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Supervisor: prof. RNDr. Luboš Pick, CSc., DSc., Department of Mathematical
Analysis

Abstract: Working with function spaces in various branches of mathematical
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Introduction
When tasked with creating a mathematical model of a given scenario, one ap-
proach is to interpret the input data and output solutions as measurable functions,
which are part of some function spaces, and the assignment of data to a solution
as an operator between these spaces. We then obtain the abstract model

T : X → Y, (1)
where X and Y are function spaces containing the data and solutions, respec-
tively, and T is a linear operator mapping the data to its solution. For example,
in economics, the problem of increasing one’s capital in the stock market can be
modelled as the relation (1), where X is the behaviour of the market, Y are pos-
sible decisions of a trader (purchases or sales), and T maps the current state of
the market to the best possible decision. Numerous examples of such modelling
in physics, biology and other fields follow naturally.

One of the most important questions when working with such models is what
can we say about the quality of the solutions based on the quality of the input
data. This is the motivation behind using different function spaces, as we group
together functions with the same quality into one space. At this point, it is
natural to question whether we may find an optimal space for a given problem.
There are two forms of such a task: either we are given data and search for the
smallest group of possible solutions (= given space X and finding smallest space
Y ), or we are given conditions on the solutions and search for the largest amount
of data whose solutions satisfy such demands (= given space Y and finding largest
space X).

When tasked with solving optimality problems, it is important to remember
that we also have to consider the properties of the chosen classes of function spaces
in terms of accessibility and expressivity. For instance, Lebesgue Lp spaces are
a very well understood and accessible class of spaces (as they are described by
a single parameter), though the spaces may be too sparse to provide accurate
enough information, and are as such not expressive enough for certain needs.
On the other side of the spectrum sit rearrangement-invariant spaces, where an
optimal space virtually always exists, however, it is described implicitly, and as
such, is practically impossible to work with. A good middle ground is provided
by Orlicz spaces, a class of function spaces described by Young functions. As
such, these spaces provide both accessibility and expressivity.

Optimality problems are not a new discipline - the earlier results go back into
the 2nd half of the 20th century, but it was not until the turn of the millennium
that they have seen a boom in interest. As such, the field is now supported by a
vast amount of literature, which includes the works Hempel et al. [1970], Adams
[1975], Talenti [1976], Brézis and Wainger [1980], Cianchi [1996], Curbera and
Ricker [2002], Vyb́ıral [2007], Fontana and Morpurgo [2014], Clavero and Soria
[2016], Neves and Opic [2020], and Ho [2021].

This work is, primarily, an extension of the results obtained by [Musil et al.,
2022, Chapter 4] to a case that had been left open in that paper. More precisely,
we adapt the techniques from the aforementioned paper, where only Lipschitz
domains were treated, to the case of considerably less regular domains, in par-
ticular those in the so-called Maz’ya classes. We focus on the optimal form of
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Sobolev embeddings within rearrangement-invariant spaces, and within Orlicz
spaces, on Maz’ya classes of Euclidean domains. Using the general theory we
introduce, we prove the nonexistence of certain optimal Orlicz spaces in Orlicz–
Sobolev embeddings, namely that there is no largest domain Orlicz space in the
embedding

WmLA(Ω) ↪→ L∞,q,−1+m(1−α)− 1
q (Ω)

for appropriate values of the parameters involved.
The motivation for studying embeddings into this particular space stems from

the fact that it is the optimal (smallest) rearrangement-invariant space which
renders the embedding true for every Ω ∈ Jα in the very important case when
the corresponding domain Orlicz space LA is the critical (limiting) Lebesgue space
L

1
m(1−α) . This was first observed in Brézis and Wainger [1980] in connection with

the special case α = 1
n′ , that is, L

1
m(1−α) = L

n
m , where n is the dimension of

the underlying ambient Euclidean space and m is the order of differentiation.
There are various reasons for establishing results involving such Lorentz-type
refinements on the target side, perhaps the most notable one being the fact that
when such embeddings are considered, then no loss of information occurs under
their iterations (for more details, see Cianchi et al. [2015] and the references
therein).

The text is structured as follows. In Chapter 1, we present definitions and
basic knowledge about the relevant function spaces and the isoperimetric func-
tion. In Chapter 2, we collect background results necessary for proofs of our main
results, namely the principal alternative and reduction principle for Sobolev em-
beddings, and the forms of optimal r.i. domain and target spaces. Lastly, in
Chapter 3, we present the main results of this work. We first establish a general
formula for the fundamental function of an operator-induced space based on the
isoperimetric behavior of the underlying domain under certain mild assumptions.
Next, we consider a specific situation concerning Maz’ya domains.
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1. Preliminaries

1.1 Function spaces
In this section, we recall some definitions and basic facts from the theory of
various function spaces. For further details, the standard reference is Bennett
and Sharpley [1988].

Let n ∈ N. In this work, |E| denotes the n-dimensional Lebesgue measure of
E for E ⊂ Rn measurable.

Let Ω ⊂ Rn be a bounded open set. We assume, without loss of generality,
that |Ω| = 1, and define

M(Ω) = {f : Ω → [−∞,∞]; f is Lebesgue-measurable in (0,∞)},

M+(Ω) = {f ∈ M(Ω) : f ≥ 0},
and

M0(Ω) = {f ∈ M(Ω) : f is finite a.e. in Ω}.
The distribution function f∗ : (0,∞) → [0,∞] of a function f ∈ M(Ω) is

defined as
f∗(s) = |{x ∈ Ω : |f(x)| > s}| for s ∈ (0,∞),

and the decreasing rearrangement f ∗ : [0, 1] → [0,∞] of a function f ∈ M(Ω) is
defined as

f ∗(t) = inf {s ∈ (0,∞) : f∗(s) ≤ t} for t ∈ [0, 1].
The operation f → f ∗ is monotone in the sense that for f1, f2 ∈ M(Ω),

|f1| ≤ |f2| a.e. in Ω =⇒ f ∗
1 ≤ f ∗

2 in [0, 1].

The elementary maximal function f ∗∗ : (0, 1] → [0,∞] of a function f ∈ M(Ω)
is defined as

f ∗∗(t) = 1
t

∫︂ t

0
f ∗(s) ds for t ∈ (0, 1].

The operation f → f ∗∗ is subadditive in the sense that for f1, f2 ∈ M(Ω),

(f1 + f2)∗∗ ≤ f ∗∗
1 + f ∗∗

2 .

The Hardy–Littlewood inequality is a classical property of function rearrange-
ments, which asserts that, for f1, f2 ∈ M(Ω),∫︂

Ω
|f1(x)f2(x)| dx ≤

∫︂ 1

0
f ∗

1 (t)f ∗
2 (t) dt. (1.1)

A specialization of the inequality states that for every f ∈ M(Ω) and for every
E ⊂ Ω measurable, ∫︂

E
|f(x)| dx ≤

∫︂ |E|

0
f ∗(t) dt.

Next, we define the rearrangement-invariant norm. We say that a functional

∥ · ∥X(0,1) : M+(0, 1) → [0,∞]

is a function norm, if for all f, g and {fj}j∈N in M+(0, 1), and every λ ≥ 0, the
following properties hold:
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(P1) ∥f∥X(0,1) = 0 ⇐⇒ f = 0 a.e.,
∥λf∥X(0,1) = λ∥f∥X(0,1),
∥f + g∥X(0,1) ≤ ∥f∥X(0,1) + ∥g∥X(0,1);

(P2) f ≤ g a.e. =⇒ ∥f∥X(0,1) ≤ ∥g∥X(0,1);

(P3) fj ↗ f a.e. =⇒ ∥fj∥X(0,1) ↗ ∥f∥X(0,1);

(P4) ∥1∥X(0,1) < ∞;

(P5)
∫︁ 1

0 f(x) dx ≤ c · ∥f∥X(0,1) for some constant c independent of f .

