F > E(D"F,u) s,
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is continuous from (S, || - ||z2()) to R and so it can be extended to a linear
operator from L?(Q) to R. According to the Riesz representation theorem, there
is a unique element of L*(Q), which we will denote §"(u), satisfying the relation

EF6"(u) =E(D"F, U>L2(Jn) (1.8)
for every F' € §. This allows us to state the following definition.

Definition 1.4. Let v € Domd™. Then §(u) is the unique element of L?*(Q)
characterized by for every F' € S. The operator §" : Dom " — L*(Q) is
called the divergence operator of order n and we talk about the set Dom " as the
the domain of 6™.

Remark 1.2. The divergence operator is clearly, as the adjoint of closed linear
operator D", also closed and linear. By taking F' = 1 in (L.§)), we obtain E6"(u) =
0 for any u € Dom ™. Moreover, it can be shown (e.g. [8, Remark 2.5.3]) that
L*(J™) C Dom é" and d(g) = W (g) for any g € L*(J). Hence we see, that the
divergence operator coincides with the Wiener integral for deterministic processes.

The following proposition allows us to factor out scalar random variables in
the divergence operator.

Proposition 1.5 ([9, Proposition 1.3.3]). Let F' € D" and v € Dom d such that
Fu e L*(; L*(J)). Then Fu € Dom§ and

0(Fu) = Fo(u) — (DF, u)payy
provided that the right-hand side belongs to L*(f2).

The next proposition provides a large class of processes which belong to Dom ¢
as well as a formula for the covariance of two divergences.

Proposition 1.6 ([9, Proposition 1.3.1)). The space DV(L?(J)) is included in
Dom . Moreover, for any u,v € DY3(L2(J)), we have the equality

E(é(u)(S(v)) :E/Jusvs ds—l—E/J/JDmuyDyvx dz dy. (1.9)

Note that the space D'?(L?*(J)) can be identified with the space L*(J;D"?)
since

9015122200y = EllgllZ2sy + EllDgll72 (2
:E/ |gs|2ds—|—E//|ngs|2dxds
J JJs

:/ <E|g§y+JE/ ]ngs|2dx> ds
J J
= [ llgill3sz ds

J

= ”gH%Q(J;ID)L?)'
Similar to the Malliavin derivative, the divergence also has a local property.

Proposition 1.7 ([9, Proposition 1.3.15]). Let u € DY?(L*(J)) be a stochastic
process such that w = 0 almost surely on some set A € F. Then 6(u) =0 almost
surely on A.



Now we state the so-called Meyer inequalities which identify spaces between
which the operator ¢" is bounded.

Theorem 1.8 (Meyer inequalities, [8, Theorem 2.5.5]). For any n,m € Ng,n >
m and p € [1,00), the operator §™ is bounded from D™P(L*(J™)) to D"~™P that
is, there is a finite positive constant ¢y, such that

HCSm(U)H]D)n—m,p < Cm,n,pHuHD"*p(LQ(Jm))a u € Dn’p(L2(Jm)).

Remark 1.3. Similar to the Malliavin derivative, the definition of the divergence
0" can be extended to processes with values in a Hilbert space. Again, let V
be a real separable Hilbert space and set Dom 0" to be the space of processes
uw € L2(;V @ L*(J")) for which there is a finite positive constant ¢ such that

|E <DnF, U>V®L2(J’n) | < C||F||L2(Q§V)7

holds for all F' € S(V). Then, for u € Dom¢", we define §"(u) as the unique
element of L?(Q;V) satisfying the equality

E (F,0"(u)), =E(D"F, u>V®L2(Jn)

for every F' € S(V).

The construction in Remark allows us to interpret the symbol 0" as the
n-fold composition of §. Choose g € L*(J"). Then, using the fact that the space
L3(J") can written as L*(J"™™) ® L*(J™) for any 0 < m < n, we have that
d™(g) is the unique element of L?*(; L?(J"™™)) chosen as in Remark [1.3| with
V = L?(J"™). In addition, we can write

8"(g) = 6" (6™ (g)), g€ L*(J"). (1.10)

In fact the relation ([1.10]) also holds for any g € Dom ™.

Remark 1.4. As mentioned at the beginning of the section, the divergence opera-
tor can be viewed as an extension of the It6 integral as these two objects coincide
for adapted square integrable process but the divergence is defined for a larger
class of processes.

Indeed, let L% ([0,7] x Q) be space of processes in L*([0,7] x ) that are
adapted to the canonical filtration of the underlying Wiener process (W;)¢cjo,r1-
Then we have (see [9, Proposition 1.3.11]) that L% ([0, 7] x 2) € Dom ¢ and for
u € Low ([0,7] x Q) it holds

5(u) = (It0) / AW,

0

1.4 Multiple integrals

By L?(J") we will mean the elements of L?(J") which are symmetric functions.

Definition 1.5. Let n € N and f € L?(J"). Then the n-th multiple integral of
f, I.(f), is defined by I,,(f) = 6"(f).



In view of Section and Remark it is clear that I;(f) = W (h), i.e.,
I, (f) is the Wiener integral of f. The next result shows the orthogonality of
multiple integrals of different orders.

Proposition 1.9 ([8, Proposition 2.7.5]). Let m,n € N. Then for f € L*(J™)
and g € L2(J"), we have

ELn(f)1n(g9) = {gn' 9D 12 (m) Z ; Z,

The n-th multiple integral connects the space LZ(J") to n-th Wiener chaos.

Theorem 1.10 ([8, Theorem 2.7.7]). Let f € L*(J) be such that ||f||r2c = 1.
Then for any n € N we have

H,(W(f) = In(f"),

(
where f€"(xq,...,x,) = f(x1)f(x2) ... f(x,). In particular, the linear operator
I, provides an isometry from (L?(J"), \FH | z2(my) to the n-th Wiener chaos

(Hos || - [l z2())-
According to Theorem [1.10] any random variable Y of the form Y = I,,(f)

belongs to the n-th Wiener chaos. Moreover, the following result shows that
arbitrary moment of Y can be estimated by its second moment (or, in other
words, within a fixed Wiener chaos, all LP(§2)-norms are equivalent).

Theorem 1.11 (|8, Theorem 2.7.2]). Let p € [1,00), n € N and let Y be a
random variable with the form Y = L,(f) for some f € L*(J"). Then there
exists a finite positive constant c,, such that

IV llzr@) < cnpllYllz2@ (1.11)

Proof. The case p € [1,2] follows immediately with ¢,, = 1 from the standard
embedding of LP(2) spaces. Now let p > 2. According to the Meyer inequalities
(Theorem [L.8)), there is a finite positive constant &, such that

11 ()l zr) = 16" (F)lpor < Enpll fllprrr2emy)-

As [ is deterministic, we have || f||pnrr2(my) = [|f|l£2(sm)- In view of Proposition
1.9, we obtain

Cnp

Hn(Plle@) < Enpll Fllz2em) = \/—HI( )2

O

An explicit form of the constant ¢, , can be obtained by an alternative proof
which appeals to the hypercontractivity of Ornstein-Uhlenbeck semigroup (see
[8, Corollary 2.8.14]). As an example, for any random variable Y living in the
second Wiener chaos, we have

Yz < (0= DY 2@

10



Remark 1.5. Given f € L*(J"), the n-th multiple integral I,,(f) can be rewritten
as an iterated It6 stochastic integral via a procedure similar to the construction
of Wiener integral in Section[I.I} We summarize the main steps below, for a more
detailed construction see [8, Exercise 2.7.6] and [0, Section 1.2.1] (or [11] for the
original construction by Itd).

