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Introduction

Sobolev embeddings have been closely studied for several decades, ever since
the period in which they were pioneered in the works of Gagliardo [6], Sobolev
[19, 20] and Nirenberg [16]. Isoperimetric inequalities were explored by De Giorgi
[4] and Federer and Fleming [5]. Some time later, Sobolev embeddings have been
connected with isoperimetric inequalities in the works of Maz’ya [I1) 12]. The
study of the mentioned connection has been rapidly developing ever since, and
in 2015 a comprehensive paper [2] presented a unified approach to the topic, and
moreover, managed to find the optimal target spaces in the Sobolev embeddings
on fairly general underlying measure spaces.

The aim of the thesis is to exploit the equivalence of Sobolev embeddings and
isoperimetric inequalities in order to connect Sobolev embeddings with bound-
edness of two supremum operators Sy and 77, which are formally introduced in
Definition [2.2] in manner similar to that in [9] and [10], where I is the isoperimet-
ric function of the domain. It turns out that the boundedness of St is related to
the optimal domain spaces in the Sobolev embedding, and 7T} corresponds to the
optimal target spaces in the Sobolev embedding. We prove the intimate relation
between Sobolev embeddings and the action of supremum operators under the
assumptions of Theorem which cover important Maz'ya class of domains
T, for a € [%, 1). As the results rely on the boundedness of the Hardy-type

operator f +— % fot f(s)ds, they are not generally applicable to J;, as the func-
tion % is not integrable near zero. We in fact show that the norm of the optimal
target space cannot be expressed in a manner stated in Theorem for certain
functions I € J; which is contained in a discussion after the mentioned theorem.
Nonetheless, many results only require a certain condition regarding the function

I, namely

t (s
/ 1) 45 < 108), te(0,1). (1)
0o S
We show that this condition is always satisfied in the product probability spaces.
Using this condition we show the boundedness of the operator 77 on the associate
spaces of the optimal target spaces. However, in order to prove the analogous
result for the operator S;, we further require a condition similar to , namely

t ds t
; @SW’ te€(0,1). (2)

It is easy to see that this condition enforces integrability of } and thus more
restraining than in this way.

The boundedness of T; and S; was previously studied for example in [§].
There, they are studied in the context of Orlicz L4 and Gamma I',, spaces.
Hence, once the equivalence of the Sobolev embeddings with boundedness of T}
and S} is established, it allows us to partially recover and extend such results.

The work consists of four chapters. The first and preliminary chapter covers
background results and is divided into four sections. First we recall the notion of
the nonincreasing rearrangement and so-called rearrangement-invariant Banach



function spaces, which will form our main framework. It will, however, be nec-
essary to delve a bit deeper and work with quasi-Banach function spaces, such
as the weak Lebesgue space LY*. The second section covers Sobolev spaces
built upon rearrangement-invariant spaces and their connection to isoperimetric
inequalities. Third section is devoted to the interpolation theory and, in partic-
ular, to the theory of the K-functional. The fourth and last section contains the
characterization of boundedness of a general supremum operator on a weighted
Lebesgue space.

In the second chapter we define supremum operators S; and T and study their
basic properties. The setting here will be that I is an increasing concave bijection
of (0,1) onto itself. It is mainly due to operator S;, and the Marcinkiewicz type
space my, that we are forced to work with quasi-Banach function spaces. However,
the condition characterizes when the my is in fact a Banach space, and implies
subaditivity of S;. The end of the chapter then calls into play the condition (|1
and we show its equivalence to two other statements, which will play a crucial
role in the main, third chapter.

The third chapter finally connects optimal spaces with the boundedness of
supremum operators. In its first section we present an alternative description
of the associate optimal norm via a functional which admits boundedness of the
operator S; (Theorem [3.4). This is in turn used to describe the optimal target
norm. Starting with the second section, we find an alternative description of the
optimal target norm under the assumption of boundedness f +— % [y f(s)ds. The
culmination of the chapter is then the third section which establishes equivalence
between optimal spaces and boundedness of T7 or S; on their associate spaces.

The fourth and final chapter summarises the conditions which have been used
throughout the thesis. We show that the product probability spaces satisfy the
main condition . We then translate Theorem into examples.



1. Preliminaries

1.1 Rearrangement invariant spaces
Let (€2, 1) be a nonatomic o-finite measure space. We set

M(Qu)={f: Q— [—00,00]: f is pu-measurable in Q},
M. (1) = {f € M(Qp0): £ > 0}

and
Mo(Q,p) ={f € M(Q,p): f is finite p-a.e. in Q}.

We will often, for brevity, write only M () if there is no risk of confusion,
and similarly for the other two sets. When €2 C R is measurable, unless stated
otherwise, we will consider the Lebesgue measure which we will be denoted by A.
When considering a unit interval (0, 1), which will be of particular interest to us,
we will simply write M(0,1).

Given f € M(2), we define the distribution function of f, denoted f,, by

L) = p{lf1> N}, A el0,00). (1.1)

Distribution function of a measurable function is a nonnegative, nonincreasing
and right-continuous function on [0, 00) [I, Chapter 2, Proposition 1.3]. Given
f, 9 € M(R), we say that they are equimeasurable if f, = g, and write f ~ g.

Given f € M(Q), we define its nonincreasing rearrangement, denoted f*, by

() =inf{\>0: f.(\) <t}, te€]0,00). (1.2)

As the nonincreasing rearrangement plays a crucial role in the thesis, we list the
basic properties of the nonincreasing rearrangement, the proof of which can be
found in [I, Chapter 2, Proposition 1.7].

Fact 1.1. Let f,g,f, € M(Q),n € Nja € R and 0 < p < oo. Then f* is
a nonnegative, nonincreasing and right-continuous function on [0,00) and the
following holds:

(1) (af)" = lal f*,
(ii) |fI <lgl p-ae. = fr<g"
(iii) |f| < lminf |f,|p-a.e. = f* <lminf f*, in particular, |f,| 7 |f] p-a.e.
= fn T
(iv) if f. is decreasing and continuous, then f* = (f.)™?,
() f~ T
(vi) (LFIP) = (),
(vii) (f +g)*(t1 +t2) < f*(t1) + g*(t2), t1,t2 > 0.



The nonincreasing rearrangement satisfies Hardy-Littlewood inequality [I, Chap-
ter 2, Theorem 2.2]

[s@e@ldut) < [T 1y md, fgem@. (13

In particular,

/E |f(z)|du(x) < /ON(E) fr@)ydt, feM(Q),E CQ measurable.

As Fact suggests, f — f* need not be subaditive in the sense that
(f +9)* < f*+ g* and only satisfies the weaker condition (vii). It turns out
that passing from f* to its Hardy average, which we will call the mazimal non-
increasing rearrangement, defined by

() = 1/01: fr(s)ds, feM(Q),te(0,00), (1.4)

we gain subaditivity. To be precise, it holds that (f + ¢)™ < f** + ¢** for
fr9 € M(Q).

As the maximal nonincreasing rearrangement will, too, be of great importance,
we list its properties. The proof can be found in [I, Chapter 2, Proposition 3.2]
and in [I, Chapter 2, Theorem 3.4].

Fact 1.2. Let f,g,f, € M(Q),n € N, and a € R. Then f** is nonnegative,
nonincreasing and continuous on (0,00), and the following holds:

(i) f*=0 < f=0 p-ae.,

(i) f* < f,

(iii) |f| < |glp-a.e. = [ < g™,
(iv) (af)™ = lal [,

W) |ful /Nl p-ace. = f3* 2 f*,
(i) (f+9)™ < f~"+g™.

We are finally ready to define the notion of a rearrangement-invariant (r.i.)
Banach function norm.

Definition 1.3. A mapping p: M (0,1) — [0,00] is called rearrangement in-
variant Banach function norm, or r.i. norm for short, if it satisfies the following
conditions:

(P1) p(f) =0 <= f=0a.e,
p((lf) :Clp(f>, f€M+(0,1),6L20,
p(f+g) <p(f)+plg), fg€eM(01),

(P2) f<gae = p(f) <plyg), [.geMi(0,1),
(P3) fu & fae = p(fu) S o(f), [, fo€Mi(0,1),n€N,
(P4) p(x(o,1)) < oo,



(P5) fo f(t)dt S p(f), f€ML(0,1),
(P6) p(f) =p(f*), feMi(0,1).

Sometimes we will work with a functional which is not a norm, but still satisfies
rearrangement invariance — so-called r.i. quasinorm.

Definition 1.4. A mapping p: M, (0,1) — [0,00] is called rearrangement-
invariant quasi-Banach function norm, or r.i.q. norm for short, if it satisfies
conditions (P2), (P3), (P4), (P6) and

(QL) p(f) =0 < f=0ae,
p<af) :a’p(f)7 f€M+(0,1),CL
3C =1 p(f +9) < Cp(f)+p(9), [f.9€ M(0,1).

When p is an r.i. quasinorm, we define its associate functional, p’, by

> (),

1

p(f)=sup | flt)g(t)dt, fe M. (01) (1.5)

p(g)<17/0

An immediate consequence of the definition of the associate functional is Hélder’s
inequality

[ s d < p(5)0(9). S € My (0,1), (1.6

under the convention 0 - oo = 0 on the right-hand side.

By [I, Chapter 1, Theorem 2.7] and [I, Chapter 2, Proposition 4.2] if p is an
r.i. norm, its associate norm p’ is an r.i. norm as well and obeys the principle of
duality, that is,

p"=(p) = p. (1.7)
Given f,g € M, (0,1), Hardy’s lemma [1, Chapter 2, Proposition 3.6] asserts
that

g, e 01) = [ PR dt < /O "rwad (1)

for every h € M, (0,1) nonincreasing. An important consequence of Hardy’s
lemma and the principle of duality is the Hardy-Littlewood-Pdélya (HLP) principle
[T, Chapter 2, Theorem 4.6], which reads as follows:

) < g™ (), te(0,1) = p(f) < plg) (1.9)

whenever p is an r.i. norm.

For an r.i.q norm p we further define X = X(p) as a collection of all f €
M(0, 1) such that p(|f|) < co. Equipping X with a quasinorm defined by || f||x =
p(lf]) for f € X, we immediately see that X = (X, | - ||x) is a quasinormed
linear space. By [1, Chapter 1, Theorem 1.6] and [I5, Corollary 3.8], (X, | -
|x) is a complete metric space, and spaces defined in this manner are called
rearrangement-invariant quasi-Banach function spaces or, as we will often say for
brevity, r.i.q. spaces. If p is in fact an r.i. norm, the space X = X(p) is called
rearrangement-invariant Banach function space or briefly r.i. space. By X' we
denote the space corresponding to p’ and call it the associate space of X.