If, in addition, the property

(P6) ∥f∥X(0,1) = ∥g∥X(0,1) ⇐⇒ f ∗ = g∗,

holds, we call the functional ∥ · ∥X(0,1) a rearrangement-invariant function norm.
For any such rearrangement-invariant function norm ∥ · ∥X(0,1), we define the
functional ∥ · ∥X′(0,1) as

∥f∥X′(0,1) = sup
{︂ ∫︂ 1

0
f(t)g(t) dt : g ∈ M+(0, 1), ∥g∥X(0,1) ≤ 1

}︂
for f ∈ M+(0, 1). The functional ∥·∥X′(0,1) is then also a rearrangement-invariant
function norm, see [Bennett and Sharpley, 1988, Chapter 1, Theorem 2.2], and it
is called the associate function norm of ∥ · ∥X(0,1) and, by [Bennett and Sharpley,
1988, Chapter 1, Theorem 2.7] it holds that ∥ · ∥X′′(0,1) = ∥ · ∥X(0,1). We say
that ∥ · ∥X(0,1) is a rearrangement-invariant function quasinorm, if it satisfies the
conditions (P2), (P3), (P4) and (P6), and (Q1), a weaker version of (P1), where

(Q1) ∥f∥X(0,1) = 0 ⇐⇒ f = 0 a.e.,
∥λf∥X(0,1) = λ∥f∥X(0,1),
∃ c ∈ (0,∞) such that ∥f + g∥X(0,1) ≤ c · (∥f∥X(0,1) + ∥g∥X(0,1)),

for all f, g ∈ M+(0, 1) and every λ ≥ 0.
Given a rearrangement-invariant function norm ∥ · ∥X(0,1), we define the func-

tional ∥ · ∥X(Ω) as

∥f∥X(Ω) = ∥f ∗∥X(0,1) for f ∈ M(Ω),

and we call the set

X(Ω) = {f ∈ M(Ω) : ∥f∥X(Ω) < ∞}

a rearrangement-invariant space. Furthermore, the space X(0, 1) is called the
representation space of X(Ω), and we define the associate space X ′(Ω) of X(Ω)
as

X ′(Ω) = {f ∈ M(Ω) : ∥f∥X′(Ω) < ∞}.

Then, the Hölder inequality∫︂
Ω

|f(x)g(x)| dx ≤ ∥f∥X(Ω)∥g∥X′(Ω)
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holds for every f ∈ X(Ω) and g ∈ X ′(Ω). For any rearrangement-invariant
spaces X(Ω) and Y (Ω), the continuous embedding of X(Ω) into Y (Ω) is denoted
by X(Ω) ↪→ Y (Ω) and means that there exists a constant c > 0 such that for any
f ∈ X(Ω), it holds that f ∈ Y (Ω) and ∥f∥Y (Ω) ≤ c · ∥f∥X(Ω). By [Bennett and
Sharpley, 1988, Chapter 1, Proposition 2.10] it holds that

X(Ω) ↪→ Y (Ω) ⇐⇒ Y ′(Ω) ↪→ X ′(Ω),

and by [Bennett and Sharpley, 1988, Chapter 1, Theorem 1.8], it holds that

X(Ω) ⊂ Y (Ω) =⇒ X(Ω) ↪→ Y (Ω).

Note that the functional ∥ · ∥X(Ω) may be also defined if its corresponding
functional ∥ · ∥X(0,1) is only a rearrangement-invariant quasinorm, however, some
of the properties listed here for the case where ∥ · ∥X(0,1) is a rearrangement-
invariant norm then do not necessarily hold.

Occasionally, when no confusion can arise, we will, for simplicity’s sake, omit
the underlying domain in the notation, more precisely, we will write X in place
of X(Ω) or X(0, 1), etc.

For given rearrangement-invariant spaces X and Y , we denote the bounded-
ness of an operator T from X to Y by T : X → Y .

Let λ > 0. For any f ∈ M(0, 1), the dilation operator Eλ is defined as

Eλf(t) =
{︄
f( t

λ
) if 0 < t ≤ λ

0 if λ < t ≤ 1.

Such operator is bounded on any rearrangement-invariant space X(0, 1), with
norm smaller than or equal to max{1, 1

λ
}.

We introduce, for γ ∈ (0, 1), the operator

Tγ g(t) = t−γ sup
s∈[t,1]

sγg∗(s), g ∈ M(0, 1), t ∈ (0, 1). (1.2)

Given any f1, f2 ∈ M+(0, 1) such that∫︂ t

0
f1(s) ds ≤

∫︂ t

0
f2(s) ds for every t ∈ (0, 1),

by Hardy’s lemma the inequality∫︂ 1

0
f1(s)h(s) ds ≤

∫︂ 1

0
f2(s)h(s) ds

holds for every non-increasing function h : (0, 1) → [0,∞]. Consequently, the
Hardy–Littlewood–Pólya principle, which asserts that if g1, g2 ∈ M(Ω) satisfy∫︂ t

0
g∗

1(s) ds ≤
∫︂ t

0
g∗

2(s) ds for every t ∈ (0, 1),

then
∥g1∥X(Ω) ≤ ∥g2∥X(Ω),

holds for every rearrangement-invariant space X(Ω).
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The fundamental function φX : [0, 1] → [0, 1] of a rearrangement-invariant
space X(Ω) is defined as

φX(t) = ∥χE∥X(Ω) for t ∈ [0, 1],

where E ⊂ Ω is measurable and such that |E| = t. Thanks to the rearrangement
invariance of ∥ · ∥X(Ω), the function φX is well defined. We define the fundamen-
tal level as the collection of all rearrangement-invariant spaces, which share the
same fundamental function.

We say that a function φ : [0,∞) → [0,∞) is quasiconcave, if it is posi-
tive, non-decreasing, and the function t

φ(t) : (0,∞) → (0,∞) is non-decreasing.
Recall that by [Bennett and Sharpley, 1988, Chapter 2 Corollary 5.3] for any
rearrangement-invariant space X(Ω), its fundamental function φX is quasicon-
cave. Furthermore, by [Bennett and Sharpley, 1988, Chapter 2 Proposition 5.10]
it holds that for any quasiconcave function φ : [0,∞) → [0,∞) there exists a con-
cave function φ : [0,∞) → [0,∞) such that for every t ∈ [0,∞), the inequality
1
2φ(t) ≤ φ(t) ≤ φ(t) holds.

Let φ : [0,∞) → [0,∞) be a quasiconcave function, let φ : [0,∞) → [0,∞)
be a concave function such that 1

2φ(t) ≤ φ(t) ≤ φ(t) for every t ∈ [0,∞). We
then define the functionals

∥f∥Λφ =
∫︂ ∞

0
f ∗(t) dφ(t), f ∈ M(Ω),

and
∥f∥Mφ = sup

t∈(0,∞)
φ(t)f ∗∗(t), f ∈ M(Ω).

By [Bennett and Sharpley, 1988, Chapter 2, Theorem 5.13], these functionals are
rearrangement-invariant function norms, and as such, we define the corresponding
rearrangement-invariant spaces Λφ, and Mφ. Both of these spaces have the same
fundamental function equal to φ. Furthermore, the space Λφ is the smallest
rearrangement-invariant space with the fundamental function φ, while Mφ is the
largest rearrangement-invariant space with the fundamental function φ.