Let &, be a set of elementary functions f : J" — R, that is, a set of functions
with form

m

h<t17 B 7tn) = Z ai1,...,in1Ai1><...><Ain (tla e 7tn)7 (112>

1yeyin=1

where m € N, A; C J are disjoint finite intervals, and a;, . ,;, = 0 whenever two
indices are the same. Recall that for A; = [a,b], we defined W (A4;) = W, — W,,.
For h € &, of form (|1.12)), we define

015yt =1
Then it can be shown that I, is a linear operator that satisfies the isometry

relation
~ A~ n! <h/7 g>L2(Jn) 5 n = m,
0, n #m,

for each h € &, and g € &,,. Since the space &, is dense in LZ(.J"), the operator
I, can be extended to a linear operator from L?(J") to L*(Q2). This extension is
usually denoted by

/ h(th, ... t) AWy, ... AW,
Jn

and called the multiple Wiener-Ité integral of order n. One can then show that
the multiple integral I,, coincides with the multiple Wiener-It6 integral of order
n. In case J = [0, 7], since the integrands are symmetric functions, we can also
express the integral as an iterated integral in the classical Ito6 sense

T rt o
L(h) = n! (Ité)/ // Chith, . t) AW . AW, AW,
0 0 0

11



2. Fractional processes

As we mentioned in the introduction, we will be mainly interested in two par-
ticular cases of fractional processes, namely in the fractional Brownian motion
and Rosenblatt process. However, for the purpose of deriving numerous common
properties of these two processes, it will be advantageous to view them as two
special examples of the class of processes called Hermite processes.

2.1 Hermite processes

In this section, the class of Hermite processes is introduced and we derive (or
at least mention) some of their properties. The presentation of the topic in this
section is based mainly on [5], 12, [I3] and for more information on the theory of
self-similar processes we refer to them.

The class of Hermite processes originally arose as a class of limiting processes
in the so-called Non-central limit theorem. This theorem, extending the result
of Rosenblatt [14], was independently proved by Taqqu [I], and Dobrushin and
Major [2]. Let us briefly sketch the result.

Assume ¢ : R — R to be a function such that Eg(N) = 0 and E[g(N)]* < oo,
where N ~ N(0,1). Any such function can be expanded into the basis of Hermite
polynomials

g(z) = ichj(x),

where ¢; = %E(g(N)Hj(N)) (see [8, Proposition 1.4.2], but it really is a con-
sequence of Theorem had we assumed the underlying isonormal Gaussian
process to be indexed by the real line, see [9, Example 1.1.1]). Define

¢ =min{j : ¢; # 0}.

We usually refer to number g as the Hermite rank of g. Note that the Hermite
rank of g is always at least 1 since we assumed Eg(N) = 0.
Let {&,}nen, be a stationary Gaussian sequence such that & ~ N(0,1) and

B¢l =n + L(n),

where H € (1,1), ¢ is a Hermite rank of g and L is a slowly varying function,
that is, a positive function satisfying

lim L{az)

=1

for every a > 0. Then the Non-central limit theorem states that the sequence of

partial sums
1 [nt]
H > 9(&)
j=1

converges in distribution, as n — oo, to a stochastic process living in the ¢-th
Wiener chaos. This limiting process is called the Hermite process of order ¢ with
the Hurst parameter (or self-similarity index) H.

12



We will, however, define the Hermite process by means of a more explicit
representation. By (z); = max{0, 2z}, we denote the non-negative part of x.

Definition 2.1. Let (W;);cr be a two-sided Wiener process. The Hermite process
(2" >0 of order q with Hurst parameter H € (3,1) is defined by

Zf“_ch/ (/Hu—yz (+>du> dw,, ... dw,,, >0,

. . . Haq\? _
where ¢(H, ¢) is a normalizing constant such that E (Zl ) =1

From the fact that the Hermite process of order ¢ is defined as the g-th multiple
integral, we immediately obtain that the process is centered and (by Theorem
that it lives in the ¢g-th Wiener chaos.

In case ¢ = 1, the process is called the fractional Brownian motion, in case
q = 2, the resulting process is called the Rosenblatt process.

Let us now compute a covariance function of ZtH @ (and, as a by-product, an
explicit formula for ¢(H,q)). First, for ¢ > 0 and y1,...,y, € R, denote by L
the kernel

Lt (yla"'7yq H q H u yz U.
Then clearly Z/"* = I,(L;"") and by virtue of Proposition m, we can write

B2 70 = BI(LIM),(100) = g (L, 119

provided that L{"? € L2(R?) for every ¢ > 0. Making use of the Fubini theorem
and identity (A.1) with a = — (l - ﬂ), we can write

Ez[zHa = q/Lt (Y1, Yg) L (ys, o yg) dys - . dy,

l;H
= qlc(H, q)? (// (u— i)y Ry
Ra

= qle(H, q)* /Ot /OS (/_Zw(u —y) T ) (w - y) ) dy)q du dw

1 1—H 2-2H\? st s 2\
:q!c(H,q)2B<— , )// (\u—w]2Hf12> du dw
2 q q o Jo

1 1—H 2-2H\? jt s
=q'c(H,q)*’B (— , )// lu — w|*" % du dw,
q 0 Jo

2 q

13



where B denotes the beta function (see Definition |A.2)). As there is the equality
t rs 1
H(2H — 1)/ / o= w2 dudw = o (B4 o= sPT)(20)
0 Jo

we obtain

1 1-H 2—2H\?
B(;H(zl—t}_’lsl ) ';<t2H+82H—|t—S’2H>.

EZ{"Z!M = qlc(H, q)°

In particular, L € L3(RY) for every ¢t > 0 and at time ¢t = s = 1, we have

B (; _1-H 272H)q
2 2 g’ q

HQ2H-1)

E(Z{")* = gl ¢(H,q)

so, in order for the normalization condition to hold, we must set
H(2H —1)

1 1-H 2-2H\?"
q!B(E_ ¢ ’ q )

c(H,q)* =

2.1.1 Basic properties of Hermite processes

Recall that stochastic process (X;):>o is H-self-similar if there is H € (0,1) such
that the processes (X, )i>0 and (a X;);>¢ have the same finite-dimensional dis-
tributions for every a > 0. We say that process (X});>0 has stationary increments
if for every t > s > 0

X — X, £ X,

where 2 denotes equality in distribution.

It can be shown that Hermite process (ZtH ) i>0 of an arbitrary order ¢ is H-
self-similar and has stationary increments. This result is mainly the consequence
of the form of kernel Lf{ " and the fact that the Wiener process is a %—self—simﬂar
process (see e.g. [I3, Theorem 1.2.1]) with stationary increments.

Proposition 2.1 ([5, Proposition 2.2]). The Hermite process (21> is H-self-
similar and has stationary increments.

In fact, every non-trivial finite-variance H-self-similar process X with station-
ary increments must necessarily have covariance function of the form

EXT (om | om 2H
R(s.1) = =3 (7 4+ s — |t — s .
Indeed, assuming ¢ > s, we can write

1
XXy = o (XP+ XE = (X - X))
and thus, in view of stationarity of increments and H-self-similarity, we have
1
EXX. = (EX? + EX? — E(X, - X,)?)
_ 1 2 2 2
=3 (EX? +EX2 - EX? )

_EX?