By X, we denote the closure of simple functions in the space X.
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The fundamental function corresponding to an r.i.q. space X, ¢y, is defined
by
px(t) = lIxonlx, t€(0,1). (1.10)

The fundamental function of r.i. space X satisfies [I, Chapter 2, Theorem 5.2]
SOX(t)QDX’(t) :t, t e (O,].)

A corollary to this is that if X is an r.i. space, then ¢x is a quasiconcave
function, that is

ox(t)

t — px(t) is nondecreasing, is nonincreasing

and px(t) =0 <= t =0 [I, Chapter 2, Corollary 5.3].
Whenever ¢ is a quasiconcave function, by [I, Chapter 2, Proposition 5.10]
there exists its least concave majorant, say @, which satisfies

1

SE0 <6t S P, te(01).

Furthermore, every r.i. space X can be equivalently renormed so that ¢y is a
concave function [I, Chapter 2, Proposition 5.11] — we will from now on assume
that every r.i. space has been renormed in this fashion.

We write A < B if A is dominated by a constant multiple of B, independent of
all quantities involved; these quantities will usually be evident from the context.
By A ~ B we mean that both A < B and A 2 B.

Let now X and Y be two r.i.q. spaces. We write X CY if fe X = feY.
When T is an operator on M (0, 1), we say that T" is bounded from X to Y if

ITflly < Ifllx, feX, (1.11)

and denote this fact by T: X — Y. If X =Y, we say that T" is bounded on X.
In the particular case when T" = Id, an inclusion operator, we have [I, Chapter
1, Theorem 1.8] and [15], Corollary 3.10]

XCY <= Id: X =Y. (1.12)

In other words, inclusions between r.i.q. spaces are always continuous. The fact
that Id: X — Y will be denoted as X — Y.
We say that an operator 77 on M (0, 1) is an associate operator of T if

1 1
[anwama= [ fo@oman fge M0, (113)

For two r.i. spaces X and Y one sees that
T:X—-Y << T7T:Y - X (1.14)

and [|T[| = [[T"]].
For s > 0 the dilation operator E, defined for f € M(0,1) by

(Ef)(E) = f (i) X©Omingsap(t) T € (0,1). (1.15)

It is proved in [I, Chapter 3, Proposition 5.11] for r.i. spaces and, more generally,
in [I5, Theorem 3.23] for r.i.q. spaces, that E is bounded on every r.i.q. space.

7



Definition 1.5. Let T be an operator on M, (0,1) and X and Y be r.i. spaces.
We say that Y is an optimal target space for X under the mapping T, if T: X — Y
and for every r.i. space Z the following implication holds:

T:X =7 —=Y<Z (1.16)

Vice versa, we say that X is an optimal domain space for Y under the mapping
T,ift T: X — Y and for every r.i. space Z the following implication holds:

T:7Z =Y = Z—X. (1.17)

In the main chapter we will use the level function which is closely related to
the nondecreasing rearrangement.

Definition 1.6. Let f € M, (0,1). Then the level function of f, denoted f°, is
the derivative of the least concave majorant of ¢ — [J f(s)ds,t € (0,1).

Take note that, as f* is nonincreasing, t + [J f*(s)ds is a concave function,
and so

t t
/ £o(s)ds < / Fi(s)ds, feML(0,1),t€(0,1). (1.18)
0 0
G. Sinnamon proved in [I8, Corollary 2.4] that
12l = [ fllxg f e Mi(0,1). (1.19)
Here, || - [|x; refers to the down dual associate norm of an r.i. space X, which is
defined by
1
Ifllx; = sup [ f(t)g"(t)dt, fe M.(0,1). (1.20)
lgllx<1/0

Evidently [|fllx;, < [|fllx for every f € M, (0,1). Observe, however, that

[ fllx; = || fllx» whenever f is nonincreasing.

Definition 1.7. Let I: (0,1) — (0,00) be a function. We say that I satisfies A,
condition if

1
120) ~ (1), te (o, 2),
and denote this fact as I € A,.

Classical examples of r.i. spaces would be Lebesgue’s LP(0,1) spaces, where
1 < p < 00, whose norm is defined by

1= ([ o a)’ (1.21)

if 1 <p< ooand
| flloc = esssup|f]. (1.22)
We use the convention that = = 0-co = 0. Defining p’ = b forp e [1, 0], one
has (LP) = L.
Classical examples of 1.i.q. spaces, which are not normed nor embedded in L',

are Lebesgue’s L? spaces with p € (0, 1), whose quasinorm is defined as in ([1.21)),
or the weak Lebesgue space L'* with a quasinorm defined as

[ fll1,00 = Sup tf*(t). (1.23)
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There is the largest and the smallest r.i. space. To be precise, by [I, Chapter 2,
Corollary 6.7], it holds true that

L® s X « [} (1.24)

for every r.i. space X.
One possible generalization of Lebesgue’s spaces are Lorentz” LPY spaces,
where 1 < p, q < 00, whose quasinorm is defined by

1fllpa = [[£7 =5 £ 8] (1.25)

.
It is known that || - ||, , is equivalent to an r.i. norm if and only if one of the
following conditions is satisfied:

l<p<oo, 1<¢g< o0,

p=q=1

p=q=o00.

1.2 Sobolev spaces over r.i. spaces and isoperi-
metric function

Let 2 C R™ be a domain, that is, a connected open set. We equip €2 with a finite
measure 4 which is absolutely continuous with respect to the Lebesgue measure
with density w. More precisely,

du(z) = w(@)dz,

where w is a Borel measurable function satisfying w(z) > 0 for a.e. z € . Thus,
the measure of an arbitrary measurable set E2 C (2 is given by

u(E) :/Ew(x)dx.

Throughout the thesis we will assume, for simplicity, that p is normalized in such
a way that p(€2) = 1. We now recall the definition of the perimeter of a set with
respect to our space (€2, 1) and the isoperimetric function.

Definition 1.8. Let £ C R” be measurable. We define the perimeter of E in
(€2, 1) by
P,(E,Q) :/ w(z) dH " (x).

QNOM E

Here, H" ! stands for the n — 1 dimensional Hausdorff measure on R" and
OME denotes the essential boundary of F in the sense of the geometric measure
theory [13] 21].

Definition 1.9. The isoperimetric function of (€, 1) is a mapping I ,: [0,1] —
[0, oo defined by

1 1
To(t) = inf{Pu(E,Q): EcCOt<uE)< 2} for t € [o, 2]

and I, (t) = Io,(1 —t) for t € (3,1].



An easy consequence of this definition is the isoperimetric inequality
In,(u(E)) < P,(E,Q), E CQ ismeasurable.
It is evident from the definition that I, , is a nondecreasing function on [0, %]
Further, by [2, Proposition 4.1], we know that I ,(t) < tw for ¢ sufficiently small.
Given an r.i. space X, we define X(2) = X(Q,u) as the collection of all
u € M() such that
[ullx @) = [lu"[lx

is finite. The functional || - ||x(q) defines a norm on X(€2). The space X(12)
endowed with this norm is also called rearrangement-invariant space, and the
space X is called its representation space.

The space X'(Q) is then defined analogously via || - || x-

Throughout the thesis we will, for the most part, not distinguish between
X () and its representation space, as it will be evident whether we work in X (2)
or in X.

Let m € N and X (Q,u) be an r.i. space. We define the m-th order Sobolev
space V"X (Q, p) as

VX (Q, 1) = {u: uis m-times weakly differentiable in €

and |[V™u| € X(Q, )} (1.26)

The results of [2] do not require one to work exactly with Iq ,. It suffices to
have a lower bound in terms of a nondecreasing function. To be precise, we work
with a nondecreasing function I: [0,1] — [0, 00) satisfying I ,(t) > cl(ct),t €
[0, 3] for some ¢ > 0. In view of [2, Proposition 4.2], it is natural to assume that
I(t) = t,t € (0,1), as this guarantees that V!L(Q2) C L'(Q) and, consequently,
that V1X(Q) C LY(Q) for every r.i. space X.

We continue by introducing a pair of integral operators, R; and Hj, on

M (0,1) which are defined by

Rif(t) = ](lt) /Otf(s) ds, te(0,1), (1.27)

and
f(s)
I(s)

Hif(t) = /tl

Further, for m € N we set

ds, te(0,1). (1.28)

"=Rro...oR; and H"=H;o...0oHj. (1.29)
m-times m-times

Fubini’s theorem reveals that operators R; and H; are mutually associate. Hence,
R} and H}" are also mutually associate for every m € N.
The operator GGy is then defined by

Grf(t) = sup Rif*(s), feMy(0,1),te(0,1).

t<s<1

Therefore, for every f € M (0, 1), G;f is a nonincreasing function and R, f <
Rif* < Grf and so (R;f)" < Gif.

10



It holds true that
||G1f||X ~ ||R1f*||X> f € M+(O, 1)7 (130>

whenever X is an r.i. space [2, Theorem 9.5].
The core result of [2, Theorem 5.1] reads as follows:

Theorem 1.10 (Reduction principle). Let (2, ) be such that Ig(t) 2 t. Let
m € N, and let X and Y be r.i. spaces. Then

IH flly S I fllx,  f € My(0,1), (1.31)
implies
VX () = Y(Q). (1.32)
Now, if we consider
1 llxy, = 1B f* ]l xs (1.33)

by [2, Theorem 5.4] we know the following.

Theorem 1.11 (Optimal target). The functional || - ||x; defined in (1.33) is an
r.1. norm, whose associate norm, || - ||x,,, satisfies

VX (Q) = X (). (1.34)

Moreover, if (1.32)) implies (1.31)) (and so they are equivalent), then the space
Xn(Q) is the optimal target space in (1.34) among all r.i. spaces.

Unless stated otherwise, by Yx we will mean the optimal target space of X
under the mapping Hy, and by Xy we mean the optimal domain space of Y under
the mapping H; (if it exists). By the symbol Y3 we understand (Yx)" and the
symbol Yx, stands for Y(x,).

The existence of the optimal target space Yy is justified in [2, Proposition
8.3]. We will leave the question of the optimal domains to the beginning of the
Chapter [3

1.3 Interpolation theory

Definition 1.12. Let X, and X; be quasi-Banach spaces. We say that (X, X7) is
a compatible couple of quasi-Banach spaces if there exists a Hausdorff topological
vector space H such that Xqg — H and X; — H.

Let us recall the definition of the K-functional. In [I, Chapter 5] the K-
functional is defined only for Banach spaces. However, it is not hard to see that
extending this notion over quasi-Banach spaces does not invalidate any theorems
that we will need, and their proofs would only need minor, if any, modifications.
Let us also note that, by [I, Theorem 1.4] and [I5, Theorem 3.4], for every
r.i.q. space X we have X — M, where M, is equipped with the (metrizable)
topology of convergence in measure on the sets of finite measure. Consequently,
any two r.i.q. spaces form a compatible couple.