Given a rearrangement-invariant space X, we define the corresponding Lorentz
space Λ(X) = ΛφX

and Marcinkiewicz space M(X) = MφX
. Let us now recall

the Lorentz–Marcinkiewicz sandwich

Λ(X) ↪→ X ↪→ M(X). (1.3)

Note that the norm of both embeddings equals 1.
Throughout this work, we use the convention that 1

∞ = 0 and 0 · ∞ = 0. Let
p ∈ [1,∞]. We define the Lebesgue norm ∥ · ∥Lp(0,1) as

∥f∥Lp(0,1) =

⎧⎪⎨⎪⎩
(︂∫︁ 1

0 |f(x)|p dx
)︂1/p

p ∈ [1,∞)
esssup
x∈(0,1)

|f(x)| p = ∞

for f ∈ M(0, 1). We then define the Lebesgue space Lp(0, 1) as

Lp(0, 1) =
{︂
f : f ∈ M(0, 1), ∥f∥Lp(0,1) < ∞

}︂
.
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Let us recall the Lebesgue sandwich for any rearrangement-invariant space X(Ω)

L∞(Ω) ↪→ X(Ω) ↪→ L1(Ω).

Let 1 ≤ p, q ≤ ∞. The functionals ∥ · ∥Lp,q(0,1) and ∥ · ∥L(p,q)(0,1) are respectively
defined as

∥f∥Lp,q(0,1) = ∥t
1
p

− 1
q f ∗(t)∥Lq(0,1) and

∥f∥L(p,q)(0,1) = ∥t
1
p

− 1
q f ∗∗(t)∥Lq(0,1)

for f ∈ M+(0, 1). Let us recall that if 1 < p ≤ ∞,

Lp,q(Ω) = L(p,q)(Ω),

and if one of the conditions

(L1) 1 < p < ∞, 1 ≤ q ≤ ∞,

(L2) p = q = 1,

(L3) p = q = ∞,

is met, then ∥ · ∥Lp,q(0,1) is equivalent to a rearrangement-invariant function norm.
Then, the corresponding rearrangement-invariant function space Lp,q(Ω) is called
a Lorentz space.

Let p ∈ [1,∞]. Then Lp(Ω) = Lp,p(Ω), and

1 ≤ r ≤ s ≤ ∞ =⇒ Lp,r(Ω) ↪→ Lp,s(Ω),

where equality of the spaces is attained if and only if r = s. Note that by equality
of two rearrangement-invariant spaces X and Y , we mean that X and Y coincide
in set-theoretical sense, and, moreover, that their norms are equivalent in the
sense that there exists a constant c > 0 such that

c−1 · ∥f∥X ≤ ∥f∥Y ≤ c · ∥f∥X

for every f ∈ X.
Let 1 ≤ p, q ≤ ∞, α ∈ R. The functionals ∥ · ∥Lp,q;α(0,1) and ∥ · ∥L(p,q;α)(0,1) are

defined as
∥f∥Lp,q,α(0,1) = ∥t

1
p

− 1
q logα

(︂
2
t

)︂
f ∗(t)∥Lq(0,1) and

∥f∥L(p,q,α)(0,1) = ∥t
1
p

− 1
q logα

(︂
2
t

)︂
f ∗∗(t)∥Lq(0,1)

for f ∈ M+(0, 1). If one of the conditions

(Z1) 1 < p < ∞, 1 ≤ q ≤ ∞, α ∈ R,

(Z2) p = 1, q = 1, α ≥ 0,

(Z3) p = ∞, q = ∞, α ≤ 0,

(Z4) p = ∞, 1 ≤ q < ∞, α + 1
q
< 0,
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is met, then ∥·∥Lp,q;α(0,1) is equivalent to a rearrangement-invariant function norm.
Then the corresponding rearrangement-invariant function space Lp,q;α(Ω) is called
a Lorentz–Zygmund space.

We say that A : [0,∞) → [0,∞] is a Young function, if it is a convex non-
constant left-continuous function such that A(0) = 0. Let us recall that any such
function may be written in the integral form

A(t) =
∫︂ t

0
a(s)ds for t ≥ 0,

where a : [0,∞) → [0,∞] is a non-decreasing, left-continuous function, which is
not identically 0 or ∞.

The Luxemburg function norm is defined as

∥f∥LA(0,1) = inf
{︄
λ > 0 :

∫︂ 1

0
A

(︄
f(s)
λ

)︄
ds ≤ 1

}︄
for f ∈ M+(Ω),

the Orlicz space LA(Ω) is defined as the rearrangement-invariant space associated
with the Luxemburg function norm. Then, for some p ∈ [1,∞) and A(t) = tp,
LA(Ω) = Lp(Ω); and for B(t) = ∞ · χ(1,∞)(t), LB(Ω) = L∞(Ω).

Let A and B be Young functions. We say that A dominates B near infinity if
there exist constants c > 0 and t0 > 0 such that

B(t) ≤ A(ct) for t ≥ t0.

We say that A and B are equivalent near infinity if they dominate each other
near infinity. Furthermore, it holds that

LA(Ω) ↪→ LB(Ω) ⇐⇒ A dominates B near infinity.

We denote certain Orlicz spaces without explicitly defining the corresponding
Young functions. The Orlicz space associated with a Young function equivalent
near infinity to tp logα t, where p > 1 and α ∈ R, or p = 1 and α ≥ 0, is denoted
by Lp logα L(Ω), and the Orlicz space associated with a Young function equivalent
near infinity to etβ , where β > 0, is denoted by expLβ(Ω).

In certain cases, the classes of Lorentz-Zygmund and Orlicz spaces overlap. If
1 ≤ p < ∞ and α ∈ R, then Lp,p;α(Ω) = Lp logpα L(Ω). Additionally, if β > 0,
then L∞,∞;−β(Ω) = expL

1
β (Ω).

It is a fact that for every fundamental level of rearrangement-invariant spaces,
there exists a unique Orlicz space with the same fundamental function. For a
rearrangement-invariant space X, this fundamental Orlicz space is denoted by
L(X).

For certain classes of function spaces, their fundamental functions are known.
By Opic and Pick [1999], it holds that

φLp(t) ≈
{︄
t

1
p p < ∞

1 p = ∞,

φLp,q ≈ φLp ∀p, q,
and

φLp,q;α ≈

⎧⎨⎩ t
1
p logα 2

t
if conditions (Z1) or (Z2) are met

(log 2
t
)α+ 1

q if conditions (Z3) or (Z4) are met.
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Furthermore, by [Pick et al., 2013, Example 7.9.4 (iv), p. 260], it holds that

φLA(t) = 1
A−1(1

t
) .

Let h1, h2 ∈ M(Ω). The fact that there exists a positive constant c such that
h1(x) ≤ c · h2(x), or h1(x) ≥ c · h2(x) for any x ∈ Ω is denoted by h1 ≲ h2 or
h1 ≳ h2, respectively. If both inequalities h1 ≲ h2 and h2 ≳ h1 hold, we write
h1 ≈ h2.

Let A, B : (0,∞) → (0,∞). By A(t) ≈ B(t) for t ≫ 1, we denote that there
exist constants c, t0 > 1 such that c−1 · A(t) ≤ B(t) ≤ c · A(t) for every t > t0.

We say that A : (0,∞) → (0,∞) satisfies the ∆2 condition, if it is non-
decreasing and the inequality A(2t) ≲ A(t) holds for every t ∈ (0,∞). Then, by
Pick et al. [2013, Theorem 4.7.3] it holds that

f ∈ LA ⇐⇒
∫︂
A(f) < ∞ for any f ∈ M+(Ω).