; <t2H + 2H _ (t — s)QH) _

14



Then it suffices to note that every finite-variance H-self-similar process with
stationary increments is necessarily centered (see [13, Theorem 3.1.1]).

As an immediate consequence, the fractional Brownian motion is the only
(up to a multiplicative constant) Gaussian H-self-similar process with stationary
increments.

Another aftereffect of self-similarity and stationary increments is the regularity
of sample paths of the Hermite process. By these properties, for any p > 1 and
t > s > 0 we obtain

E|Z" — Z]MP = E|Z2IP = |t — s|PE| 2 (2.2)

and so, according to the Kolmogorov-Centsov theorem (e.g. [I5, Theorem 2.8]),
the process ZtH ! admits a modification with Holder continuous sample paths of
order § for every & < H. Note that the p-th moment E|Z{"¢[? is indeed finite
thanks to Theorem [L.11l

As a final property, let us mention that the Hermite process (ZtH ) ¢>0 exhibits
long-range dependence. What we mean by long-range dependence is the following.
Consider the sequence of increments

E(n) = 2,58 = Zi, neNo.
Then from the form of the covariance function of Hermite process, we obtain

r(n) = B&(n)§(0) = B[Z{"(Z,55 — ZIM)]
= EZ{" 71 — BZ{"ZH

:;(1+(n+1)2H—n2H)—;(1+n2H—(n—1)2H)
1

=5 ((n — D+ (n+ 1) — 2n2H) :

Hence for large n, r(n) behaves as n?#~2 and therefore (since 2H — 2 > —1)

> r(n) = . (2.3)

n=1

Property ([2.3)) is what we usually call long-range dependence (or long-term mem-
ory) of process Z14.

2.1.2 P-variation of Hermite process

Fix T > 0. Consider a dyadic partition {t?}?", of the interval [0,T], that is
1 = 12—77: For a stochastic process X = (X;)icpo,r) and p > 0, we define random
variables -

VP(X) - Z |Xt?+1 - Xt?’p.

i=0
By p-variation of X, we mean the L'(Q)-limit of V?(X) as n — oo, provided
that this limit exists.

15



In view of (2.2), we can write

EV2(Z"9) = E Z |20 -zl =B 2] Z [ty — 8712

=0
n_ . . 2H
= 221 M _ E _ T2Ho-n(2H-1)
= on on n—oo

We have shown that the Hermite process is a process of zero quadratic variation.
As a consequence the Hermite process is not a semimartingale. In general, we
have the following result about the p-variation of Hermite processes.

Proposition 2.2 ([5, Proposition 2.3]). Let p > 0. Then

0, P> 4

H, P , H,q) L _
Vrf(Z q) N—00 TE|Z1 q’Ha p= %7
00, p <+

For the special case of the fractional Brownian motion, Proposition was
originally proved by Rodgers [3].

Note, however, that the convergence in Proposition is only in probability.
For our purposes we need the convergence in L'(€2) at least for the case p = +

Proposition 2.3. Let Z"% be a Hermite process of order q. Then
vy gy L, g g

TL—}OO

Proof. In view of Proposition 2.2] to ensure the convergence in L'(12) it suffices
to show that the sequence {V,1/#(ZH:4)}, .y is uniformly integrable.
Let K > 0. By Holder’s inequality, we obtain

2" —1 1
1/H (7H, _ Hq  Hq|H
BV, (2 q>1{v;/H<ZH*q>2K}_E§'Zt?“ o 1{23’”‘01 ’lfzx}
2n—1 . Holk 2n—1 - Holk 3
7q ?qH ’q 7qH
(et | (X b2

Successively using the generalized Minkowski inequality (see [16, Theorem 202]),
self-similarity, and stationarity of increments yields
1
H> 2

1
2n—1 1 272 2n 1
Hiyq Hi,q Hiq
E<Z\Zml—zﬁ ) < 20—
=0
1
N
H)2
1

— ( TH2 nH‘ 1+1 ZHqD?I)

%
T2”( ‘Z \ )
=0

2" —1 5
Y o (Bl) -1 (B4

1=0

th;llq ZI;II#Z

i+1

273

2" 1
Hyq
= < (z+1)T Z@
2n

@

NI
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As for the second term, by Markov’s inequality and same arguments as above,
we obtain

=

1
2" —1 H,q H,q|H
SYSIE |24 -z

<
- K

2" —1 1
(X |z - 2 > )
i=0

7=

N

VT (E|Z,|7)
VK

Altogether,
2" —1 1
. H. Hyq|H
lim supE > ‘Ztn’q - Ztn’q‘ 1 1
i i n—1|_H Hyq|H
fmroo neN i=0 o ' 2270 Zt’ﬂyq _Ztnyq >K
= i1 i

=

< et ety E0EL

2.2 Fractional Brownian motion

The fractional Brownian motion is defined as the Hermite process of order 1. In
words of Definition [2.1] the fractional Brownian motion Z7! of Hurst parameter
H € (1) is given by

¢
ZtH’l:c(H,l)/ (/ (u—y)f_gdu) dw,, t>0.
r \Jo

In view of Section [2.1.1] the fractional Brownian motion is H-self-similar, long-
range dependent process with stationary increments that admits a continuous
modification. Additionally, the fractional Brownian motion lives in the first
Wiener chaos and therefore must be a Gaussian process.

Thanks to the Gaussianity of the process, the fractional Brownian motion
could have been alternatively defined as a centered, Gaussian process with co-
variance function given by

1
R(t,s) = 5 (27 + s — |t — s .

It is well-known that, in this way, one can define the fractional Brownian motion
also for 0 < H < 3.

In addition to properties from Section we state a finite time interval
representation of the fractional Brownian motion. For H € (%, 1), consider the
function PH(t,s) given by

-H

PH(t,5) = (j)é (t-5)% ts>0 (24)

Then the fractional Brownian motion can be represented on a finite time interval
in terms of the function P,

17



Theorem 2.4 ([I7, Corollary 3.1]). Let PH be a function given by (2.4) and let
(ZtH’l)te[QT] be a fractional Brownian motion. Then the process

Y — o(H, 1)/0T (/Ot PH (1, y) du> dW,, te0,T]

has the same distribution as Z1.

2.3 Rosenblatt process

The Rosenblatt process Z#? was defined as the Hermite process of order 2, which
was given by

H2 ¢ g H_4
20 = (i) [ ([w=yn)? ) E T du) AW, g, ez 0.

R
From Section it follows that it is a H-self-similar long-range dependent pro-
cess with stationary increments that admits a continuous modification. Contrary
to the fractional Brownian motion, the Rosenblatt process is not Gaussian.

The Rosenblatt process (or rather its distribution) first appeared in the paper
by Rosenblatt [14] as a counterexample to one of the central limit theorems. The
name “Rosenblatt process” was subsequently used by Taqqu in [18]. For more
detailed history and additional properties of the Rosenblatt process we refer to
[19].

Similar to the fractional Brownian motion, the Rosenblatt process can also be
represented on a finite time interval in terms of function P.

Theorem 2.5 ([6, Proposition 1]). Let P be a function given by (2.4) and let
(ZtH’2)te[o,T] be a Rosenblatt process. Then the process

v = o(m,2) |

t
- (/ P’T(u,yl)PHa“(u,m)du) AW, dW,,, ¢ € [0,T]
0, T 0

has the same distribution as Z™2.