11



Definition 1.13. Let (X, X;) be a compatible couple quasi-Banach spaces. We
define the K-functional on Xy + X by

K(f,t,Xo,Xl) = lIlf{HgHXO +t||h||X1 f =g + h,g S X(),h S X1}7 t e (O, OO)

The next theorem will be of use to us, especially when combined with Theo-
rem [1.15, The proof can be found in [I, Chapter 5, Proposition 5.2].

Theorem 1.14. Let (X, X1) be a compatible couple of quasi-Banach spaces.
Then for every f € Xo+ Xy the map t — K(f,t, Xo, X1) is nonnegative, nonde-
creasing and concave on (0,00). Consequently,

t
K(f7taX07X1> = K(fa 0+7X07X1) +/0 k(fa S7X07X1) dS, (135>
where t — k(f,t, Xo, X1) is the uniquely determined nonincreasing and right-

continuous function.

There is a nice characterization in [I, Chapter 5, Proposition 1.15], stating
when the first term of the righthand side of can be omitted. Note that since
the spaces involved need not be normed, one should be familiar with a generalised
Riesz—F'ischer theorem [15, Theorem 3.3].

Theorem 1.15. Let (Xg, X1) be a compatible couple of quasi-Banach spaces.
Then
K(f,04+,X0,X1) =0, feXo+X,

if and only if Xq N X1 is dense in Xg.
The proof of the next theorem can be found in [I, Chapter 5, Theorem 1.11].

Theorem 1.16. Let (Xo, X1) and (Yp, Y1) be two compatible couples of quasi-
Banach spaces. Let T be a sublinear operator such that

TIXO—>YE) and T:X; — Y.
Then there is ¢ > 0 such that
K(Tf,t,Yy,Y1) S K(f,ct, X0, Xy), fe€Xo+ Xy,t>0. (1.36)

In many theorems, we will use a certain elementary decomposition of f, to
which we will refer as our favourite decomposition.

Definition 1.17 (Favourite decomposition). Let f € M(0,1) and ¢t € (0,1) be
given. We define the favourite decomposition of f at point ¢ by

Jo(s) = min{|f(s)[, f*(t)} sgn f(s),
and
fi(s) = max{|f(s)| — f*(t),0} sgn f(s).
Then f = fy + f1 and it further satisfies
fo(s) = min{f*(s), /*(£)},

£1(5) = (F() = £ O)x00(5), (1:37)

and f* = fi + fi.



Next we state and prove two inequalities concerning the K-functional for
(X, L>®) and (L', X).

Proposition 1.18. Let X be a r.i.q. space and assume its fundamental function,
©x, is an increasing bijection on (0,1). Then

||f*X(07¢;(1(t))”X S K(fa tyXa Loo)’ f € M+<Oa ]-)7t € (Oa 1) (138)

Proof. Let f € X + L* and t € (0,1) be given. Write f = fy + fi, where
fo € X and f; € L*°. Using the boundedness of the dilation operator and the
monotonicity of || - || x, we estimate

<]

£ @)X 0=y ()|

fikX(O,gp)_(l(t)) HX

||f*X(0,(p;(1(t))||X S f*(QS)X(O,cp;(l(t))(2S) ‘X

S f(;kX(O,cp}l(t))HX * ‘

X

< f(;(X(O,Lp;(l(t))HX + /1l - HX(O,cp;(l(t))HX
= | foxoegionl, + 1 llee -t < follx + ¢l il

On taking infimum over all such decompositions we obtain

1 X0 epllx S K(f, 8 X, L).

]

t

——— 1S an increas-
ex(t)

Proposition 1.19. Let X be an 1.i.q. space such that p(t) =
ing bijection on (0,1). Then

K(f,t, L', X) 5|

f*X(go—l(t),l)HXa feMi(0,1),te€(0,1).
(1.39)

X1, +1]

Proof. Let f € M(0,1) and t € (0,1) be given. Let fy and f; be our favourite
decomposition of f at point ¢ ~!(¢) in place of t. Using the rearrangement invari-
ance of both L' and X and ((1.37), we estimate

K(f,t, LY X) < [ falls + tll follx = [ fixerapll + I f5 1 x
= Hf*X(oy‘l(t))Hl - 9071@)]0*(9071@))
+ )£ (@7 )X 0010 T F X100l x
S X1l — @7 (E) (e (1))
+tox (e ) (o7 () + X1 llx
= "X e-ronllt " X100l x-

O

Definition 1.20. Let X, X; and X be quasi-Banach spaces which all embed
to a Hausdorff topological vector space H and satisfy Xqg C X C X;. We say
that X is an interpolation space between X, and X, the fact being denoted
X € Int(Xo, X)), if for any linear operator T the following holds:

T: Xo—Xp and T: X7 —-X;y, = 7T:X-—=>X.

13



The next theorem [I, Chapter 5, Theorem 1.19] of an interpolation nature
appears to be indispensable in the proof of Theorem [3.4]

Theorem 1.21. Let (Xo, X1) and (Yp, Y1) be two compatible couples of quasi-
Banach spaces and X be an r.i. norm. Suppose Xo N X7 is dense in Xy and that
YoNY; is dense in Yy. Set a(f) = MNk(f,t, Xo, X1)) and B(f) = Mk(f,t, Yo, Y1))
for f € M, (0,1). Then for any linear operator T satisfying

T: Xo—Yy and T:X; =Y,

we have
BTf) S alf), feMi(0,1).

Additionally, if Xo and Xy are r.i. spaces, then the functional o is an r.7. norm.

Remark 1.22. It is important that the functional A in the theorem above is an
r.i. norm, so that we have the HLP principle at our disposal.

1.4 Weighted inequalities involving suprema

We will also use [7, Theorem 3.2] and its reduction to our setting. By weights we
understand positive measurable functions on (0, c0).

Theorem 1.23. Let u,v,w be weights on (0,00) such that 0 < [y v(t)dt < oo
and 0 < [ w(t)dt < oo for every x € (0,00). Then

[ sw ut)emuvdes [~ et a (1.40)

t<1t<oc0

holds for all ¢ € M, (0, 00) nonincreasing if and only if

/Ox sup u(r)w(t)dt < /Oxv(t) dt for every x € (0, 00). (1.41)

t<t<zx

Corollary 1.24. Let u,v,w be weights on (0, 1) for each of which there exists the
limit at 1 from the left that is nonzero and finite. Then

[ sw wmputyac < [ oo d (1.42)

t<r<1

holds for all p € M (0,1) nonincreasing if and only if

/Ox sup u(T)w(t)dt < /OI v(t)dt for every x € (0,1). (1.43)

t<rt<z

Proof. Tt suffices to show that (1.40) is equivalent to (1.42)) and (1.41]) is equiv-
alent to ([1.43). We begin by extending all u,v,w constantly on [1,00) by their

respective left limits at 1. We will not distinguish between wu,v,w and their
extensions.

14



(1.42) = (1.40): Let » € M (0,00) be nonincreasing. Then

/OOO sup u(T)e(T)w(t)dt

t<1t<oo
1
= [ sup u(r) dt+/ sup u(7)p(T)w(t)dt
0 t<r<1 t<rt<oco

/ dt+/ 1) dt
/ dt+/
=),

(1.43) = (1.41): Let x € [1,00). Then

/Oz sup u(T)w(t)dt = /01 sup u(T)w(t)dt + ' sup w(7T)w(t)dt

t<r<z t<r<z 1 <7<z

/ m+/ m</

For z € (0, 1) there is nothing to be proved. As implications (1.40) = (1.42)) and
(1.41) = (1.43) are trivial, the proof is complete. O]
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2. Supremum operators

In this chapter, we will introduce two supremum operators S; and 77 and explore
their boundedness and interpolation properties. These two supremum opera-
tors, as their name suggest, will be defined in terms of a nondecreasing function
I:(0,1) — (0,1). However, for our purposes, we restrict ourselves to concave
functions, even though many theorems would hold in a more general setting.
There are two things that lead us to this.

First, we will work with the Marcinkiewicz type space m; given by the func-
tional || f||;n, = supge,;cq L(t)f*(t) for f € M4 (0,1). From here, we impose a Ay
condition on I, because:

Fact 2.1. Let I: (0,1) — (0,1) be a nondecreasing function. Then my is an r.i.q.
space if and only if [ € As.

Secondly, we will want I to be such that ¢ — @, t € (0,1), is nonincreasing.
In other words, we want I to be quasiconcave. However, since there exists I con-
cave such that I ~ I on (0,1), and we will not particularly care about constants,
there is no real loss of generality if we assume I to be concave.

For the remainder of the thesis, whenever we mention a concave function I,
we implicitely assume that 7: (0,1) — (0,1) is a bijection with I(0+) = 0 and
I(1—) = 1. Note that this implies that I(t) > ¢,¢t € (0,1).

We proceed by defining two supremum operators.

Definition 2.2. Let I be a concave function. We define supremum operators Sy
and 77 on M (0,1) by

S0 = g5 S0 1 (s), f € Mul0.1).1 € 0.1)

and

@ =1 sup ek FEMO e (0.0

Observe that f* < T;f and f* < S;f for every f € M, (0,1). We also see
that both of these operators are monotone — if f,g € M, (0,1) are such that
f <g, then S;f < Srgand T7f <Tjg.

Moreover, t — Ty f(t) is a nonincreasing function for every f € M, (0,1).

Deploying Fact and A, condition of I, we see that

(S:(7+ 9@ S (S (5) + i) (5). FeMODEE O, (21)

and

T+ )0 T (5)+ @) (5). eM@ e @2)

We continue by defining three function spaces. To simplify notation, by sym-

bol I we will denote a function I(t) = ﬁ,t € (0,1).
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Definition 2.3. Let I be a concave function. We introduce three functionals
defined on M (0, 1) with values in [0, co] by

[ fllm; = sup I(s)f*(s),

0<t«1
Iy = 00, 775°6),
i
17, = [ "2 pas

We further denote m; == {f € M, (0,1): || f||m, < co}. Analogously we define
spaces my and Aj.

Before we begin exploring the mapping properties of the operator Sy, let us
observe that ¢t — S;f(t) is a nonincreasing function for every f € M, (0,1).

Lemma 2.4. Let I be a concave function and f € M(0,1). Then Sif is a
nonincreasing function on (0,1).

Proof. We put Rf(t) = supg..<; I(s)f*(s) for t € (0,1). Let 0 < t; <ty <1 be
given. We con81der two cases: If Rf(t1) = Rf(t2), then (Sif)(t2) < (Sif)(t1)
because t I(t) is nonincreasing. If Rf(t;) < Rf(t2), we consider a function

— f*(s)a s < t1>
fl(S) o {f*(tl), t <s <1

Then f; = f; and f* < f. Hence, as Rf(t;) < Rf(t2), we have
Rf(t2) = sup I(s)f*(s)

t1<s<tg

and, consequently,

Rfi(ta) = sup I(s)fi(s).

t1<s<tg

We estimate

(Srf)(t2) < (S1fr)(t2) = sup 1(s)f7(s)

@t1<s§t2
() fi(t2) = fi(t) = [ (t) < (Srf)(t).