1.2 Isoperimetric functions and Sobolev spaces
In this section, we shall define some basic terms and recall simple facts concerning
the isoperimetric function and Sobolev spaces.

Let n, Ω be as in section 1.1. Let n′ = n
n−1 . We define the perimeter P (E,Ω),

of a Lebesgue-measurable set E ⊂ Ω as

P (E,Ω) =
∫︂

Ω∩∂M E
dHn−1(x),

where ∂ME denotes the essential boundary of E (for details see Maz’ya [2011].
We then define the isoperimetric function IΩ : [0, 1] → [0,∞] of Ω as

IΩ(t) =
{︄

inf{P (E,Ω) : E ⊂ Ω, t ≤ |E| ≤ 1
2} t ∈ [0, 1

2 ],
IΩ(1 − t) t ∈ (1

2 , 1].

Note that IΩ(t) is finite for t ∈ [0, 1
2) (for the detailed proof, see [Cianchi et al.,

2015, Chapter 4]). Also, by [Cianchi et al., 2015, Proposition 4.1], there exists a
constant c > 0 such that

IΩ(t) ≤ c · t
1

n′ near zero.

Thus, the best possible behavior of the isoperimetric function at 0 is IΩ(t) ≈ t
1

n′ .
What this means is that, essentially, IΩ(t) cannot decay more slowly than t

1
n′ as

t → 0, independently of Ω.
We will say that Ω has a Lipschitz boundary, or simply is a Lipschitz domain,

if at each point of the boundary of Ω, the boundary is locally the graph of a
Lipschitz function.

We shall call Ω a John domain, if there exists c ∈ (0, 1) and x0 ∈ Ω such
that for every x ∈ Ω there exists a rectifiable curve parametrized by arclength
ξ : [0, r] → Ω, such that ξ(0) = x, ξ(r) = x0 and

dist(ξ(s), ∂Ω) ≥ c · s for s ∈ [0, r].
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An important link between John domains and the theory of isoperimetric func-
tions is that if Ω is a John domain, then IΩ(t) ≈ t

1
n′ .

Let α ∈ [ 1
n′ , 1]. We define the Maz’ya class of Euclidean domains X as

Jα =
{︂
X : IX(t) ≥ c · tα for some constant c > 0 and t ∈ [0, 1

2 ]
}︂
.

By definition, every Lipschitz domain is a John domain. Furthermore, we
observe that Jα ⊆ Jβ for α ≤ β.

Let m ∈ N, let X(Ω) be a rearrangement-invariant function space. The m-th
order Sobolev space WmX(Ω) is defined as

WmX(Ω) = {u : u is m-times weakly differentiable in Ω,

|∇ku| ∈ X(Ω) for k = 0, . . . ,m},
and the m-th order Sobolev space V mX(Ω) is defined as

V mX(Ω) = {u : u is m-times weakly differentiable in Ω,

|∇mu| ∈ X(Ω)}.
Assume now that ∫︂ 1

0

1
IΩ(s) ds < ∞. (1.4)

Then, by [Cianchi et al., 2015, Proposition 4.5]

WmX(Ω) = V mX(Ω)

in set-theoretical sense with their norms equivalent. If we only consider a weaker
form of (1.4), namely that there exists a positive constant c such that

IΩ(t) ≥ c · t for t ∈ [0, 1
2 ],

it then holds by [Cianchi et al., 2015, Chapter 4, Corollary 4.3, Proposition 4.4]
that V mX(Ω) ↪→ V mL1(Ω), V mX(Ω) ⊂ V kL1(Ω) for every k = 0, . . . ,m− 1, and
furthermore for any Y (Ω) rearrangement-invariant space, V mX(Ω) ↪→ Y (Ω) if
and only if there exists a positive constant c such that ∥u∥Y (Ω) ≤ c · ∥∇mu∥X(Ω)
for all u ∈ V m

⊥ X(Ω), where

V m
⊥ X(Ω) =

{︂
u ∈ V mX(Ω) :

∫︂
Ω

∇ku(x) dx = 0 for k = 0, . . . ,m− 1
}︂
.

In the case where X(Ω) = LA(Ω) is an Orlicz space, we define an Orlicz–
Sobolev space as WmLA(Ω) = WmX(Ω).

We say that X(Ω) is the optimal (largest) rearrangement-invariant domain
space in embedding

WmX(Ω) ↪→ Y (Ω), (1.5)
if X(Ω) is a rearrangement-invariant space, embedding (1.5) holds, and if (1.5)
holds with X(Ω) replaced by a rearrangement-invariant space Z(Ω), then embed-
ding Z(Ω) ↪→ X(Ω) holds. Similarly, we say that Y (Ω) is the optimal (smallest)
r.i. target space in embedding (1.5), if Y (Ω) is a rearrangement-invariant space,
embedding (1.5) holds, and if embedding (1.5) holds with Y (Ω) replaced by a
rearrangement-invariant space V (Ω), then embedding Y (Ω) ↪→ V (Ω) holds.
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2. Background results
Let n ∈ N, let Ω ⊂ Rn be an open set, and let X(Ω) be a rearrangement-invariant
space. For the sake of brevity, we shall refer to rearrangement-invariant spaces
as r.i. spaces from this point onwards. In this work, we consider Sobolev spaces
WmX(Ω) together with their norm defined as

∥u∥W mX(Ω) =
m∑︂

k=0
∥∇ku∥X(Ω)

for m ∈ N. Furthermore, we consider Sobolev embeddings of the form

WmX(Ω) ↪→ Y (Ω), (2.1)

where Y (Ω) is an r.i. space. We restrict ourselves to such sets Ω which fulfil the
property

inf
t∈(0,1)

IΩ(t)
t

> 0

and classes of such sets. Furthermore, by Cianchi et al. [2015], it is known that
given such an r.i. space Y (Ω), the optimal r.i. domain space always exists and
can be explicitly described. Namely, such optimal r.i. space X(Ω) obeys

∥u∥X(Ω) = sup
h

⃦⃦⃦⃦
⃦
∫︂ 1

t

h(s)
IΩ(s) ds

⃦⃦⃦⃦
⃦

Y (0,1)
for u ∈ M(Ω), (2.2)

where the supremum is taken over all h ∈ M+(0, 1) such that h∗ = u∗.
We first examine the possible approaches to the reduction of Sobolev embed-

dings to significantly simpler one-dimensional inequalities for Maz’ya domains.
Such problems have already been examined and solved, and as such, for our pur-
poses, it suffices to use the reduction principle stated and proven in [Cianchi
et al., 2015, Theorem 6.4], which follows. For the proof, see the original paper.

Theorem 2.1 (reduction principle for Maz’ya domains). Let n ∈ N, n ≥ 2,
m ∈ N and α ∈ [ 1

n′ , 1). Let ∥ · ∥X(0,1) and ∥ · ∥Y (0,1) be r.i. function norms. Let
c > 0 such that ⃦⃦⃦⃦∫︂ 1

t
f(s)s−1+m(1−α) ds

⃦⃦⃦⃦
Y (0,1)

≤ c · ∥f∥X(0,1) (2.3)

for any f ∈ X(0, 1) nonnegative. Then, the Sobolev embedding (2.1) holds for
every Ω ∈ Jα. Conversely, if the Sobolev embedding (2.1) holds for every Ω ∈ Jα,
then the inequality (2.3) holds.

Note that we have omitted the case α = 1. While our results may be, after
some modification, applied to such case, it remains rather technical and is beyond
the scope of this work.