Remark 2.1. The original proofs of the representations in Theorems and
exploit the properties of the Wiener chaos the processes live in. In particular, the
distribution of a random variable in the first Wiener chaos is uniquely determined
by its variance and the distribution of a random variable living in the second
Wiener chaos is uniquely determined by its cumulants (see [B, Proposition 1.9]).
Alternatively, by using a regularization technique, one can obtain a finite time
interval representation of Hermite process of general order (see [20]) of the form

t , ’
Y, — c(H, q)/[ ] (/ P (u,y1) ... PP (u,,) du) dWy, ... dW,,, (2.5)
0,712 \Jo

where o1
H=1+——.
q
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3. Stochastic integration with
respect to fractional Brownian
motion and Rosenblatt process

We now turn to the task of constructing stochastic integrals with respect to the
fractional Brownian motion and Rosenblatt process. As we have seen in Section
2.1.2] neither of these processes are semimartingales, hence a different approach
to stochastic integration is required.

Let us first introduce some notation. By A o« B we mean that there is a finite
positive constant ¢ such that A = ¢B. Similarly, by A < B we mean that there
is a finite positive constant ¢ such that A < ¢B.

3.1 Integration with respect to Hermite process

In order to motivate the construction of stochastic integral, we will first consider
the case of deterministic integrands. Since the construction is somewhat similar
for both the fractional Brownian motion and the Rosenblatt process we will again
consider the case of general Hermite process. The construction will closely follow
[21] but it will be translated to the setting of a finite time interval using the
representation from Remark [2.1]

Let H € (%, 1),q € N, and consider the operator X7 which is defined on set
of functions f : [0,7] — R, takes values in the set of functions g : [0,7]? — R
and is given by

KA o) = () [ 50 TP ()

~ctt [ s F (%) o

k=1 \ U

Clearly, from the representation ({2.5)), we have that

v = o K9 (150.0) (1, - - yg) AW, ... AW, (3.1)

is a Hermite process of order ¢ on [0,7]. In the rest of the thesis, by Z#4 we
will mean the Hermite process of order ¢ given by (3.1). Let A be a space of
elementary functions with form

m—

Z 1[t t]+1 (3'2)

where m € N,a; € R and {t;}], is a partition of interval [0,T]. For f € A of
form (3.2) the most natural choice for the integral is to set
T m—1 o o
H b
| fisyaziin =Y a; (2818 - 2.

7=0
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Then, in view of (3.1]) and the linearity of operator K%4, we have

T m—1
| f)azite =Y a; (2l - z0)
7=0
m—1
=Y [ K)o ) AW VY,
=0 [0,T]2

:/[OT (Z a1y, tJ_H) (Y1, -, yg) AWy, ... dW;,

= Joan KA (s - yq) AWy, ... AW,

Therefore, a natural extension to a larger class of functions f would be to define
the integral by

T
| #ls)yaziio = D ) AW T

However, in order to do so, we need to know for which f the right-hand side of the
definition above makes sense. Recall that the ¢-th multiple integral was defined
for symmetric functions from L?([0,77]?). Thus we have to investigate for which
functions f : [0, 7] — R it holds K4(f) € L2([0,T]?). Introduce the space

S ={f:[0,T) = R: K™(f) € L2([0,T]%)} .
The space 5 can be endowed with the norm
115 = Ve KT 2o, f € e

By using the Fubini theorem and identity (A.2)) with a = — (% + I_T)’ the norm
| - |lo, can be expressed as follows:

115 = ! f o IEE ) o) - dy,
~ lelH,q) /H ( [l (5) T ) du)
(e () e )

q

1 1—H 2—2H
:q!c(H,q)2B<2— >// — w2 dudw

X (B (;— 1-# 2_2H> (uw)_(%_1 )|u—w|2H 2) du dw

— H(2H — 1)/O /0 Flu)f(w)]u — w22 du dw.
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Hence, we showed that the space $y coincides with the space of functions
f:]0,7] — R that satisfy

H@HFJ)ATAéﬂwf@Mu—uﬁHﬁdu&u<a1 (3.3)

The representation of the space Hy via (3.3) allows us to endow it with the inner
product

(f,9)5, = H(2H — 1) / / — w2 dudw, f,g9 € Hu.
Denote 1
C@g:§aw+§H—u—wﬂ,s¢emﬂ.

We derived in Section that C' is the covariance function of Hermite process
ZH4, For any f € A of form ([3.2)), we have

2 2

T m—
| f(s)aztt Z ; (zite -zl
0 L2(Q) j=0 L2(Q)
m—1m—1
_ aia,E (250 — z{P)(Z[1% - Z[M))
i=0 ;=0
m—1m—1

a;a; (C(tivr, tjpn) — Cltivr, ty) — Ctja, ti) + C(tis L))

3 =
I
3 .
gy

aa; H(2H — 1) / /J+1 — w2 dudw

o

@
Il
o
<.
—

3
L
3

I
™

s
Il
o
— T
o

aia; <1[ti,ti+1)’ 1[tj,tj+1)>f)H

Il
—
3

m—1
ail[tmi+1)= Z ajl[tjvtj+1)> = ||f||526m
§=0

where we used the identity (2.1). In particular, the space A is included in g
and the mapping

f»—>/ dzma

is an isometry from A to L?*(2). One can show that the space of elementary
functions A is dense in g (see [22]) and so the mapping

f»—>/ s)dzHa

can be extended to an isometry from $y to L*(2). We call this isometry the
Wiener integral with respect to the Hermite process Z1+4.

In what follows, we will not be working with the space . Instead we restrict
the integrands to a smaller class of functions. Namely, we restrict to the space
L#([0,T)). The following proposition is based on [23, Lemma 1].
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Proposition 3.1. We have the following inclusion
L#([0,7]) € Hu.
In particular, the linear operator K4 is bounded from L7 ([0,T)) to L*([0,T]?).

Proof. We have
H 2 2 T 2H-2
I ) o0 gl = [ [ law)llge)llu = w2 duduw

T
oc/o ]/ lg(w)| (v — w)** 2 dw du.

By Holder’s inequality with p = 4,

[ la)] [ gl — w2 dw
< (/OT g ()| 7 du)H </0T </Ou ()| — )22 dw)ﬁf du)

The second factor on the right-hand side of the above inequality is, up to a mul-
tiplicative constant, equal to ||Zg7 ! g|||L1 7 (01 where Z37 ! is the left-sided

fractional integral of order 2H — 1 (see Deﬁmtlon m According to Theorem
-Wltha—ZH 1,p= H, and q = 7 H we have

1-H

Z2H 1
I 91, 25 0.9y S 190 L4 oy

Altogether, we showed

1) 010 % gl = 15

3.2 Stochastic integration with respect to the
fractional Brownian motion

We now turn to the definition of a stochastic integral with respect to the fractional
Brownian motion. In the previous section, we saw that for any function f € $Hy,
we can define the integral by

[ s)azi = / KR,
(0 (2)" -t o)

Recall that the multiple integral I; was defined as the divergence operator ¢,
which, in general, acted on stochastic processes u € Domd. The stochastic
integral with respect to the fractional Brownian motion can then be defined in
terms of § and the transfer operator K71
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Definition 3.1. Let M C [0,7] be an interval. A Borel measurable function
g:[0,T] — L*(R) is said to be Skorokhod integrable with respect to the fractional
Brownian motion on M if K*'(g1y,) € Domd. In such case, the Skorokhod
integral is defined by

/ g5 dZ/" = 5 (K™ (g1n)) .
M

In general, the Skorokhod integral is defined for stochastic processes g such
that K7!(g) € Domd, however, such class of processes is difficult to describe.
Hence we will only consider a suitable subspace of these processes. Such suitable
subspace is described by the following proposition which is based on [23].