I(ts)
O

Theorem 2.5. Let I be a concave function. Then the operator St has the fol-
lowing endpoint mapping properties:

(i) Syt L — [,
(ZZ) S]Z mp— my.

Proof. (i) Given f € L*™ we estimate

111l = 540, 725 s 1(5)7(5) < [l S0 77 sup 15
1
=1l 00, 705510 = 1

17



(ii) Let f € m; be given. By Lemma we have

1S5 F s = sup 18 (m . f<s>f*<s>) (0

o<t<1 I(T) 0<s<r

1
= o 1) 7y S, L)) = 1 o

Theorem 2.6. Let I be a concave function. Then the following holds:
(i) Tr: my — ms,
(ii) Ty: L' — L' if and only if [; @ds < I(t) fort € (0,1).
Proof. (i) Let f € mz be given. As T7f is nonincreasing, we estimate
t I(t) s s
Tr f ;e = su . su *(s) = sup ——
1771 1 0<tI<)1 I(t) t tgsgl [(S)f (s) 0<sI<)1 I(s)

(ii) We use Corollary with weights u(t) = %, w =< and v = 1. Hence,
T; is bounded on L' if and only if

£4(5) = 1 -

¢ 1
/ supL-ﬂds<t, te(0,1).
0

ser<t I(T) s ~

Ast — ﬁ is nondecreasing, sup,<, < ﬁ = ﬁ Thus, multiplying through by
I(t)

=, we equivalently rewrite this as

/Otl(s)ds <I(t), te(o1).

S

]

We proceed by defining a certain average condition for a concave function I,
which says that the reciprocal of I is approximately the average integral of itself.

Definition 2.7. Let I be a concave function. We say that I has the average
property, if
t ds t
—— =~ —, te(0,1).
o I(s) I(t) (0.1)

This condition, among other things, also appeared in [2], and allows one to
simplify the description of the optimal target norm of the m-th order Sobolev
embedding. Note that this condition implies integrability of % (Classical examples
of functions satisfying the average property are the polynomials t — t*,¢t € (0, 1)

for a € (0,1). Functions which do not possess this property include for example
t—tort—t/log2 fort e (0,1).

Lemma 2.8. Assume that I satisfies the average property. Then
sup 1(s)f*(s) ~ sup I(s)f**(s), f€My(0,1),¢ € (0,1).
0<s<t 0<s<t

In particular, m; = My with equivalent norms, where My is the Marcinkiewicz
space with norm given by

[f1la, = sup I(£) ().
0 1

<t<

18



Proof. Fix f € M(0,1) and t € (0,1). Denoting

M = sup I(s)f"(s),

0<s<t

which we can without loss of generality assume to be finite, we have for every
€ (0,t) that

1
() < M——.
Thus
I(s) s dr
1 (s) < M —— [ — <M,
Jup L)) < M sup =7 ) 7y =

where the second inequality is exactly the average property. The converse in-
equality holds trivially, as f* < f**. n

Remark 2.9. One easily sees from the proof that, in fact, m; = M is equivalent
to I enjoying the average property. Indeed, one simply tests the inequality on
ﬁ. Even more is true — my is an r.i. space if and only if I has the average
property. We have already proved the sufficiency of this claim. Assuming || - ||,
to be equivalent to an r.i. norm, say || - ||, their fundamental functions coincide.
As m; and M; have the same fundamental function, m; < Mj by [I, Chapter
2, Theorem 5.13] and so m; = M, since M; < m; holds regardless of what the
function [ satisfies.

One could also wonder whether S; is bounded on M;. We now claim that this
happens if and only if M; = m;. Indeed, sufficiency was proved in Theorem [2.5
As for necessity, assume that S;: M; — M;. This means that

supl(t)/tlsup I(r)f*(r)ds < sup—/f ds, feMy(0,1).

o<t<t t Jo I(8) o<r<s 0<t<1
(2.3)

Let r € (0,1) be given and consider f = f* = x(,). Then the right-hand side of
(2.3) can be written as

I(t
sup —/ fr(s)ds = max{ sup I(t), sup ()r} = I(r).
0<t<1 0<t<r r<t<1 t

Similarly, the left-hand side can be rewritten as

—— sup I(r)f*(r)ds

0<t<1 O<7“<s

— max {5’32 1), sup. ]Ef) (r + / t ]8 ds> } |

Therefore, necessarily,

rsggll(tt) Ttﬁégdsﬁl('r’), r e (0,1).

Dividing by I(r) we deduce that

I(t) rt ds
sup sup—/—<oo

o<r<ir<t<t t Jr I(s)
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In particular, should we fix ¢t € (0,1) and take limit for » — 0, we obtain that
I has to satisfy the average property. Consequently, by Remark M; =my.

It is evident that the operator S; and the space m; are intertwined in a
sense that S7f is finite if and only if f € m;. Next theorem provides us with a
result, which essentially says that S is the greatest operator which is bounded
simultaneously on L*> and m;. To prove this, we will need a K-functional related
lemma first.

Lemma 2.10. Let I be a concave function. Then

K(f,t,m;,L>®)~ sup I(s)f*(s), fe€mte(01).

0<s<I~1(t)

Proof. By virtue of Proposition [1.18] it remains to prove K(f,t,m;,L>) <
SUPg<s<r-1() L(5)f*(s). To this end, let f € m; and ¢ € (0,1) be given. Let
fo and f; be our favourite decomposition of f at point I=1(¢). Then

K(fot,mp, L) < || fillms + tlfollo = sup I(s)fi(s) +tf*(I7'(1))

0<s<I—1(t)

< swp I)f()+UT) <2 sup I(s)f(s).

0<s<I—1(t) 0<s<I-1(t)
O

Theorem 2.11. Let I be a concave function and let S be a sublinear operator
defined on my. If S is bounded on L and on my, then

(SF)(8) S (Sef)@),  feMi(0,1),¢€(0,1).

If, in addition, I has the average property, then

(SF)7(6) S (Sf)E),  f e Mi(0,1),¢€(0,1), (2.4)

and so
Sty () < (Sif)(t),  f e M4(0,1),t € (0,1). (2.5)

In particular, for an r.i. space X C my we have X € Int(L*, my) whenever
St is bounded on X.

Proof. By Lemma [2.10] we have

K(f,t,m;, L)~ sup I(s)f*(s).

0<s<I—L(t)

Fix f € myand t € (0,d), where d = min{2, cJ (%)} and ¢ > 1 is a constant from
Theorem [LI6l We estimate

sup I(s)(Sf)"(s) S sup  I(s)[f"(s). (2.6)

0<s<I—1(t) 0<s<I—1(ct)

Passing from ¢ to I(t) we arrive at

sup I(s)(SF)(5) S sup  I(s)f*(s).

0<s<t 0<s<I—1(cI(t))
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Thus, choosing s =t on the left-hand side and dividing by I(t) gives us

* 1 * —
(S S5 sup I(s)f*(s) = (Sif)I (eI (t)) < (Srf)(1),
I(t) oco<i=1(cr(r))
where the last inequality stems from Lemma [2.4] and ¢ being no less than one.
Next, assuming S; is bounded on X we estimate using the boundedness of

the dilation operator:

1S F) lx = NS xoallx S 1Sifx0alx = [1Sifllx < I ]lx-

Now, regarding the “in addition” part of the theorem, we only need to show
and , as the rest follows from the previous part. First, is a direct
application of Lemma on the left-hand side of . Second, holds true,
because of and the boundedness of the dilation operator on r.i.q. spaces. []

Remark 2.12. Should we assume that I satisfies the average property, then
X € Int(L>®, M;) <= S;: X = X. “«<" is exactly Theorem m The other
implication is proved in [3, Theorem 1].

Corollary 2.13. Let X be an r.i. space. Define ||f|lz == ||Stf||x for f € M(0,1).
Then || - ||z is an r.i.q. norm and, denoting by Z the r.i.q. space corresponding to

| - |z, we have that
S[Z 7 = 7.

If I satisfies the average property, then || - ||z is equivalent to an r.i. norm, and
so Z is an r.i. space.

Proof. The only property of (Q1) that requires some comment is the quasi-
triangle inequality. To this end, let f,g € M(0,1) be given. Using (2.1) and
the boundedness of the dilation operator on r.i. spaces we calculate

17+ gllz =181 + 9)lx 5 |15 (5) + 519 (3]

t t
Sff(Q)H +‘SIQ(Z)H ~ 1S1fllx + I1S1gllx = 1If1lz + llgllz.
X X

Property (P2) obviously holds.

Let fn, f € M(0,1) be such that f, / f a.e. Then f* 7 f*. Fixt € (0,1)
and let K < supg.,; I(s)f*(s). We find ty € (0,t] such that I(to)f*(to) > K.
Then

<|

I(to) fr(t0) / 1(to) f* (to)

and so (Srf)(t) / (Srf*)(t). As X is an r.i. norm, we get that ||f.llz 7 || fllz
and (P3) holds.

Regarding (P4), we have |[xo1)llz = [[Stxonllx = X0 llx < oo

Thus, functional | - ||z is an r.i.q. norm.

Since || ||x possesses property (P5), we can say the same about || - ||z, because
I llx <1z

Next, for every f € M(0,1), we estimate

rig 10 (77 7 2 10770) 0

< Hl(lt) s 1(6)- 1(1) s 10)°(0)

1S:fllz = 1S:(S:f) |l x = '

X

= 1Stfllx = Iz,

X
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where the inequality comes from Lemma [2.4]
If I satisfies the average property, Lemma tells us that

1fllz = ISefllx =~ 1S lx = IfIL - f € My(0,1).

It follows from the previous and subadditivity of both f +— f** and supremum,
that || - || is an r.i. norm and || - ||z ~ || - ||. O

In view of Theorem [2.6 we will assume that the function I satisfies

A”(ﬁ1<u) te(0,1), (2.7)

S

when working with 77.

Lemma 2.14. Let I be a concave function satisfying (2.7). Then

(Trf)™(t) S (Trf™)(t), feMy(0,1),t€(0,1). (2.8)

Proof. Fix f € M,(0,1) and ¢t € (0,1). Let fy and f; be our favourite decompo-
sition of f at point ¢.
Then, as Ty f is nonincreasing and supremum is subadditive, we have

(Tr f)™( =7 /t I sup fr(r)ds

r
s<r<1 I(T)

tI(s 1t 1
g%sszWMH%<$ T fr(r) ds

s<r<1 I T) S 5<7"<1 I( )

1 11

As for I, we estimate

r=1 [T g mind ). £ (0 s

t (s
t/sm%%m>”mdu<ﬁ
s 0 1 )
224 s S gy ) ds = t'uwA St@au)f()
1)

S S ](7;) “(r) = (T1f)(t).