As a consequence of Theorem 2.1, we can identify the optimal r.i. target space
Y associated with a given domain space X in the Sobolev embedding (2.1) for
any Ω ∈ Jα. This is also a known result, for the proof see [Cianchi et al., 2015,
Theorem 6.5].
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Theorem 2.2 (optimal r.i. target for Maz’ya domains). Let n, m, α and ∥·∥X(0,1)
be as in Theorem 2.1. Define the functional ∥ · ∥X′

m,α(0,1) as

∥ · ∥X′
m,α(0,1) =

⃦⃦⃦⃦
t−1+m(1−α)

∫︂ t

0
f ∗(s) ds

⃦⃦⃦⃦
X′(0,1)

where ∥ · ∥X′(0,1) denotes the associate function norm to ∥ · ∥X(0,1). Then, the
functional ∥·∥X′

m,α(0,1) is an r.i. function norm, whose associate norm ∥·∥Xm,α(0,1)
satisfies

WmX(Ω) ↪→ Xm,α(Ω) (2.4)

for every Ω ∈ Jα, and for some constant c depending on Ω, m, X(Ω) and Y (Ω)

∥u∥Xm,α(Ω) ≤ c · ∥∇mu∥X(Ω) (2.5)

for every Ω ∈ Jα and every u ∈ V m
⊥ X(Ω). Furthermore, the function norm

∥ · ∥X(0,1) is optimal in (2.4) and (2.5) among all r.i. norms, as Ω ranges in Jα.

We shall now use Theorem 2.2 to show the optimal target r.i. space for certain
critical r.i. spaces.
Example. Let α ∈ [ 1

n′ , 1). Then, for any Ω ∈ Jα and for any q ∈ (1,∞], given the
critical spaces WmL

1
m(1−α) ,q(Ω), we obtain the embedding

WmL
1

m(1−α) ,q(Ω) ↪→ L∞,q;−1+(1−α)m− 1
q (Ω),

where L∞,q;−1+(1−α)m− 1
q (Ω) is the smallest (= optimal) space with this property

for any Ω ∈ Jα. In the case q = 1, we obtain the embedding

WmL
1

m(1−α) ,1(Ω) ↪→ L∞(Ω),

where L∞(Ω) is the optimal target space. In the case q = ∞, we obtain the
embedding

WmL
1

m(1−α) ,∞(Ω) ↪→ expL
1

1−m(1−α) (Ω),

where expL
1

1−m(1−α) (Ω) is the optimal target space. In the case q = 1
m(1−α) , we

obtain the embedding

WmL
1

m(1−α) (Ω) ↪→ L∞, 1
m(1−α) ;−1(Ω),

where L∞, 1
m(1−α) ;−1(Ω) is the optimal target space, and which recovers, as its

special case for α = 1
n′ , the result of Brézis and Wainger [1980].

The question remains whether we can say anything about the optimality of
r.i. domains, given a target r.i. space. This problem has also been extensively
studied, and as such, for our purposes, it suffices to modify a known result by
[Kerman and Pick, 2006, Theorem 3.3].

Theorem 2.3 (optimal r.i. domain space). Let m, n ∈ N, α ∈ [ 1
n′ , 1). Let Y (0, 1)

be an r.i. space such that

Y (0, 1) ↪→ L
1

1−m(1−α) (0, 1).

13



Define the functional ∥ · ∥X(0,1) as

∥f∥X(0,1) = sup
h∼f

⃦⃦⃦⃦∫︂ 1

t
s−1+m(1−α)h(s) ds

⃦⃦⃦⃦
Y (0,1)

for f ∈ M(0, 1),

where the supremum is extended over all h ∈ M+(0, 1) such that h∗ = f ∗, and
the set

X(0, 1) =
{︂
f ∈ M(0, 1) : ∥f∥X(0,1) < ∞

}︂
.

Then, the embedding
WmX(Ω) ↪→ Y (Ω)

holds for every Ω ∈ Jα. Furthermore, X(0, 1) is the largest r.i. space with this
property.

The proof of Theorem 2.3 is a simple modification of the proof in the afore-
mentioned paper and therefore is omitted.

We shall now discuss the fundamental Orlicz spaces of r.i. spaces. The follow-
ing theorem has been established and proven by Musil et al. [2022].

Theorem 2.4 (the principal alternative). (i) Let Y be an r.i. space and L(Y )
its fundamental Orlicz space. Then either Y ⊂ L(Y ) and L(Y ) is the
smallest Orlicz space containing Y , or Y ̸⊂ L(Y ) and no smallest Orlicz
space containing Y exists.

(ii) Let X be an r.i. space and L(X) its fundamental Orlicz space. Then either
L(X) ⊂ X and L(X) is the largest Orlicz space contained in space X, or
L(X) ̸⊂ X and no largest Orlicz space contained in X exists.

Next, we specify the principal alternative to Sobolev embeddings. The fol-
lowing theorem is an adjustment to Musil et al. [2022, Theorem 4.1], its proof is
a simple modification of the proof in the original paper and therefore is omitted.

Theorem 2.5 (principal alternative for Sobolev embeddings). Let m, n ∈ N,
α ∈ [ 1

n′ , 1), and let ∥ · ∥X(0,1), ∥ · ∥Y (0,1) be r.i. norms.

(i) If X is the largest among all r.i. spaces rendering embedding (2.1) true for
every Ω ∈ Jα, then either L(X(0, 1)) ⊂ X(0, 1) and LA = L(X) is the
largest Orlicz space such that

WmLA(Ω) ↪→ Y (Ω)

holds for every Ω ∈ Jα, or no such largest Orlicz space exists.

(ii) If Y is the smallest among all r.i. spaces rendering embedding (2.1) true
for every Ω ∈ Jα, then either Y (0, 1) ⊂ L(Y (0, 1)) and LB = L(Y ) is the
smallest Orlicz space such that

WmX(Ω) ↪→ LB(Ω)

holds for every Ω ∈ Jα, or no such smallest Orlicz space exists.
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3. Main results
First, we shall present a general result concerning the fundamental function of an
operator-induced space. The theorem and the proof are an extension to [Musil
et al., 2022, Theorem 4.2], where Lipschitz domains are considered instead.

Theorem 3.1 (fundamental function of an operator-induced space).
Let I : [0, 1] → [0,∞]. Let Y (0, 1) be an r.i. space such that

lim
t→0+

φY (t) = 0, (3.1)

and ∫︂ t

0
sup

τ∈(s,1)

φY (τ)
I(τ) ds ≲ t sup

s∈(t,1)

φY ( s
2)

s

∫︂ s

s
2

dτ
I(τ) , t ∈ (0, 1). (3.2)

Let X(0, 1) be defined by

∥f∥X(0,1) = sup
h

⃦⃦⃦⃦
⃦
∫︂ 1

τ

h(s)
I(s)ds

⃦⃦⃦⃦
⃦

Y (0,1)
for f ∈ M(0, 1),

where the supremum is extended over all h ∈ M+(0, 1) such that h∗ = f ∗. Then
X(0, 1) is an r.i. space, and one has

φX(t) ≈ t sup
s∈(t,1)

φY ( s
2)

s

∫︂ s

s
2

dτ
I(τ) for t ∈ (0, 1).