Proposition 3.2. The operator [ (...)dZ™ is bounded from L7 ([0, T); DV 7)
to L# ().

Proof. Let g € L%([O,T];DL%). By Theorem , we have

/ g ZHl

= 6 (@) o

13
LH(Q)

Hi |7
] SOl -
_ H,1 % H,1 1
=E K" (g) T +EH|DIC )] I CEY
Using Proposition gives
Hl r L
1 B n
B @) ey S BNy o = [ Bl ds.

For the second term in (3.4)), by linearity and closability of the Malliavin deriva-
tive, we can interchange K>' and D. Then from Proposition [3.1| and the gener-
alized Minkowski inequality it follows that

E DK™ ))

o i g

L2(0112) L2([0,7?)

L

T H,1 2 H
— ([ D0y e

T ) br
< ([ 1Dl )
T /o 1 2H br
= (/ (/ |DmgS|Hds> dm)
o \Jo
T
gE/ (/ \Dwﬁdx) ds
0

T 1
_ /0 E|| Dgall % .17 ds-

-
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Summarized, we have

 +E DI @) 2 o

E K™ (g)]| " )7

HICHI

L2([0,T)) L2([0T

j/o E]gs\ﬁds—l—/ ]EHDgsHLﬁ,?([O,T])dS

T 1 d
— H — H
= [ lgel7,, ds = llgl

L (j0,T);D )

O
A slightly more general approach to Skorokhod integrability with respect to the
fractional Brownian motion can be found in [9) Section 5.2].

3.3 Stochastic integration with respect to the
Rosenblatt process

A stochastic integral with respect to the Rosenblatt process can be defined simi-
larly as the integral with respect to the fractional Brownian motion. In Section
8.1 we defined the integral for deterministic integrands f € Hg by

T
J) A Azt = [ ), ) AW, A1V,

Again, the stochastic integral with respect to ZH? can be defined via the diver-
gence 0% and the transfer operator K72,

Definition 3.2. Let M C [0,7] be an interval. A Borel measurable function
g:[0,T] — L?() is said to be Skorokhod integrable with respect to the Rosenblatt
process on M if K7?(g1,,) € Domd?. In such case, the Skorokhod integral is

defined by
<Az = 6% (KT2(g1)) -
A?g . (K"2(g1a))

What follows is a Skorokhod integrability condition similar to Proposition [3.2]
Prop051t10n 3.3. The operator [L(...)dZ"2 is bounded from L7 ([0,T];D*%)
to L (9).

Proof.  The proof follows similarly as the proof of Proposition [3.2l One uses
Theorem [L.8 to obtain

1
/Tg dzH,Q H

L= ()
L 9)

1
LT ()

+EWD2KH%))1

1
H,2
+EWDK )] (o))

<]E’HICHQ L2([0,T]3)

L2([0 TJ?)

Then it is enough to use Proposition [3.1]and the generalized Minkowski inequality
as in the proof of Proposition [3.2]

[
An alternative Skorokhod integrability condition for the Rosenblatt process can
be found in [6, Lemma 1].
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4. Variations of stochastic
integrals

By Proposition [2.3, we have

vy (zthay 28 g 2ty (4.1)
It is natural to ask whether the result (4.1]) can be extended to Skorokhod integrals
introduced in Sections 3.2 and B.3l For the fractional Brownian motion we have
the following result which was proved by Guerra and Nualart [4]. For n € Ny we

denote ™7 = L%([O, T); ]D)"%),
Theorem 4.1. Let g € LY7. Set X, = [ g,dZ™ ¢ € [0,T), then

1 T
VA =2 ey [ gl ds,
where ¢y = B|Z5 7.

Proof. The proof follows in similar manner as the proof of Theorem [4.2] or see
[4] for the original proof for a slightly larger class of integrands.
[

Remark 4.1. For the fractional Brownian motion, it is possible to develop stochas-
tic integral even for the case 0 < H < % For such integrals one can prove a

counterpart to Theorem [4.1] as was done by Essaky and Nualart [24].

In view of and multiple common properties that the fractional Brownian
motion and Rosenblatt process share, it is not unreasonable to expect that a
statement similar to Theorem should also hold for the Skorokhod integral
with respect to the Rosenblatt process. Indeed, for the Rosenblatt process Z#:2,
we have the following

Theorem 4.2. Let g € L7 . Set X, = Iy gsdZH2 ¢ €10,T), then

L'(Q)

T
V() 2 Oy [ gl ds,
n—oo 0

where Cy = E| 2|7 .

Our main goal in this chapter will be to prove Theorem [£.2] The proof will
be based on the techniques which were used in [4] to prove Theorem

We start with a general inequality for a difference of variations of two stochas-
tic processes.

Lemma 4.3. Let X and Y be two stochastic processes such that EVY/H(X) < oo
and EVYH(Y) < oo for alln € N. Then for any n € N, it holds that

E|V/H(X) - VIVHE(Y))|
< BV (X -v))" <<EV,}/H(X N (BVY H(Y))I_H> :
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Proof. Let [a,b] C R be an interval. We will show the inequality
1 1 1 1
17 — Ja| 7| < —[b—al (o]# " + [a]# ") (4.2)
We will consider two cases:
Case 1. Assume that the interval (a,b) does not contain zero. Consider a func-

tion f : [a,b] — R given by f(z) = |:B|% Then, by the mean value theorem,
there is a £ € (a,b) such that

1
Z€lH b~ al = ||bl7 — a7|.
From here it follows that

. ]_ 1 1 1 7_1
= e[ b — ol < = lb—al (Jo17 " + [al# ).

b7 — |al7

Case 2. Now assume that the interval (a,b) contains zero. By the mean value
theorem applied to function f, : [0,5] — R given by fy(x) = |z|#, there is a
& € (0,b) such that

1 1
b7 = —|&|7 b
b = 16
Similarly, there is a &, € (a,0) such that
1
~lal# = &7 "a.

Altogether, we have

1 1 1 1 1 1
I —Jalh] = |6+ e
1 1 1
< - -1 = +—1
< H| &7 0] + 716l 7ol
E = (1 Jal ) (1] +Jal)
“w = (1ol a5 ) (6 a)

L (bl 4 o) 1o — al.

= \
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In view of (4.2), we obtain

2n—1 2n—1
B[V (X) = VIHEW) =B Y (X, — X7 = 3 [Vin | — Yin| 7
1=0 1=0
20l 1 1
SEY |IXy, — Xl — Vi, — Yo
=0
1 2"n—1
< E Z% (X, = Xip) = (Y, — Yap)|
X (1Xey,, = X [#70  Yop, = Y| #7Y) ]
2" —1

ZVXt" — Vi)

— (Xip — Vi)

rnZl [(Xep, — Yir )

t’.L
Z

X (|Xt7+l — Xpp |77 4 Y — }/tn]l)]
— (X = Yo || X

L1
v~ X H ]
m—1
L
" HE [ZO (X, = Yo ) = (Xp = Vi) [[Yip,, — Vi |7 ] :
Applying Holder’s inequality with p = % on both of the terms yields

gE rnZl (X

n>—u¢—wm&¢—&w—ﬂ

2m—1
[Z|
1 2” 1 1 H 2"—1 1 17H
<— (E S (X, — Yo ) — (X —Yt;z)|H> (E > X, —Xt?|H>
1=0
2n—1

1) = (g = Vi, ~ Yy

i=0
1

H , o9y 1-H
T (E ZO (X, = Yir ) — (Xip — Yt;)V’) <E ZO Yr,, — Yt?‘H>

= L (o) (Vo) (V).