Next, using Theorem (i), we estimate I1:

t/t[ ss<lr11<)1[ filr _t/ s<r<1[ )fl()
/ﬁdsJ’ (1)) ds < /().

Putting everything together, we arrive at what we wanted:

(T f)=(t) S (Tuf () + f7(0) S (T f7)(0).
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Remark 2.15. Notice that in the proof we used both (2.7) and the boundedness
of Ty on L', which we know are equivalent. Now, taking the limit ¢ — 1~ in (2.§]),

we get
1
[a@n®a s im M (i) = [

t<s<1

In other words, (2.8)) is equivalent to the boundedness of 77 on L'.

Now, an important consequence of the previous lemma is the following corol-
lary.

Corollary 2.16. Let X be an r.i. space and let I be a concave function satisfying

(2.7). Then

(Trf)™(t) . feML(0,1).

X

i

In other words, operator Ty is bounded on Y5 whenever X is an r.i. space.

Proof. For f € M, (0,1) we estimate

e H](tt)(Tff**)(t)

X

Su - **
t<s<pl ]( )

where the “~” is ([1.30)). O

X
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3. Optimal spaces

3.1 Optimal target space

As we said in the preliminary chapter of the thesis, given an r.i. space X, its
optimal target space Yx under the map H; always exists. Moreover, the following
inclusions hold:

YLoo C YX C YLl. (31)
The situation with optimal domain spaces is a bit different. The proof of the

following statement can be found in [I4, Proposition 3.3].

Proposition 3.1. Let I be a concave function and let Y be an r.i. space. Then

the functional
If1l = fLUI?HHIhHY, f e M.(0,1),

is an r.i. norm if and only if Hy1 € Y. In that case || - ||x, = || - || s the optimal
domain norm for'Y under the mapping H;.

From this proposition it easily follows that if % is integrable, then X« exists,

and the inclusions
X C Xy C X1 (32)

hold for every r.i. space Y.

Lemma 3.2. Let I be a concave function, X C A; be an r.i. space and assume
that Tr: X' — X'. Then X € Int(L>°,A;). If I in addition satisfies (2.7)), then
Yxr € Int(L>, Ay).

Proof. Let f € M, (0,1) and t € (0,1) be given. Let fy and f; be our favourite
decomposition of f at point t. Let T be a linear operator bounded on both L*>
and A;. Using the subadditivity of f — f** and Hardy’s lemma (1.8)), we estimate

/ot I(SS)(Tf)*(S) ds = /Ot ]i,S)(T(fO + f1))*(s)ds
[ (@) + @y o) as
N /ot ) (o) ds+ /Ot ]f)(Tfl)*(S) ds = [ +1I1.

S

~—

IN

Now, for I, we estimate

[P @y eas s [T
< [ sas = [T s5s)as
As for the I1, we compute
e
< [ pas= [ 1D g,

S
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Combining the last two estimates yields

/Ot]() d</t]

Applying Hardy’s lemma (L.8) to h(s) = sup,c,y ﬁg*(t),g € M, (0,1),s €
(0,1), we obtain

[T Lgromireass [T sw L) as

S s<t<1 I( ) S s<t<l ](t)

which is nothing else than

/OI(TIQ)(S)(T]C)*(S) ds < /OI(TIQ)(S)f*(s) ds.

Finally,

/Ol(Tf)*() dt</ (T )"(3)(Tyg) (¢ dt</f \(Trg)(t) dt
< flIx1Trgllx S 1 x gl x-

Division by ||g||x/, g # 0, followed by taking supremum over ||g||x: < 1 provides
us with ||[Tfl|x < |fllx, f € My(0,1).
Assume now that I satisfies (2.7)). Corollary guarantees that

1Tefllyy, S WAy, e My(0,1).

It remains to show that Yy, C A; for every r.i. space X. This is by (3.1]) equivalent
to showing that Y71 C A;. We show that, in fact, Y1 = A;. We know

t
1y, = Rif o = sup —< () = [|fllar, [ € M4(0,1).
L 0<t<1 [(t) I

Observe that the condition (2.7) simply states that I satisfies has the average
property. Therefore, Remark asserts that Mz = ms, from whence it follows
that YLl = A]. ]

Our next objective is to describe the norm of the optimal target space Y.
The first step in this direction is to describe the norm of Yy via a functional,
| - ||z, such that S; is bounded thereon. We begin by exploring the mapping
properties of the operator R;.

Lemma 3.3. Let I be a concave function satisfying (2.7). Then the operator Ry
has the following mapping properties:

(Z) Ry: m7—> LOO,
(ZZ) R;: L' — my,
(ZZZ) Ry: L' — (m[)b.
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Proof. Let f € m7 and estimate

t kk ~ -
[R1 flloo = S 70 (t) = suwp 7o [< ) “(&) = 1f [l

where the approximation follows from the assumption that I has the average
property.

We take care of (i) and (4ii) in one fell swoop. Let f, — f in L'. Then, for
every t € (0,1), we have

(R f) O] = [ Flloo 775 / ds ||f||007) S fllss
from whence it follows that if f,, is a sequence of bounded functions, then R;f,
is a sequence of bounded functions. Now,

1

ﬂllf fully

(Ref)0) = (B0 = |15 [ (65) = S

and so,

(s = [(Ref)(5) — (Ref) )] (1) < gt)llf ~ Ll

Multiplying through by I(¢) and taking supremum over ¢ € (0, 1) finish the proof.
[

Theorem 3.4. Let I be a concave function satisfying (2.7) and let X be an
r.i. space. Define || fllz = ||Stfllx for f € My(0,1). Then

Wiy =65 [ 0] =[5 [ e

and St 1s bounded on Z.

(3.3)

Proof. We define three functionals

A) = I T@)lx,
a(f) = A(k(f,t, L', m7))

and
B(f) = )‘(k(fa l (mf)bv LOO))

for f € M,(0,1). We check that A is an r.i. norm. The triangle inequality
follows from the subadditivity of f +— f** and the triangle inequality of || - || x-.
The rest of (P1) obviously holds. The same goes for (P2). When 0 < f,, 7 f,
then f** A~ f** andso fX*(I(t)) / f*(I(t)) for every t € (0,1). Hence (P3) for A
follows from (P3) of X’. Regarding (P4), we note that the maximal nonincreasing
rearrangement of a constant function is the function itself, and so the required
property follows from its counterpart in X’. As for (P5), we estimate

M) = IO = [ Oy 2 [ (1(5)) xo

~r(1(3) =1 (5) =Ml 7 e M),

2|
X

1
5 X
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As )\ is obviously rearrangement invariant, depending only on the nonincreasing
rearrangement of f, we conclude that A is an r.i. norm.

In general, if we have a compatible couple of quasi-Banach spaces (Xy, X1)
such that X, N X; is dense in X, Theorem [1.15] combined with the definition of
A give us

k(.%o X0) = | g [ Rt X0 x|
1 e (3.4)
= |zt Rt 10, %0.00]

Since L' Nmy is dense in L' and I(t) is an increasing bijection of (0,1) onto
itself, by Proposition [1.19] we have

1
H K(f,I(t),L',m7)| < (/f ds+[()sup— ()>
X7 [ t<s<1 I( ) X/
< / _— T < ’
_Hﬂmﬁwﬁﬂ(ﬁ)xwﬂﬂm,
(3.5)
where the last estimate comes from Corollary
Next, (my), N L™ is dense in (my)p. Using (3.4)) once more we have
H £), (M), L°°)
(3.6)
> 7K(fﬂ](t)7mI7Loo T Sup] f( ) :HfHZ?
I(t) 0<8<t X/

where the first inequality follows from enlargmg the space (mj), to m; and
hence allowing more decompositions. The approximation is an application of
Lemma 2,101

Adding Lemma to the kettle we see that all the assumptions of Theo-
rem [L.2]] are satisfied. Therefore

B(Rf) S alf). (3.7)

Finally, chaining (3.6]), (3.7) and (3.5] together, we arrive at
IR f*llz S BRef™) S alf*) S I llvg- (3.8)
This finishes the proof, as the reverse inequality holds trivially. O

We now introduce two functionals, A and p, and exhibit their equivalence in
Proposition [3.6]

Lemma 3.5. Let I be a concave function and let X be an r.i. space. Define
a functional || f|lz = ||Srfllx, f € M4(0,1). Then

u() = s[5 despl(s)g'(s) + IS, fEM0D), @9
g9llz< <s<t
l[9lloc <00

is an r.1. norm. Here, csupp(s) stands for the least concave majorant of t +—
0<s<t

SUD)<s<; P(8)-
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Proof. Denote h,(t) = csupl(s)g*(s) for g € M,(0,1). Let us observe that
0<s<t

t = supg..<; L(s)g*(s) is a quasiconcave map for every g € Z and so h, is a finite
concave function. Indeed, for such functions g the supremum is finite, as Z C my,
and with increasing ¢ the supremum is nondecreasing. It thus remains to check
that for 0 < t; < t3 < 1 the inequality

SUPo<s<ty 1(5)97(5) _ SWocscr, 1(5)97(s)
t2 o tl

holds. We calculate
SUPgeg<y, 1 (% : s)
t
o
< SUPg<s<ty I(s)g*(t1) < SUDPg<s<ty I(s)g*(s)

SUPy, <s<t, 1(5)g"(8)
to

< g'(t1)

where in the second to last inequality we used the concavity of I. For ||g||z <1
we therefore have

[ o= [ roPOa
dhy(t)

As t — =% is nonincreasing, Hardy’s lemma (1.8) gives us a triangle inequality
of the functional u. Property (P2) is obvious. (P3) follows from the monotone
convegence theorem. To check (P4), let ||g||z < 1 be given. Using the fact that
Z — my, we estimate

1
desupl(s)g™(s) < csupl(s)g™(s) = sup I(s)g"(s) = l|gllm, S llgllz < 1.
0 0<s<t 0<s<1 0<s<1
Thus £1(x(0,1)) < 0o. Regarding (P5), || fl1 < u(f), f € M4(0,1), follows from
the definition of p. Finally, p is rearrangement invariant, as the first expression in
its definition depends only on the nonincreasing rearrangement of a function
and the second term, || - ||1, is rearrangement invariant. O

Proposition 3.6. Let I be a concave function and let X be an r.i. space. Put
\fllz = ISt fllx for f € M, (0,1). Then the functional X on M, (0,1) defined

by
1

A(f)= sup [ —I(t)g* () df*(t) +[Iflls, fe€ M(0,1),
s equivalent to an r.i. norm.

Proof. We show that A &~ u, where p is the functional from Lemma [3.5] First
observe that, by the monotone convergence theorem, it suffices to consider only
bounded functions over which we take the supremum in the definition of the
functional \.