Proof. The fact that X is an r.i. space follows from Theorem 2.3. First, we will
examine the lower bound of φX . Fix t ∈ (0, 1). By the boundedness of the
dilation operator on Y , we get

φX(t) = ∥χ[0,t)∥X(0,1) ≥
⃦⃦⃦⃦
⃦
∫︂ 1

τ

χ(0,t)(s)
I(s) ds

⃦⃦⃦⃦
⃦

Y (0,1)
≥
⃦⃦⃦⃦
⃦χ(0, t

2 )(τ)
∫︂ t

τ

ds
I(s)

⃦⃦⃦⃦
⃦

Y (0,1)

≥
⃦⃦⃦⃦
⃦χ(0, t

2 )(τ)
∫︂ t

t
2

ds
I(s)

⃦⃦⃦⃦
⃦

Y (0,1)
= φY ( t

2)
∫︂ t

t
2

ds
I(s) ,

showing that
φX(t)
t

≥
φY ( t

2)
t

∫︂ t

t
2

ds
I(s) for every t ∈ (0, 1).

Since the function t ↦→ φX(t)
t

is nonincreasing, it follows that

φX(t)
t

≥ sup
s∈(t,1)

φY ( s
2)

s

∫︂ s

s
2

dτ
I(τ) for every t ∈ (0, 1).

As such, we have obtained the lower bound of φX , as

φX(t) ≥ t sup
s∈(t,1)

φY ( s
2)

s

∫︂ s

s
2

dτ
I(τ) for every t ∈ (0, 1). (3.3)
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Let us focus on the upper bound of φX . Note that φY is differentiable a.e. and
for any measurable f , one has

∥f∥Λ(Y ) = φY (0+)∥f∥∞ +
∫︂ 1

0
f ∗φ′

Y .

Therefore, by fundamental embedding (1.3), (3.1) and Fubini’s theorem, we ob-
tain that for any h ≥ 0, it holds that⃦⃦⃦⃦
⃦
∫︂ 1

τ

h(s)
I(s)ds

⃦⃦⃦⃦
⃦

Y (0,1)
≲

⃦⃦⃦⃦
⃦
∫︂ 1

τ

h(s)
I(s)ds

⃦⃦⃦⃦
⃦

Λ(Y (0,1))
=
∫︂ 1

0

∫︂ 1

τ

h(s)
I(s) ds φ′

Y (τ) dτ

=
∫︂ 1

0

h(s)
I(s)

∫︂ s

0
φ′

Y (τ) dτ ds =
∫︂ 1

0

h(s)
I(s)φY (s) ds

≤
∫︂ 1

0
h(s)φY (τ)

I(τ) ds .

Hence, by the definition of φX and by the Hardy-Littlewood inequality (1.1), it
holds for any t ∈ (0, 1), that

φX(t) = ∥χ[0,t)∥X(0,1) = sup
h∗=χ[0,t)

⃦⃦⃦⃦
⃦
∫︂ 1

τ

h(s)
I(s) ds

⃦⃦⃦⃦
⃦

Y (0,1)

≤ sup
h∗=χ[0,t)

∫︂ 1

0
h(s) sup

τ∈(s,1)

φY (τ)
I(τ) ds

≤ sup
h∗=χ[0,t)

∫︂ 1

0
h∗(s) sup

τ∈(s,1)

φY (τ)
I(τ) ds

=
∫︂ t

0
sup

τ∈(s,1)

φY (τ)
I(τ) ds .

These inequalities give us an upper bound of φX , as

φX(t) ≤
∫︂ t

0
sup

τ∈(s,1)

φY (τ)
I(τ) ds for every t ∈ (0, 1). (3.4)

Thus, by combining the lower bound (3.3) and the upper bound (3.4) of φX for
t ∈ (0, 1), we obtain the sandwich

t sup
s∈(t,1)

φY ( s
2)

s

∫︂ s

s
2

dτ
I(τ) ≲ φX(t) ≲

∫︂ t

0
sup

τ∈(s,1)

φY (τ)
I(τ) ds .

Finally, applying the presupposed inequality (3.2) on the sandwich above, we get
the desired result

φX(t) ≈ t sup
s∈(t,1)

φY ( s
2)

s

∫︂ s

s
2

dτ
I(τ) for t ∈ (0, 1).
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We shall now use the result obtained in the preceding theorem to obtain
important information about fundamental functions of optimal domain r.i. spaces
in Sobolev embeddings corresponding to given target spaces sharing the same
fundamental level. The theorem and proof are again an extension of [Musil et al.,
2022, Corollary 4.3].

Corollary 3.2. Let Ω ⊂ Rn with isoperimetric profile IΩ. Suppose that Y1, Y2
are r.i. spaces over Ω on the same fundamental level, i.e. φY1 ≈ φY2, and (3.1)
and (3.2) hold for both Y1 and Y2. Let Xj be the optimal r.i. domain spaces in
the embedding

WmXj(Ω) ↪→ Yj(Ω),
for j = 1, 2. Then X1, X2 are also on the same fundamental level, i.e. φX1 ≈ φX2.

Proof. The proof follows immediately from the formula of the norm in the optimal
r.i. domain space (2.2) and by Theorem 3.1.

Although the results of Theorem 3.1 are applicable to any isoperimetric func-
tion IΩ, the presuppositions of the theorem, namely (3.2), aren’t particularly
flexible, as there possibly exist classes of isoperimetric functions for which the
presupposition is needlessly strong, or even entirely unnecessary. We aim to
prove, that for Maz’ya classes of domains, Theorem 3.1 may be applied to them
directly, omitting the need for presupposition (3.2) entirely. To prove this, we
must find a work-around, so we do not need to consider every domain in Jα.

The necessary condition of embedding (2.1) for some α ∈ [ 1
n′ , 1) tells us,

that the embedding holds for every Ω ∈ Jα. We focus, in particular, on the
worst domain with such property, denoted Ωα. To describe this domain, we use
[Cianchi et al., 2015, Proposition 10.1 (i)], which follows. In the statement, ωn−1
denotes the Lebesgue measure of the unit ball in Rn−1.

Proposition 3.3. Let n ∈ N, α ∈ [ 1
n′ , 1). Define ηα : [0, 1

1−α
] → [0,∞) as

ηα(t) = ω
− 1

n−1
n−1 (1 − (1 − α)t)

α
(1−α)(n−1) for t ∈ [0, 1

1−α
].

Let Ωα be the Euclidean domain in Rn given by

Ωα =
{︂
(x, xn) ∈ Rn : x ∈ Rn−1, 0 < xn <

1
1−α

, |x| < ηα(xn)
}︂
.

Then |Ωα| = 1, and
IΩα(t) ≈ tα for t ∈ [0, 1

2 ].

The best case scenario happens when α = 1
n′ and we are dealing with John

domains. For example, if n = 2 and α = 1
2 , then the function ηα takes the form

η 1
2
(t) = 1

2(1 − 1
2t)

and, as a result,
Ωα = {x1 ∈ (0, 2), |x2| < 1

2(1 − 1
2x1)}.

In other words, Ωα takes the form of a triangle with verteces (denoted by [x1, x2])
[0, 1

2 ], [0,−1
2 ], and [2, 0]. We may easily verify that |Ωα| = 1. The domains start

to get worse as we choose α > 1
2 . It is on these domains Ωα that we consider the

following Corollary.
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Corollary 3.4. Let n ∈ N, α ∈ [ 1
n′ , 1). Define Ωα as in Proposition 3.3. Then,

for IΩα(t), Theorem 3.1 and Corollary 3.2 are applicable without the restriction
(3.2).

Proof. Let α ∈ [ 1
n′ , 1). Returning to the proof of Theorem 3.1, in the case of IΩα ,

the lower bound (3.3) contains a numerable integral. Thus, it holds that for some
constant c > 0

φX(t) ≥ t sup
s∈(t,1)

φY ( s
2)

s

∫︂ s

s
2

dτ
τα

= t sup
s∈(t,1)

φY ( s
2)

s

1
1 − α

(︂
s1−α − ( s

2)1−α
)︂

= t sup
s∈(t,1)

φY ( s
2)s−αc .