O
A special case of Lemma where the stochastic processes are Skorokhod inte-
grals is described by the following lemma

Lemma 4.4. Let g, h € L>% and for t € [0,T] set

X, = /0th Az, y, = /Ot hy dZH2,
Then we have the following estimate

EJV/(X) = V) < kallg = bl (Nl 7y + 180T ).

where ky is a finite positive constant

1
H

-
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Proof. Applying Lemma gives

/1+1 )dZH2

1-H el % 1-H
1=0

From the boundedness of the Skorokhod integral (Proposition it follows that

E[VIH(X) - V() (E 22_1 )

" hydzH?

ZH2

X <EZ

2n—1 7 2” 1

E Z / gsd ZH2 = / gsl[tn tn, ] dZH2 )
' LH(Q)

2n—1

= Z Hg 7 tl+1]

2" —1 1

— Z / gsl[t? t:L+1 ) HQ 1 dS

2n 1 21 T 57
= Z / ]:E|gS tn tn H dS + Z / (/0 |Dx951[tf7t?+1](8)|2d$> ds

2" —1

T T %

* Z / (/0 /0 |Di,ygsl[ty,tﬂ ( )‘2d$dy> ds

T 1 T T ﬁ
- / E|gS|ﬁds+/ E(/ |ngs|2dl‘> dS

0 0 A

r i
+/ E</ / Dy sl dxdy) ds

0

I

F‘M v [

= |lgll

1
'H

where in the second to last equality we used the local property of Malliavin
derivative (Proposition . This yields the desired inequality.

]
Let g € L2% and set X, = [! g, dZH2 then from Lemma (by choosing h = 0),

we obtain the estimate

EV,™(X) < kaullgll”, - (4.3)

27
Consider the space
]D)i’% = {F e D7 : Fis bounded}.
Let 17 be the space of bounded elementary processes, that is, the space of pro-

cesses of the form ,
m—

u=> FjLlis;s500);
=0
1
where F; € ]D)i’H and {s;}7., is a partition of interval [0,7]. We show that the
space iy is dense in L2 . We first prove the following auxiliary lemma.
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Lemma 4.5. Let g € L27, then for any interval [a,b] C [0,T), the random
variable ff gs ds belongs to D7,

Proof. By the definition of the norm in ]D)Q%, we have

b b
/ gsds / gsds

For the first term, by Holder’s inequality with p = %, we obtain

b
/ gsds

=

e
H

=

L
H
=E
2. L
D™H

b
+IEHD/ g.ds

b
+]EHD2/ g ds

L2([0,T1) L2([0,T]?)

1 1

H b H
sm(/ |gs\ds>
1-H
T ) T H
gE(/ \gs]Hds) </ 11Hds>
0 0

1— b 1
- TTHIE/ lgs|# ds.

E

For the second term, by successively applying the generalized Minkowski and
Holder inequality, it is readily seen that the following holds:

1
H T
:E/
0

L2([0,TT)

1

2 2H
dx)
1

T
/0 1[a,b}(3)ngs ds

b
EHD/ gsds

For the last term, by the same arguments as for the second term, we have

L

7 —n T [ T /T 30
< TTE/ (/ / |Dz7ygs|2dxdy> ds.
2) 0 o Jo

b
EHDQ/ gs ds
a L2([o,T

Altogether, we obtain

b
/ gsds

1

% b 1 T T 2H
ZE [ glhds+E [ (/ \ngs\zdx> ds
1 a 0 0

D> H
T T T 9 ﬁ 1
— H
e [ ([ 10k wa) 0= 1k,

and therefore [”u,ds € D27,

We can now prove the following.
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Lemma 4.6. The set 8y is dense in L>#

Proof. For g € L2, consider a sequence of processes {g™ }men
gt = Z G;nl[s;n’sﬂl)(t), te [O,T],

where {s7" = ]T} ", is the uniform partition of interval [0, 7] and {G7"}7! is
defined by

m 1 ST
G :W/sm gs ds.

Sj+1 7 S5 V5]
According to Lemma ﬁ we have that G7' € D7, Furthermore, we will show

that ¢™ € L>% and that we have the uniform bound [|g™|| PR lgll 2 We
have

m % r m|L r m % r 2 m %
lg"l%,,, =E [ 1g1h ds+ [ EIDG oy ds+ [ EID0 | Fago ds.

For the first term, using Holder’s inequality gives

L

T 1 i
m —
E/ |94 |H ds = ]E/ Z 1[s?,sﬁ1)(5)w/sm g dt| ds
Jj=0 J+1 J J
1

m—1 s s™ H
:Z/]+E7m/]+gtdt dS

j=0 757" i1 — 8y sy

1

m—1 ,gm 1 o H o 1-H|H

< /J+1E</J+1|gt|l}ldt> </]+111—1Hdt>
m m  _ om m m

§=0 "% Sj+1 7 55 \sj 5

mel s 1 i 1
= /]+ 7]]51/] |g:|# dt ds

m m oM m

j=0 785" Sjy1 T S5 sy

m—1 S;_rjrl L
= E/m |ge| 7 dt

Jj=0 85

For the second term, successively using the generalized Minkowski inequality
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twice and Holder’s inequality yields

T T , 7
[ EIDG o as = | E(/ D)
0 0 0
T 1 ST
— / Z 1[5] 75]+1) /m gt dt
0 j+1 — 8™ Jgm

J J

2 0
dx) ds
1

2 2H
d:v)

J
1
sg’fH T % H
/ |Dpge|?dz | dt
sg." 0

2 2H

dx ds

1 a

o
— S sm

J J

zdt dt

AN
3
Jon.
¥ 3
&
T
=
=
—
—

H

i m myl—+ Sﬁl T 2 ﬁ
<= | [T E(] 1Dl de dt

j=0 %

1 H %

e 11 it T 2 2 m my1—H
Sz_: Sit—85') T /sm E /0 [Doge”da | dt) (s — s]')

m—1

]+1 ﬁ T T 2 ﬁ
= Z/ (/ |Dyge|? dx) dt:/0 E(/O | Dyge dx) dt.

As for the last term, by exactly the same arguments as for the second term, we

obtain
1
T 2 m|| T 2 A
/0 E[[ Dy, ||£I2([0,T]2)d3§/ (/ / D2 9] da:dy) dt,

"l sy < llgll s and hence g™ € L2,

from which we can conclude that ||g &

Now, consider processes g € L2#% such that

t|—>gt

is a contlnuous mapping. We denote the class of such processes IL . Then for
any g € ILC we have
1

! % T 1 gis
/0 ]E|gs — Ys ’H ds :/0 E|gs — Z 1[8?’5;11)(8)7”757"/8771 g dt| ds

=0 Sj+1 7 S5 Vs

T |z 1 5741
- [E[ S v [ - s
0 =0 ]+1 S s

J

L

ds

<T sup E|gt—gs|ﬁ —0
|t—s|§% m—00
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and

T 1 T T ) 31
[ ENDLo. — )y s = | E(/o Duta— ) as

T T 1 S’ﬂ‘_l 2 2H
= E D,gs — Z 1 _ D,g,dt| dx ds
]+1 m m
0 0 st — 87t Jsm
N 2\
= /TE /T Tnz # Kae Dl.(gs — gt) dt dl‘ dS
0 (U 57" 75) 33711 — st Jsm