We show their equivalence in three steps. Let first f € M (0,1) be such
that f*(0+) < oo and f*(1—) = 0 and pick ¢ € M, (0,1) bounded such that
llgllz < 1. Then

lim f*(t)csupl(s)g*(s) = lim f*(t)csupl(s)g*(s) = 0.

t—0+ 0<s<t t—1- 0<s<t
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Consequently, integration by parts yields

[ 70 deswpI(s)g*(5) = [ —cupl(s)g°(s) df (1)

0<s<t 0<s<t

We therefore have

1 1
sup f*(t)desupl(s)g™(s) = sup —csupl(s)g™(s) df*(t)
llgllz<1 7O 0<s<t lgllz<1 YO  0<s<t
llglloo <co [|g]| oo <00
1 1
A sup — sup I(s)g*(s)df*(t) = sup —1(t)(S1g)(t) df*(t)
lgllz<1 7O 0<s<t lgllz<1 /O
llglloc <oo [lg]]oo <00
1 1
= sup —I(t)(Spg)(t)df*(t) = sup —1I(t)g"(t)df*(t),
I1Srgllz<17/0 llgllz<1 /O
llglloo <o lglloo <0

and so p(f) ~ A(f). Here we used the fact that ||g|lz = [|Sig|lz for every
g € M;(0,1) and Theorem 2.5 (i), which says that if g is bounded, so is Sg.

Second, let f € M_,(0,1) be such that f*(1—) = 0. We show that for
min{ f*,n} = f, = f we have A(f,) / A(f). Indeed, by the monotone conver-
gence theorem we have

M) = sup [ —I(g"®) Af:(0) + [ full

llgllz<1+~0

1
= sup | —I(t)g"(t) df (&) + | fullL /7 ACS),
lgllz<1/t
where t,, = inf{t € (0,1): f*(t) < n}.
Finally, let f € M (0,1) be such that f*(1—) < oo. Then, using the previous
step, we have

1

A(f) = sup [ =I(t)g"() df"(t) + [ fx

lgllz<1 /0
1

= sup [ —I(t)g* () d(f* = fF(A=))@) + [[f* = A=) + f7(1-)

llgllz<1-0
~p(f— (=) + (=) = pf),

since

plf* = (=) + (=) < p(f) + p(f(1=)) + f(1=)
~ u(f) 1A < plf) + 11l = ulf)

and
p(f) < p(f* = f1=) +p(f1-) = plf — (1) + fF(1-).
]

Remark 3.7. Both functionals @ and A contain || - ||; in their definitions. For
the functional y it guarantees that X (u) < L', while for A it guarantees that
AMf)=0 < f=0a.e.
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Before we establish an alternative description of the optimal target space
norm, we require a technical lemma which extends ((1.30)) to our setting.

Lemma 3.8. Let I be a concave function and X be an r.i. space. Put ||f|lz =
|Stfllx, f € My(0,1). Then

1Bif lz = [|Gifllz, e Mi(01).

Proof. We show that S;G;f = G;f for every f € M(0,1). To this end, fix
feMi(0,1) and t € (0,1). We calculate

(S1Grf)(t) = L sup I(s) sup /f

I(t) o<s<t s<r<1 ]

1
= —— sup sup I(s /
I(t) O<512t s<r£l T) f
I(s)
(

! ax{ s s / [ (2)dz, s s / (2
= ——max<{ sup su Z, sup su
I(t) 0<32t sgrlzt I T) 0<sgt t<r<pl ]
1 I(s) /
_ L )d /
I(t) e {os<111ﬂl<)t OS<1;I<)7~ I(r) flz)dz ti17“l<pl I(r S }
1 I(t)
_ )d /
I(t) A {Os<lrl*gt/ f () dz, tij& I(r) i }
1
:—max / f*(z)dz, sup t> / fr(z
t<r<1 I )
= max { / f*(2)dz, sup / fr(z }
t<r<1 [

()
= sup /f )dz = Gif (1)

t<r<1 ]

Therefore, by ([1.30)),
1Gifllz = 151G fllx = G fllx = [[Ref* [l x < [1SrRef"[lx = 121 f"]|z-

We know R;f* < G;f and so S;R;f* < S;Grf. Furnishing this last inequality
with || - || x finishes the proof. O

Theorem 3.9. Let I be a concave function satisfying (2.7) and let X be
an r.1. space. Then

||f||YX %)‘(f% fEM+(O7]-)7
where X is the functional from Proposition [3.6,

Proof. Put || fllz = ||S1f||x for f € M, (0,1). Let f,g € M(0,1) be given and
assume f*(0+) < oo and f*(1—) = 0. Then
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[ regeas= [ g [arwas= [ /“ 5) ds df (1

:/01_%;/0 “(s)dsdf*(t) < / t)(Grg)(t) df*(t)

-~ HgHY)’( 1_ )
”wmmﬁ I(t)(Grg)(t) df*(2)
=l lalnet o —I()g" () df* (1) < llgllyy - A,

where the first approximation is Theorem and in the second approximation
we used Lemma 8 Dividing by || g||y)/( and taking supremum over g € M (0,1)

with [|glly;, <1 gives us || flly, S A(f)-
In the other direction, let f € M, (0,1) be arbitrary. As

Y

1
ngzmw

X/

there exists h € M, (0,1) with ||h]|x <1 and

el < [ [ 7o asat

Put g(t) = g*(t) = ;' 1 ds. For k € M(0,1) satisfying [|k]|7 < 1 we have

[ 1w w0 = [ 1o @7 a
= [k @n)at < Lo lhlx < kRl < 1

By Fubini’s theorem we estimate

/019*(75)dt_/01/t1];£3d3dt_/ 7d5</ s)ds < ||h|x < 1.

The last two estimates tell us that A(g) <1
We further have

/01 fF®)g*(t)dt = / £t t (s) d 4 — /1%35/08 F(t)dtds > ;HJCHY)’(

S S

Finally, putting everything together yields

;Hfuy),{ </ fr®)g () dt < N(f)Ag) S N(f)

or, equivalently, A(f) < [|f vy - [l
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3.2 Alternative norm in the optimal target space

Starting from Proposition [3.12], we will need boundedness of f — f** on A;. The
following characterization can be found in [I7, Theorem 10.3.12].

Theorem 3.10. The operator f +— f** is bounded on Ay if and only if

1] 11
/(j)dsg/ 1) 45 te(0.1).
t S tJo s

Remark 3.11. In the proposition that follows, we will use a slighty stronger
condition, namely

/tl](‘g)ds<](t) te(0,1). (3.10)

52 ~ot

This condition is indeed stronger, as
I(t 1t
()S/@dsa t€(071)7
t tJo s
It)

is true due to ¢ — =~ being nonincreasing. However, we will, as in many previous

results, assume [ @ ds < I(t),t € (0,1). In other words, in our setting, (3.10)
is equivalent to the condition in Theorem [3.10]

Proposition 3.12. Let I be a concave function satisfying (2.7) and (3.10). Let
X be an r.i. space. Put || fllz = 1Sif|x/, f € M (0,1). Then

1lve ~ swp [ 200y = g de+ 171, f e Mo(0,1).

lglz<1/0 t

Proof. By virtue of Theorem [3.10} the mapping f — f** is bounded on A; which
implies that the map f % 5 f(s)ds is, too, bounded on A;. Lemma tells us
that Yx € Int(L>, A;). Therefore f %fg f(s)ds and, consequently, f +— f**
are bounded on Yy.

Now, for every ¢ € (0, 3) and g € M, (0,1) we have

/1 £ |: /f** ds:l
ool o o]
= [r [ [ f**(s)—f*(s))ds}g*@)dt-

Thus, passing to the limit and using Fubini’s Theorem, we have

sl roe] -8 -

-/ 13 )= ) [ Mgy aras

SN~—
oL
V)
Q
*
—~

= [ 1) = gy s),

S
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Here, the operator H is defined as

Hg(s) = Ié) /sl It(s)g(t) dt, ¢ge M,(0,1),s € (0,1). (3.11)
Observe that, on one hand, we have
)6 = 7 [ sgors [Tlaggo. e

and, on the other hand,

s T
He) (3) 2 70 [o0 @z e @S =g e
Finally, using Theorem [3.9] we get
1 t
IFlve = |5 [ £7(s) s
LI(h) * (3.14)
~ sup [ —=(f7(t) — (1) (Hg)(@) dE + || f]]1-

lgllz<1/0 ¢
To finish the proof we need to show that
sup [* S0 - o) dt = s [T - o)) dt
lgllz<10 lgllz<1/0

The inequality “<” immediately follows from ((3.12)).
The boundedness of the dilation operator followed by ([3.14]) and the fact that

(f*(2-))™(t) = f*(2t), substitution and (3.13)) yield

* LI()
v ~ 15 @0l ~ s [ =
llgllz<1+-0

2 s [T oy ag) (§) e+l

llgllz<1
LT(t
lgllz<1/o 1t

(f(2t) = f7(2t)) (Hg™) () di + [ f]lx

(f() = f(#)g* (@) dt + [ f1]x-

]

Theorem 3.13. Let I be a concave function satisfying (2.7} , and the
average property. Let X be an r.i. space such that Sy is bounded on X’ Assume

c:sup{)\>0 A(i@—) /tll(s)ds, tE(O,l)}E(O,oo) (3.15)

53
and let d denote the smallest positive number such that
1](s I(t

[0 4, < 10

t S
If

either ¢—1>0 or (1—c)d<c,

then

I |20 - 70

+ 11l (3.16)
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Proof. Since Sy is bounded on X', we have ||Srg|lx = |lgllx,9 € M, (0,1).

Therefore, by Proposition [3.12] (1.19) and the fact that || - [|x = || - ||x», we
obtain
Il = sup [ 2000 = £ (@)g () dt+ 1]
1819l x/<170
lﬂﬂ "))
A~ sup ) = @)g (@) de+ [ fll
lgllxr<1 (3.17)
-0 -rm) e,
(X)g

+Ifl,  feM(0,1).

||( <S>>>O

It follows from ( and the HLP principle (1.9) that || f°|| < ||f]| for every
feMi(0,1) and every r.i. norm || -|. We have therefore obtained “<” in (3.16)).

From the definition of the level function, for every f € M, (0, 1), we have

KH)U d</< %WY@Matemm.