Therefore,
φX(t) ≳ t sup

s∈(t,1)
φY ( s

2)s−α.

Moreover, it follows from (3.4) that

φX(t) ≲
∫︂ t

0
sup

τ∈(s,1)

φY (τ)
τα

ds .

As such, to prove the Corollary, it is sufficient to prove that for any t ∈ (0, 1)

t sup
s∈(t,1)

φY ( s
2)s−α ≳

∫︂ t

0
sup

τ∈(s,1)

φY (τ)
τα

ds . (3.5)

Define
ψ(t) := t sup

s∈(t,1)
φY ( s

2)s−α t ∈ (0, 1).

Then ψ is non-decreasing, since

ψ(t) = t sup
s∈(t,1)

φY ( s
2)s−α = sup

s∈(0,1)
φY ( s

2) min
{︂
tα, ts−α

}︂
. (3.6)

It also follows from equality (3.6) that for any σ ∈ (0, 1) and any k ∈ N, one has
ψ(tσk) ≤ σαkψ(t) for t ∈ (0, 1) and therefore

∫︂ t

0

ψ(s)
s

ds =
∞∑︂

k=0

∫︂ tσk

tσk+1

ψ(s)
s

ds ≤
∞∑︂

k=0
ψ(tσk)

∫︂ tσk

tσk+1

ds
s

≤ ψ(t) log 1
σ

∞∑︂
k=0

σαk = ψ(t)
log 1

σ

1 − σα
.

Hence,
ψ(t) ≳

∫︂ t

0

ψ(s)
s

ds,

and by definition of ψ, we obtain the desired result (3.5).

Combining all the results of this chapter so far yields the following theorem,
which is an extension of [Musil et al., 2022, Theorem 4.7].
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Theorem 3.5 (nonexistence of an optimal Orlicz space). Let m,n ∈ N, let
α ∈ [ 1

n′ , 1), and let Y (Ω) be an r.i. space. Assume there is no largest Orlicz space
LA such that

WmLA(Ω) ↪→ M(Y )(Ω) (3.7)
for every Ω in Jα. Then, there is no largest Orlicz space LA such that

WmLA(Ω) ↪→ Y (Ω) (3.8)

for every Ω in Jα.

Proof. We know that Y (Ω) and M(Y )(Ω) share the same fundamental function.
We denote by XY (Ω) and XM(Y )(Ω) the largest domain r.i. spaces in embeddings

WmXY (Ω) ↪→ Y (Ω)

and
WmXM(Y )(Ω) ↪→ M(Y )(Ω),

respectively. Then, by Corollary 3.2 combined with Corollary 3.4, we obtain
that φXY

= φMXY
. Owing to the assumption, there is no largest Orlicz space

LA(Ω) in the Sobolev embedding (3.7). Therefore, by Theorem 2.5, it follows
that LXM(Y )(Ω) ̸↪→ XM(Y )(Ω). Since it holds that Y (Ω) ↪→ M(Y )(Ω), it is also
true that XY (Ω) ↪→ XM(Y )(Ω). Consequently, LXM(Y )(Ω) ̸↪→ XY (Ω). But, since
φXY

= φMXY
, we have LXM(Y )(Ω) = LXY

(Ω). Altogether, LXY
(Ω) ̸↪→ XY (Ω),

whence, using Theorem 2.5 once again, there is no largest Orlicz space LA(Ω) in
the Sobolev embedding (3.8).

We shall now apply Theorem 3.5 to show that there is no optimal Orlicz
domain space LA(Ω) in the embedding

WmLA(Ω) ↪→ L∞,q,−1+(1−α)m− 1
q (Ω),

thereby solving the open problem mentioned in the introduction. First, we shall
prove three Lemmas, which we will later use in the proof. The first Lemma
concerns the r.i. norm of the characteristic function.

Lemma 3.6. Let ζ > 0, a ∈ (0, 1) and ∥ · ∥X(0,1) be an r.i. norm. Then

∥χ(0,a)(t)(aζ − tζ)∥X(0,1) ≈ aζ∥χ(0,a)(t)∥X(0,1).

Proof. The inequality

∥χ(0,a)(t)(aζ − tζ)∥X(0,1) ≲ aζ∥χ(0,a)(t)∥X(0,1)

is trivial. Conversely, we observe that

∥χ(0,a)(t)(aζ − tζ)∥X(0,1) ≥ ∥χ(0, a
2 )(t)(aζ − tζ)∥X(0,1)

≥ ∥χ(0, a
2 )(t)(aζ − (a

2)ζ)∥X(0,1)

= aζ(1 − (1
2)ζ)∥χ(0, a

2 )∥X(0,1)

≳ aζ∥χ(0,a)(t)∥X(0,1),
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since, by the triangle inequality and by the rearrangement-invariance of ∥·∥X(0,1),

∥χ(0,a)∥X(0,1) = ∥χ(0, a
2 ] + χ( a

2 ,a)∥X(0,1) ≤ ∥χ(0, a
2 )∥X(0,1) + ∥χ( a

2 ,a)∥X(0,1)

≤ 2∥χ(0, a
2 )∥X(0,1).

Altogether, one has

∥χ(0,a)(t)(aζ − tζ)∥X(0,1) ≈ aζ∥χ(0,a)(t)∥X(0,1),

with constants of equivalence depending only on ζ (even independent of ∥·∥X(0,1)).

The second Lemma concerns the inverse of a function, which will later appear
in the proof.

Lemma 3.7. Let p > 1, γ ∈ R. Define A(t) = tp logγ t for t > 1 sufficiently
large. Then A−1(t) ≈ t

1
p log− γ

p t for large t.

Proof. Since A is increasing, there exists a function B such that B(t) = A−1(t)
for every t ∈ (0,∞). We shall prove that B(t) = t

1
p log− γ

p t. As such, it suffices
to prove that A(B(t)) ≈ t. We have

A(B(t)) = B(t)p logγ(B(t)) = (t
1
p log− γ

p t)p · logγ(t
1
p log− γ

p ) =

= t · log−γ t · logγ(t
1
p log− γ

p ),

Therefore, it is sufficient to prove that log(t
1
p · log−γ p) ≈ log t for t ≫ 1. We

obtain that

lim
t→∞

log(t
1
p · log

−γ
p t)

log t = lim
t→∞

1
p

log t− γ
p

log log t
log t = 1

p
∈ (0,∞).

Hence, B ≈ A−1.

The third Lemma concerns the boundedness of the operator Tγ introduced
in (1.2).

Lemma 3.8. Let γ ∈ (0, 1). Then

Tγ : L1,1;1−γ(0, 1) → L1,1;1−γ(0, 1).

Proof. This is a particular case of [Gogatishvili et al., 2006, Theorem 3.2], applied
to p = q = 1, and φ(t) = tγ, v(t) = w(t) = (log 2

t
)1−γ for t ∈ (0, 1).