J
T 74
<T sup E(/ D (g: — g4)? da:) — 0.
0

[t—s|<L

By the same arguments as above
T 1
| EID* . = g oy ds 7 O

1
Since LéH is dense in L27, we get that

, —— 0

PR pp—
for any g € L2
It remains to show that any F' € D># can be approximated by a sequence
1
{Fx} C ]D),?’H. For k € N, let ¢4 : R — R be functions such that ¢ € C*(R),
or(x) =, |z[ <Kk,
or(z) <k, |z|>k+1,
[Pe(@)] <1, z€R,
k(@) < K, z€R,
where K is a finite positive constant. Assume, moreover, that

sup |} (x) — 1| k—> 0, sup |} ()] —— 0.
r€R —00 z€R k—o0

For k € N, set F}, = ¢x(F). Then by Proposition , we have that F}, € D*#
and that F}, is clearly bounded for each £ € N. We will show that

[ FkH 5 = E[F- Fil 7" +E| D(F - Fk)!moﬂ +]EHD2(F Bl (o) (44)

converges to zero as k — oo. Consider the first term of (4.4] . By the mean value
theorem, we obtain

E|F — F|# = E|F — u(F)|7
< on ! (E|F|7 + Elgw(F)|7)

= 21" (B|F|7 + Elpw(F) — 04 (0)|7)

— 2571 (BIF|F + (6] - [F - 0])")
<o ' (E|F|7 +E|F|7)
= 2nE|F|7 < co.
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And so, by the dominated convergence theorem, we have E|F — Fk|% — 0 as
k — oo. Now consider the second term in (£.4). By using Proposition [1.3] it
follows that

E|D(F = Fo)ll o,y = EIDE — oe(EN 2o,
=E|DF — o (F)DF| f20,1)

/ L #
< i‘elg 1— @k(x)’HEHDFHm([QT]) P 0.

As for the last term in , since in view of Proposition we have
D*¢(F) = D(g(F)DF) = ¢ (F)D*F + ¢}/(F)(DF & DF),
we obtain
E|DX(F — Bl Fagorey = EIDAE = eu () Fago
= E||D*F — ¢},(F)D*F — ¢(F)(DF @ DF)| fy 0172
where again the right-hand side converges to zero, as k — oo, by the conditions

imposed on .
O

Proof of Theorem 4.2. Since, by Lemma the space Uy is dense in L2’%, we
can find a sequence of bounded elementary processes {¢g™} C tr of the form

m—
Z 771

where Fi" € ]Di’ and {s7'}7 is a partition of interval [0, 7], such that

||g—g pp—

H m—oo

Set X7 = [¢ g™ dZH2. Then by the triangle inequality, we have

T
E|VM(X) = C [ lgsl# ds| < EJVI(X) = V(X))
0

T
FEVYI(X™) = Cy [ g ds

+CuE| [ (g~ lgul) ds

=ar+0b+c".

We want to show that all three terms converge to zero. We will prove this in
multiple steps.
Step 1. Consider term a)' first. From Lemma [£.4] we have

supa;' = sup E|V,/7 (X) — V7 (X™)|

neN neN

m—o0

1-H
< kullg = "oy (Mol Zy + 10717, ) =0
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1
Step 2. Now, consider term 0. For any F' € D?’H

and interval [a, b] C [0,T] we
have by virtue of Proposition [T1.5] the equality

T
/o Flp(s)dZM? = 52<’CH’2(F1W))
=52 (F’CH’2(1[a,b]))
=4 (F(S(/CHQI[M,]) - <DF7 ’CH’QI[avb]>L2([07T]))
= F&* (K™ 10) — (DF. 5(’CH721[“J’1)>L2([0,T]) -0 <<DF’ ICH721[“’1’]>L2<[07T1)>

. H2  7H2\ _ H,2 2
=F(Z," = 2,7) <DF>5(’C 1[a’b})>L2([0T 5(<DF”C 1[“’b]>L2([0,T1))'

By appealing to this computation, we can express X" for ¢t € [0,T] as

/ gdeH2

= (52 o ’CH’Q) (gml[o’t])

m—1
- (52 o ICH’Q) (Z ﬂml[sgn,%)l[o,t])

=0
m— m—1
H2 H? ) m H2
= Z Zm AL Zs;"At <DF (K 1[55"75?L+1)1[0t])>L2([0T})
7=0 Jj=0 7
m—1
H2
<<DFm K5 s o >1[°7'”>L2<[0T}>>
Jj=0 ’
TRt

We have

m T
A% = .Z /0 Dy FI 6K g 1 1i0.0) () dy

/ Dyl F’I’I’La (/ 1[sm sm 1[0 t]( )

5 "
B <u> (U_Z/Q)ﬁ_ldu) dyn,
Yo

u
X | — u— 1Y)

(3/1> (
where the divergence acts on the variable ys. By linearity and closability of the
divergence, one can interchange the Lebesgue integral and the divergence operator

+w\m
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(see [9, Exercise 3.2.7]) and write

m—1
. m H,?2
_ Z; 5(<DF K21 gm S]+1)1[07ﬂ>L2([0,TD>

m—1
= Zé(/ DFm/CHz(l[s s )]-[Ot)( )dy>
7=0
m—1 .7
_ /0 5 (DyF" K2 (L s 100) (9. ) dy
=0
m—1 .7
_ /0 Dy F" (K" g o 11100 () dy
7=0
=T, H2
- j=0/0 <Dy"Fj (L [7" J+1)1[0t]>(y’ )>L2([07T]) dy
= A} — A},

where in the second to last equality we used Proposition Finally,
s ST T, mH,2
Ay = Z/O /0 Dy, B K (Lem sm yLj0,) (91, 92) Ay dys

T
Z / / Dy, B} /0 L sm ) () Lo ()

H H
2

U 2 H_ u H_
X () (u—y1)? ' <> (u—1y2)2 " du dy; dys
Y1 Y2

~ct2) [ [ Dhnts” )

H
u '\ 2 H_ U H_
X () (w—y)? () (u—y2)7 " dys dysdu.
n Y2

Summarized, we expressed the process X;" as

m—1

m m( r7H2 H2 m m
X"t = Z Fg (Zs;’“jrl/\t - Zs;”/\t) - QA? + Af =Y, "+ 2Z",
j=0
where we set Y = Al and Z™ = —2A2 + A}. Then we can estimate

T
b < E|VYH(X™) - vVHE Y™ B VYHE(ym) - C’H/ ™| ds| = d™ + ™.
0

Step 2.1. Take the term d;’. By Lemma [4.3| we have the estimate

a7 < o (BVH(Zm) " (B (X)) 4 4 BV () )

n —

Using estimate (4.3)) yields

"H

1
EVY(X™) < kg™ |7,
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and

Evl/[{ Ym Z Sup ‘Fm |H]EV1/H (/ 1 dZH2>
=0 UJG
m—1 1
< kg ) sup|Fj"(w ”ﬁHl{syvsﬁl)“LQ% = 0o

jowe

Hence, we found bounds for terms EV,}/#(X™) and EV,}/#(Y™) which are inde-
pendent of n € N. If we assume that Z™ is a process of zero 1/H-variation, then
we obtain d' — 0.