S

Using Hardy’s lemma we get to

o

[0 - pposas < [ (””(f**(.y) - f*(y))> ()97 (5) ds

S Y

for every t € (0,1), f,g € M, (0,1). Using Fubini’s theorem, we rewrite the last
inequality as

[oe [ ew-rmas [0 [ (Pue-ren) mlas

(3.18)
For f € M, (0,1) we calculate
[ 56 - ps >>Cf
_/1133 /XOs dyds—/tll(s)f*()ds
[ rw [ " Sngl()dey [ 5 s as (3.19)
[ [ e [ 1w / Hasay- [T ras
For I we estimate
I=tf(1) /tllii)ds > et (1) (? - > :c[f)f**@) —etf(). (3.20)
For I1 we proceed similarly:
iz [ ("8 1) [ 1w
. 1) CY (3.21)
= [ le=Drw g dy—c | rdy



If c—1 > 0, then we can omit the first term on the second line of (3.21]), not

making it greater. Therefore, putting (3.20]) and (3.21]) together and using (3.19)),

we arrive at

10

I(t) 1

) = 1) = ellfllh < e~ f7 () —etfT 1) —c | fy)dy
LI(s) K s (3.22)
SI+11= [ 22 () = ()2
If c—1 <0, we return to and continue in our estimates:
[e-0rwPay-—c[ rua= e 1)f*(t)/ll(y>dy—c/1f*(y)dy
> e~ pm e [ 1
Assuming therefore that (1 — ¢)d < ¢, similarly as in (3.22)), we get
(1= "D (p )~ ) -l < 1 f**(t) e-na" D) -,
] d
< [T - o ®

Either way, we have

I(t)

Dipwro g [T o-ro) S, 1emion.reo)

Hence, for every f € M (0,1) we have

v [ s) = priap &

RIEOESN0) -

S
b'e

[ ("2 w-rw) 92

Y

+[I.f 1l
X (3.23)
<

~Y

+[ /11,
X

where the second inequality comes from by taking ¢ = 1 and supremum
over all g € M, (0,1) with [|g||x < 1.

As I has the average property, by Remark f— % 3 f(s)ds is bounded
simultaneously on L and m;. Since the operator S; is bounded on X', Theo-
rem asserts that X’ € Int(L*°, m;). Therefore f — 1 [¢ f(s)ds is bounded

on X’ and so, by duality ([1.14]), its associate operator, f — ftl @ ds, is bounded
on X. We therefore have

[ (M- ron) 0%

Yy S

S
X

("2 - f*(y))>o

X

Adding this estimate to (3.23)) and using (3.17)) we have

] ] o
Orr- o)) 5| (MLio-r) |+ = s
b Yy X
which concludes the proof. =
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Remark 3.14. Observe that the average property was only used in Theorem [2.11
to guarantee us the validity of the theorem for an arbitrary r.i. space. Therefore, if
the map f — % fot f(s)ds is bounded on the associate space of a certain r.i. space
X, we may drop this assumption and still obtain validity of (3.16]).

Also, we can view the condition about I having the average property as the
property of the operator H; to push the optimal target space Y71 far enough from
L', so that f ~ f** is bounded on Y7:1.

Let us demonstrate that for a function I defined by I(t) = tlog Z o€ [0 },

the conclusion of the theorem need not hold. To this end, let o € [ ,2] be

given and set X = L'. We first notice that fot@ds < I(t),t € (0,1) holds
for this particular choice of I (this assertion is contained as a special case in
Proposition. At the end of the proof of Lemma , we showed that Y1 = Aj.

Thus, in our setting, (3.16) reads as

170 ~ P20 - £ 0)

We now show that the left-hand side does not majorize the right-hand side. To
this end, it suffices to show that f +— f** is not bounded on A;. By Theorem [3.10]
this is equivalent to showing that

Ly I
/ (j) ds 5 t)a te (07 1)7
t S t

does not hold. Plugging in our choice of I, we get @ =log*2,¢t € (0,1) and

1 1]
/ ](S)ds—/ log” dSNlog 12 te(0,1).
t t s t

52

+ (£l
1

As log®™! % is not majorized by log® £, 2 the result follows.

The examples of functions which satlsfy are I(t) =t*, a € (0,1).
As for the condition , it is satisfied by every concave function for t €
(0, %) This follows from the following calculation:
/1[( d>/2tl NNEIUN IO
CE s3 2 = t?
Corollary 3.15. Let X be an r.i. space and assume that I satisfies all the con-
ditions we imposed in Theorem[3.13, Put ||f||z = ||S1.f**||x. Then

1Fllvy ~ | L0 ooy — pon| + 110

t

Z/
Proof. By Corollary Z is an r.i. space which admits boundedness of the
operator Sy. Thus, by Theorem |3.13, we have

1
I =[S0 - )
However, by Proposition [3.12
Ly
i~ s [T g+ s

+ 1

Zl

ISrgllz<1 t
1]
~ s [ Ty - g @ a1~ 1
lgllz<170
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3.3 Optimality and supremum operators

Next proposition is an analogue of Corollary for the operator Sj.

Proposition 3.16. Let Y be an r.i. space and assume that a concave function I
satisfies (2.7) and the average property. Then the operator Sy is bounded on Xs, .

Proof. By virtue of Proposition [3.1] the optimal domain space under the map
H;, Xy, exists for every r.i. space Y and is optimal in

IHiflly S 1fllxy,  f e Mi(01).
This means, by duality, that X3 is optimal in

IR f lx, S Wl f e My(0,1). (3.24)

From the definition of the norm of the space Yy , it easily follows that Yy is
optimal in

1B Nlxy S Wy, f e Mi(0,1). (3.25)

Let us check that X7, too, is optimal therein. Assume that
1Ref Nz S Wy f € Ma(0.1),

for some r.i. space Z. We need to show that Xi, < Z. Optimality of Yy  in
(3-25) and inequality (3.24)) tell us that Y’ < Y , which in turn implies that

1B Sz S [ f [y

Finally, optimality of space X3 in (3.24) yields Xi{, — Z as we wanted.

Define 3'(f) = A(k(f,t,mr, L)), f € M4 (0,1), where X is as in Theorem [3.4]
corresponding to the space Xy — here the space Xy plays the role of the space X.
Since I satisfies the average property, by Remark 2.9 m; is in fact an r.i. space
and so, by Theorem [I.21] 3’ is an r.i. norm. Respecting the notation from Theo-

rem [3.4] 3 < 8 and so
B(Ref*) < fllvy., -

Optimality of X3 in (3.25)) therefore tells us that §'(-) < || - |x; . Further, using
(13.6), we have

B 2 NSifllxy,  f € My(0,1).
Connecting last two estimate, we arrive at ||S;f|lx; S B'(f) S [|fllxy. In other
words, Sy is bounded on Xj,. O

In the final theorem of the chapter, we will need an alternative description of
the optimal domain norm. Boundedness of the operator T plays essential role
in there.

Theorem 3.17. Let I be a concave function satisfying (2.7). Let Y be an
r.i. space such that H;1 € Y. If Ty is bounded on Y’, then

Sup [Hihlly = [[Hif"|ly, f € M(0,1).

In other words, for the optimal domain space we have

Iy = [[Hrf s f e My(0,1).
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Proof. First, as H1 €Y, || - ||x, is an r.i. norm by Proposition . Next, as 17
is bounded on Y’, we have

lglly: = | Trglly, g€ M4(0,1).
We need to check that

SUPHHIhHY [Hif v, f e Mi(0,1).

To this end, fix f € M, (0,1). We estimate

/tl J;g " _||gy,<1/ g°(t) / fj dsdt
||gy,<1/ (j)/o g*(t)dtds

/ (58)/0 t)dtds

ol / ];( / (Trg)(t) dt ds

/ (S) / (Trg)(t) dt ds
Hglly/<1 I 19 ar

<~ sw 0<ng><” / e

ITrgllyr<1 I( )

~ 9|Iy/<1/ / f

Here, the first and second “a” is the assumption that I(t) ~ [, 1) ds. In the
second inequality we used the Hardy-Littlewood inequality (|1.3 . and the fact
that

Y

Hglly/<

)d dt

= zl/S(ng)(t)dtZ 1/8 sup — *(T)@dt

f;%dt 0 fg@dt 0 t<r<l I(T)g

is nonincreasing, being the integral mean of a nonincreasing function with respect
to the measure @ dt. O

Theorem 3.18. Let [ be a concave function as in Theorem |3.15. Then an
r.i. space X 1is the optimal domain space under the map Hy for some r.i. space
Y if and only if Sy is bounded on X'. In that case,

I ~ |20 - 00

+ 1 fllx,  feMi(0,1). (3.26)

Vice versa, an r.i. space 'Y is the optimal target space under the map Hj for
some r.i. space X if and only if T; is bounded on Y'. In that case,

Il ~ | [ £
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Proof. Since % is integrable, the optimal domain space X, exists for every r.i. space

Z by Proposition .1} By Proposition [3.16] S; is bounded on X{.. This, by The-
orem [3.13, means that

+1flh, f e My(0,1). (3.28)

Xy

I, = |20 = )

Now, given an r.i. space Z, operator 17 is bounded on Y, by virtue of Corol-

lary [2.16, Hence, by Theorem |3.17, we have

||f||XYZz|’/tl f[*((;)) ds| ., feM.(0,1). (3.29)

Assuming now that X is optimal for some Y, we have that X = Xy. Conse-

quently (3.28) turns into (3.26)) and S; is bounded X'.
On the contrary, assuming S; is bounded on X', we obtain validity of ([3.26)

by Theorem [3.13l We show that Xy, = X. To this end, let f € M,(0,1) be
given. Then

! f*(S)

(.//”
- t2 / I(r f
because, by Fubini’s theorem,

L

Q

11l

Q

- [ 5 s)
+/ [

1

(3.30)

/tl j;*((;) ds = 1/(: Iis)f*(s) ds.

Further,
IV

Observe that the operator R defined by

<[rof 5 [ roef 5SS 1
(3.31)

I(t) rt s
t)=—= | — d 0,1),t € (0,1
) t241®¢@>a f € My(0,1),1 € (0,1),
is associate to the operator H defined in (3.11]). Concavity of I implies that
t s t?
——ds~ —, te(0,1).
/o I “ &1 1O
Therefore, for the operator R’ defined by

R/f S dSv f S M+<07 1>7t S (07 ]-)7

fgls ds/ I(s
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we have

Rf(t) = R f(t), feM.(0,1),te(0,1).

The advantage of the operator R’ is that R’f* is nonincreasing for every f e
M, (0,1), being the integral mean of f* with respect to the measure dt.

Hence, using (3.12)), we have

I(t

IRFx ~ IR lx = swp [ RE®g@)dt~ sup [ RFE(g(H)dt

lgllx/ <10 lgll <170
1 1
= sup [ fY(O)Hg"(t)dt S sup [ fr(t)g*(t)dt =[x,
lgllxr <10 llgllxr <170
for every f € M,(0,1).
We also see that
I(t) ¢t r I(t) t r

r)dr > — L ——dr> ) =L | ——dr = (¢
tz/ PO 1505 [ e o,

as I € Ay. Thus

I(t) rt r

—= | —=f"(r)d

L[ o
Combining this with (3.30]) and (3.31)) yields

115w = 11

Turning our attention to the second part, the assumption on optimality of Y
for some space X implies Y = Yx. Hence 17 is bounded on Y’ and turns
into (3.27)).

In the other direction, let us assume that 77 is bounded on Y’. We show that
Y = Yx,, which shows optimality of ¥ for some space — Xy in fact.