Step 2.1.1. We show that process Z™ has zero 1/H-variation. It is enough

to show that both processes A? and A} have zero 1/H-variation since for two
arbitrary stochastic processes X and Y it holds

2" —1
V(X +Y) =3 (X, + Yin ) = (Xen + Vi)

7=

=

on—1 |
= Z ‘(Xtﬁkl - Xt;’l) =+ (}/;?+1 _ }/;?) H
=0
1 2n—1
< 2H 1 Z (‘Xt" _th‘H —i—‘Y;m _Kn|H)
1=0

=2m L (VX)) + VIH(Y)).

Consider the process A} first. We will show that the process

H H

H ()2 H_4
B, = / / / Dy1 yz (U - y1>ﬁ yf (U - y2)ﬁ dy: dyo du,
2

where F' € DZ%, is a process of bounded variation. Using twice Holder’s inequal-
ity, it follows that

Jun

<E (/ / Dy, 4, FI” dyn dy2>2
Ll (/OT (;) Fmm (;) (=) du) 2 dyydys | (45)

1 H
2H
( (/ I |Dy1y2F|2dy1dy2) ) 11, < o0,
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where the second factor in (4.5 can be computed as was done in Section . The
$g-norm of 1 is indeed finite. In fact, it is equal to T due to . Hence B; (and
consequently A?) is of bounded variation and therefore of zero 1/H-variation.

In similar manner, we show that the process A? is also of bounded variation.
Consider the process

where F € D*# and where again the divergence acts on the variable y,. Applying
twice Holder’s inequality yields

[ ars((2) et () ot ana
[oars( [ (2) 0wt (1) e an
< ([ |Darran)

(REG) e )

E

=E

[\
]

([ () et (2)]

where the first factor is obviously finite since we assumed F' € D% . By the
generalized Minkowski inequality applied to the second factor, we obtain

H_ 4 ’
(u—y2)f du

1 1-H
2 2(1—H)




By using Theorem and Proposition [I.9] it follows that

1 2(1-H)

¢ 3 g 2
u H_ u H_
- 6(/0 (2) w-mf (1) - 1du)
U1 2 Lﬁ(ﬁ)
¢ 5 g 2
u H_ u H _
- 5(/0 (5) wmf (2] e 1du>
Y1 Y2 2@
‘ H H 2
u\ 2 H _ u\ 2 H _
() e () e w
U1 Yo 22(0.1))
T t % H % H ?
_ “ B el — )2 tdul 4
| (/0 (2) w-mf ! (2) et ) ’
Hence
H H 2 2<1£H)
el [l [ (5] @-wf (L) e ]|
— u— — u— u
0 o \ 1 1)+ ” Y2)+ Y1

I A
S—
~
S—
S
~—
O\H‘
VR
= e
~
—~
<
|
<
[
S~—
+ ol
|
/N
S| =
~_—
=
|
Neg
NV
+m":c:
|
O,
I
o,
<
)
o,
<
| I

(e

o [[1]g < 00

SIS

N|=

and so the process N; (and therefore also the process A?) is of bounded variation

and thus also of zero 1/H-variation.
Step 2.2. By taking p = % and ¢ = 2 in (2.2), we obtain

; — H = . — .
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Then we have

T
e =E VI~ Cy [ g ds
0
m—1
=E an/H(Ym CHZ |Fm ;11_3;‘71)
7=0
m—1 | L
—E|[VVH (™) - 3 |FREIZEE - 202
=0 Jj+1 J
m—1 L
< D sup [FM(w)|7
j=0 we

><IE< S |Z§{j—zgvg|é> E|Zj5? — sl pu—}

S5
e '

where J;"" = {i: t} € [ s, 874 1)} and where the fact that the last term converges
to zero follows by (4.1)), self-similarity, and the stationarity of increments of the
Rosenblatt process. Therefore, we have that 0" — 0 as n — oo.

Step 3. Finally, consider the term ¢™. Applying the mean value theorem in the
same way as in proof of Lemma and Holder’s inequality gives

1_
<‘E/msgﬂmw + lg|#7) ds

m mi L CH T m 1_
:7;E/’ms—gm%rHld&+—fE/|% ~ gollge 7" ds

C 1-H
S FH ( / |gs - gslH dS) ( |gs |H dS)
H T 1-H
+ (e [ glias) ([ 1l as
H s 0

1-H

m

Cy m
< g™ — gl g (g™l Ty +wa

) —=0,

1
H m—o0

where we used the embedding D% < LT (). This concludes the proof.
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Conclusion

As the main result of the thesis, we showed that for g € LQ’%, the Skorokhod
integral with respect to the Rosenblatt process [; gs dZ#? has 1/ H-variation equal
to

T 1
CH/ ‘gs|ﬁ dSv
0

where Cpy = E|Z|7 .

It is plausible that a result similar to Theorems [.1] and [£.2] should also hold
for the stochastic integral with respect to the Hermite process of a general order
g. Such integral would be defined by

t
/0 s de’q = 1 (’CH’q(gl[o’t})) ,

for any Borel measurable g : [0,T] — L*(2), such that K*9(g1p,) € Dom 4.
From the analysis of the proof of Theorem it seems that out of the properties
of the integrator, the proof depends only on the self-similarity, stationarity of
increments, and the form of 1/H-variation of the integrator itself. Furthermore,
the proof builds on the mapping property of the integral (Proposition .

However, we have all these properties for a general Hermite process as well.
The self-similarity and stationarity of increments follows form Proposition[2.1{and
we have the right form of 1/H-variation by Proposition . A mapping property
similar to Proposition can be derived also for the integral [y (...)dZ" as
the proof of this proposition is mainly a consequence of the Meyer inequalities
and the mapping property of the transfer operator K% (which was proven in
Proposition for arbitrary ¢ € N).
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A. Appendix

A.1 Special functions

Definition A.1. For x > 0, we define the gamma function I'(z) by

(z) = / TpElett gt
0

Definition A.2. For x > 0,y > 0, we define the beta function B(x,y) by

1
B(z,y) :/ 1 —t)vtde
0
Proposition A.1. Let u,w,a € R be such that a < —% and u # w. Then
(Z) uAw
[yt —y)dy = Bla+1,-2a = Du—wf*, (A1)

(i)
uAw
/ y_2“_2(u —y)*(w—y)*dy = Bla+1,—2a — 1)(uw)_“_1|u — w|2a+1.
0
(A.2)

Proof.  We first show (ii). Considering the case w < u, then by substitution

z =24

w=y
/0 y—2a—2(u _ y)a(w _ y)a dy _ (u _ w)?a—i—l /H (wz _ u)—2a—22a dz.

w

By change of variables x = =, we obtain

00 1
(u— w)ZaJrl/ (w2 — u)"20"2,0 4z = (u— w)2a+1<uw)fa71/ 2(1 — 2)"22 dy
i 0

= (u—w)**(uw) " 'Bla+1,-2a — 1),

which proves (i7). In order to show (i), it is enough to use the substitution
z =2
w—y

]

A.2 Fractional calculus

We state basic definitions and a useful result regarding the fractional calculus.
For more information about the topic see [25].

Definition A.3. Let a,b € R,a > 0 and f € L'(a,b). We define the left and
right-sided fractional integrals of f of order a for x € (a,b) by
« _ 1 r a—1
(TP = 5y [ SO =0 e

(- f)(z) = r(la) /:f(t)(t —z)* 1 dt.
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The following result provides a mapping property of fractional integrals be-
tween LP-spaces.

Theorem A.2 ([25, Theorem 3.5]). If0 < o < 1,1 <p < <, then the fractional
integrals I3, Iy are bounded linear operators from LP(a,b) to Li(a,b), where

q=p/(1—ap).
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