For t € (0, 3) we estimate

/tlfsj)( **(s)—f*(s))ds:/tllg)/sf*r drds—/ll(s) “(s)ds
_/1183/f dd+/ Sg/f dd—/tI() “(s) ds
o [ a0y [ e
:/1:3/f*rdrds—t/t =2
> [0 53 77 ( tf()/tlli?ds
>t [ a0 - o) = T2 00 - 10

~ | fllx,  feM(0,1).

X
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Using this, (3.28]) and Theorem [3.17, we have

]Stt)<f**(t) — (1) + 111l

Xy

[0 - pronas

52

”fHYXY ~

A

+ 11/l (3.32)
Xy

[ "S- renaas

Q

sl AR
Y

Now, for every h € M, (0,1), we have

Frgloze=i ff!id <[

L h(r r L h(r)
N/ S mdra

where the first inequality is the average property of I. Further,

/t / drds—/ / dyds—i—/ / r)drds
§/0 dy/l ds 1 /Tl(ijdr (3.34)
gi/o h(r)dr+/t e

Deploying (8:33) for h(r) = “2(f*(r) = f*(r)) and (B:34) for h(r) = f*(r) in
this order in (3.32) yields

(3.33)

e, S | 20726 = o) s+ 151

/t /f drds—/f @
<My + 11l

We now claim that 77: Y’ — Y/ implies Y C A;. In the proof of Lemma we
showed that A} = m7 whenever I satisfies . Therefore, we can equivalently
show that Y' D ms Now, for every f € my there exists ¢ > 0 such that
f @) < I(t) € (0,1). Thus, from the lattice property of the space Y, it suffices
to show that t— () € Y’. We observe that (T71)(t) = @,t € (0,1), and so,
using the boundedness of the operator 17 on Y’, we have

:

1l (3.35)

= Iy S [y < oo

Y/

Hence, combining Lemma with Theorem |[3.10, we conclude that f — f** is
bounded on Y. Adding this piece of information to (3.35]), we obtain

1 fllyx, S Iflly-

As Yx, C Y holds trivially, the proof is complete. O
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4. Examples

In this chapter, we first briefly discuss all the properties we have imposed on a
function I so far and explore their relations. This will be followed by naming
particular examples of functions I, for some of which, we will apply the results
of Chapter [3|

4.1 Comparison of conditions

We have so far used these conditions:

t ds t
; ENW te(0,1),

1
/Ij)dsgm, te(0,1),
t S t
(iv)
1 (s) I(t)
—ds~ —~= —1 t 1
[0t e

/tlwds%w—l te(0,1).

We have always formulated all these properties on the whole unit interval
(0,1), but what is truly needed is its validity on some right neighbourhood of 0.

When checking validity of condition (ii), it is oft easier to check whether I
satisfies I'(t) ~ @,t € (0,1), the latter being stronger.

Similarly, if (+£:) ~ -1t € (0,1), th
imilarly, if { 775 oL , 1), then

() () )-8 i 2 <o

From here it follows that condition (iv), and consequently (iii), hold.

We will be interested in two types of domains. Firstly, those whose isoperimet-
ric profile is related to polynomials I(t) = t*, « € [%, 1) and, secondly, product
probability spaces. To this end, we check which conditions are satisfied.

The following proposition states, that strictly concave polynomials satisfy all
the conditions that appeared throughout the thesis. The proof is omitted.

Proposition 4.1 (Polynomials t* for a € (0,1)). Let a € (0,1) be given. Then
I(t) = t* satisfies all the conditions (i)-(v). Moreover, the condition (3.15)) is
satisfied with ¢ = 2—a > 1 and so I satisfies all the assumptions in Theorem[3.15,
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Next, let us consider ®: [0,00) — [0,00). Assume ® is twice differentiable,
strictly increasing and convex in (0,00), v/® is concave and ®(0) = 0. Define
further a measure on R by

dpip(z) = coe™®12D dz,

where cg is such that pe(R) = 1.
We then define its product measure jigp, on R" as

Hon = e X - X Ug .
| ——
n-times

Then (R™, us ) is a probability space.
It is further known by [2 Chapter 7] that

I(t) = Inn py, (t) =~ tP <<I>—1 (log i)) , t€ <0, ;) : (4.1)

Note that [ is quasi-concave function — I being nondecreasing is proved in [2
Lemma 11.1], while ¢ — @ being nonincreasing follows from the fact that ® is
increasing and convex. Hence, the theory we built is applicable.

We will now check that I(t) &~ 22 on some right neighbourhood of 0.

Tt
First, we observe that ® € A,. Indeed, to see this, recall that v/® is concave
and so V® € A,. We estimate

2

B(2t) = ( <I>(2t)>2 < (c (D(t)) — 2d(t), te (0,00).
As ® is an increasing convex function with ®(0) = 0, we write
O(t) = /Ot P'(s)ds, te(0,00).
Convexity tells us that @' is nondecreasing and so, for every ¢ € (0,00), we have
B(t) = /Ot /() ds < 10/(1) < /t% '(s) ds < B(28).
Combining with the knowledge that ® € A,, we obtain
Q' (t) ~ (I)it), t € (0, 00).

Plugging this new information into (4.1]), we have

tlog 2 1
()~ —281 te(O,), 4.2

and so we may as well consider the very last expression to be the representantive
of I. Differentiating, we get

e (o (os?))
(log% — 1) log 2 1
= + L 5, t€ (0,
o1 (log?) @ (¢ (log2)) - (@1 (log 2)) < 2>




As for A, we simply note that log% — 1= 10g% on some right neighbourhood of
0, because lim;_,q+ log% = o0o. Therefore, it follows that A(t) ~ @ Using both

(4.1) and (4.2), we obtain
log 2 T 2 I
B(t) ~ 21 ( () ) (t)

tlog - tlog 2’

Finally, observing that lim;_,o+ % = (, we conclude that B is negligible.

We have therefore proved the following proposition.
Proposition 4.2. Let I be as in (4.1). Then

I'(t) ~ ]Ejt)

on some right neighbourhood of 0. Consequently, condition (ii) is satisfied.
A corollary to this observation follows immediately from Corollary

Corollary 4.3. Let X be an r.i. space and let I as in (4.1). Then Ty is bounded
on Yy.

4.2 Higher-order Sobolev embeddings

Recall that Maz’ya classes of domains 7, for o € [%, 1) are defined as

T = {Q:[Q(t) >0 e {o;]}

Since I(t) =t enjoys the average property, we have, by virtue of [2, Proposition
8.6],

m—1 t
IR7 flx =~ | g [, 048] e ML0.D),
X
and R
1H7 Flx | [ Jgad ()45 o F e ML),
X

for every r.i. space X. Define a function J: (0,1) — (0, 00) by

J(t) = = ¢tml=2) e (0,1).

From here, we see that whenever 1 — m(1 — «) > 0, then J(¢) is an increasing,
strictly concave bijection of (0, 1) onto itself. Proposition[d.1]therefore asserts that
the function J satisfies all the conditions (i)-(v). Therefore, for this particular
choice of I, Theorem reads as follows:

Corollary 4.4. Let o € [%, 1) be given and let m € N be such that 1—m(1—a) >
0. Put J(t) = t'=m=) fort € (0,1). Then an r.i. space X is the optimal domain
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space under the map HJ' for some r.i. space Y if and only if Sy is bounded on
X'. In that case,

J(t)

() - 1)

Fllvx ~ H

+ 1 flls f € My(0,1).

Vice versa, an r.i. space Y is the optimal target space under the map H}* for
some r.1. space X if and only if Ty is bounded on Y'. In that case,

1
1l ~ H /
t

Recall that a bounded open €2 C R" is said to be a John domain, if there
exists xg € {2 and ¢ > 0 such that for every x € () there exists a recitifiable curve
vz [0,1] — €, parametrized by its arclength, such that

dist(v.(t),00) > ct, t€]0,1].

,  feML(01).

Y

f*(s)
70s) ds

It is known that for every John domain €2 we have Ig(t) ~ tw. Note that every
Lipschitz domain is also a John domain.
Now, given Q2 C R™ a John domain, [2, Theorem 6.1] asserts that

H' X =Y <<= V"X =Y
whenever X and Y are r.i. spaces. Combining this with Corollary [.4] we have:

Corollary 4.5. Let Q) C R" be a John domain. Let m € N;m < n be given and
put J(t) = t'=% fort € (0,1). Then an r.i. space X () is the optimal domain
space in the m-th order Sobolev embedding for some r.i. space Y () if and only
if Sy is bounded on X'. In that case,

Ifllv = |l () = £ )] + 1l f € Mo (0,1),

Vice versa, an 1.i. space Y (§2) is the optimal target space in the m-th order
Sobolev embedding for some r.i. space X (), if and only if Ty is bounded on Y,
in which case

Il = | [ 5% s

The very last corollary recovers [10, Theorem A] for Lipschitz domains and
extends the result to John domains.

The next proposition exhibits an Euclidean domain €2, which is extreme in
the sense that Iqg (t) =~ t*. The proof follows from a special case of [13, Section
5.3.3].

Proposition 4.6. Let o € [%, 1) and define 1y : {0, ﬁ} — [0, 00) by

) f€M+(071)

Y

_ 1 o 1
Halr) =, 57 (1= (1= )=, re [0, —],
-«

where w,_, denotes the Lebesque measure of the unit ball in R 1.
Define Q, C R™ as

1
Q, = {(x/,:vn) eR": 2 eR" 0<a, < T 2’| < na(:vn)} ) (4.3)
-«
Then || =1 and I, (t) = t*,t € [O, %} In particular, Q, € Ja.
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The following theorem is a special case of [2, Theorem 6.4].

Theorem 4.7. Let o € [%, 1) and m € N be such that 1 — m(1 — «) > 0. Put

J(t) = t'7m0=2)  Let X and Y be r.i. spaces and let Qg be as in (£.3)). Then the
following statements are equivalent:

(1)
H;: X ->Y;
(ii)
VQ e T, VTX(Q) = Y(Q)
VX () = Y(Q).

Using this theorem, we formulate a result analogous to Corollary

Corollary 4.8. Let a € {%,1) and m € N be such that 1 —m(l —«a) > 0.
Put J(t) = t7=m0=%) and let Q2 be as in (£.3). Then an r.i. space X () is the
optimal domain space in the m-th order sobolev embedding for some r.i. space
Y () if and only if Sy is bounded on X'. In this case, V"X (Q) — Y(Q) for
every Q) € J, and

Fllys = ™) = O+ 1f Il f € Mi(0,1).

Vice versa, an r.i. space Y (§2,) is the optimal target space in the m-th order
Sobolev embedding for some r.i. space X (§4) if and only if T is bounded on Y.
In this case, V"X (Q2) — Y (Q) for every Q € J, and

, [ eML(0,1).

X

1
I Fllxy 2| [ 70771 () ds
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