Theorem 3.9. Let n ∈ N, α ∈ [ 1
n′ , 1), m ∈ N such that m < 1

1−α
, and let

q ∈ [ 1
1−m(1−α) ,∞]. Then there is no largest Orlicz space LA such that

WmLA(Ω) ↪→ L∞,q,−1+(1−α)m− 1
q (Ω) (3.9)

for every Ω in Jα.
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Proof. By [Opic and Pick, 1999, Lemma 3.7], the spaces L∞,q,−1+(1−α)m− 1
q and

expL
1

1−m(1−α) share the same fundamental function φ, where

φ(t) = 1
(log 2

t
)1−m(1−α) for t ∈ (0, 1),

and it holds that L∞,q,−1+(1−α)m− 1
q ↪→ expL

1
1−m(1−α) . Moreover, by the aforemen-

tioned Lemma, it holds that M(Z) = expL
1

1−m(1−α) for any r.i. space Z with the
fundamental function φ, and in fact, L(Z) = expL

1
1−m(1−α) .

We aim to prove that there is no largest Orlicz space LA such that the em-
bedding (3.9) holds for every Ω in Jα. Therefore, by Theorem 3.5, it suffices to
prove that there is no largest Orlicz space LA such that the embedding

WmLA(Ω) ↪→ expL
1

1−m(1−α) (Ω) (3.10)

holds for every Ω in Jα. By Theorem 2.5, it is therefore enough to prove that if
X is the optimal domain r.i. space in

WmX(Ω) ↪→ expL
1

1−m(1−α) (Ω)

for every Ω in Jα, then L(X(0, 1)) ̸⊂ X(0, 1).
First, we find the optimal domain space X(Ω). We use Theorem 2.3 and

obtain the formula

∥f∥X(0,1) = sup
h∼f

⃦⃦⃦⃦∫︂ 1

t
s−1+m(1−α)h(s) ds

⃦⃦⃦⃦
exp L

1
1−m(1−α) (0,1)

for f ∈ M(0, 1).

By Lemma 3.8, applied to γ = m(1 − α), the operator Tm(1−α) is bounded on
L1,1;1−m(1−α). Since (L1,1;1−m(1−α)(0, 1))′ = expL

1
1−m(1−α) (0, 1), it follows from

[Edmunds et al., 2020, Theorem 4.7], that

∥f∥X(0,1) ≈
⃦⃦⃦⃦∫︂ 1

t
s−1+m(1−α)f ∗(s) ds

⃦⃦⃦⃦
exp L

1
1−m(1−α) (0,1)

.

As such, we will with no loss of information suppose that

∥f∥X(0,1) =
⃦⃦⃦⃦∫︂ 1

t
s−1+m(1−α)f ∗(s) ds

⃦⃦⃦⃦
exp L

1
1−m(1−α) (0,1)

.

Next, we describe L(X). For that purpose, we need to find φX so we can
extrapolate its Young function A. Let a ∈ (0, 1). Then, as χ(0,a) = χ∗

(0,a) and by
Lemma 3.6, we get

φX(a) = ∥χ(0,a)∥X(0,1) =
⃦⃦⃦⃦∫︂ 1

t
s−1+m(1−α)χ(0,a)(s) ds

⃦⃦⃦⃦
exp L

1
1−m(1−α) (0,1)

=
⃦⃦⃦⃦
χ(0,a)(t)

∫︂ a

t
s−1+m(1−α)ds

⃦⃦⃦⃦
exp L

1
1−m(1−α) (0,1)

≈
⃦⃦⃦
χ(0,a)(t)(am(1−α) − tm(1−α))

⃦⃦⃦
exp L

1
1−m(1−α) (0,1)

≈
⃦⃦⃦
χ(0,a)

⃦⃦⃦
exp L

1
1−m(1−α) (0,1)

· am(1−α) = 1
(log 2

a
)1−m(1−α) · am(1−α).
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We therefore know that

φX(a) ≈ am(1−α)

(log 2
a
)1−m(1−α) for a ∈ (0, 1). (3.11)

Let A(t) = tp logγ t for t > 1 sufficiently large, p > 1 and γ ∈ R. Then, by
Lemma 3.7, it holds that A−1(t) = t

1
p log− γ

p t. We know that ∥χ(0,a)∥LA ≈ 1
A−1( 1

a
)

for a in (0, 1). As such, we obtain

∥χ(0,a)∥Lp log Lγ(0,1) ≈ 1
( 1

a
)

1
p (log 2

a
)− γ

p

= a
1
p

(log 2
a
)− γ

p

.

Applying this result to (3.11) tells us that p = 1
m(1−α) , and γ = 1− 1

m(1−α) . Hence,

A(t) = t
1

m(1−α) (log t)1− 1
m(1−α) for t ≫ 1,

and L(X) = L
1

m(1−α) logL1− 1
m(1−α) .

Finally, we need to prove that L(X) ̸⊂ X. We know X is optimal in the
embedding WmX ↪→ expL

1
1−m(1−α) , and consequently, it suffices to prove that

WmL(X) ̸↪→ expL
1

1−m(1−α) . Then, by Theorem 2.1, it is enough to prove that the
inequality ⃦⃦⃦⃦∫︂ 1

t
s−1+m(1−α)f(s) ds

⃦⃦⃦⃦
exp L

1
1−m(1−α) (0,1)

≲ ∥f∥L(X(0,1))

does not hold. Let f(t) = t−m(1−α)(log 2
t
)β, where β is anywhere in the interval

(−m(1−α), 1−2m(1−α)). Owing to the assumption, the interval is non-empty.
First, we prove that f ∈ L(X), that is, ∥f∥L(X(0,1)) < ∞. Since A(t) satisfies the
∆2 condition, it holds that f ∈ LA ⇐⇒

∫︁ 1
0 A(f) < ∞. Furthermore,∫︂ 1

0
A(f) < ∞ ⇐⇒

∫︂ 1

0
s−1(log 2

s
)β 1

m(1−α) +1− 1
m(1−α) ds < ∞

⇐⇒ β < 1 − 2m(1 − α).
Therefore, our choice of β guarantees that f ∈ L(X). Moreover, we know that

∥g∥
exp L

1
1−m(1−α) (0,1)

≈ sup
t∈(0,1)

g∗(t)
(log 2

t
)1−m(1−α) for g ∈ M(0, 1),

thus it is sufficient to prove that

sup
t∈(0,1)

∫︁ 1
t s

−1+m(1−α)f(s) ds
(log 2

t
)1−m(1−α) = ∞. (3.12)

Suppose the equality (3.12) holds. We solve the integral and obtain

∞ = sup
t∈(0,1)

∫︁ 1
t s

−1+m(1−α) · s−m(1−α)(log 2
s
)β ds

(log 2
t
)1−m(1−α) = sup

t∈(0,1)

∫︁ 1
t

(log 2
s

)β

s
ds

(log 2
t
)1−m(1−α)

≈ sup
t∈(0,1)

(log 2
t
)β+1

(log 2
t
)1−m(1−α) = sup

t∈(0,1)
(log 2

t
)β+m(1−α),
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so the equality holds if β > −m(1 − α). Hence, once again, our choice of β
yields (3.12). Therefore, we have found a function f ∈ L(X) such that⃦⃦⃦⃦∫︂ 1

t
s−1+m(1−α)f(s) ds

⃦⃦⃦⃦
exp L

1
1−m(1−α)

= ∞.

Consequently, by Theorem 2.1 L(X) ̸⊂ X. By Theorem 2.5, there is no largest
Orlicz space which would render the embedding (3.10) true for every Ω in Jα.
Finally, by Theorem 3.5, there is no largest Orlicz space which would render the
embedding (3.9) true for every Ω in Jα.

Remark 3.10. In this work, we have focused primarily on Maz’ya classes of
Euclidean domains. We are aware that there are plenty of open questions worth
pursuing which we leave open. Pivotal examples are the case α = 1 in Maz’ya
domains, Gaussian–Sobolev embeddings, embeddings on domains endowed with
Frostman-Ahlfors measures, or embeddings on probability spaces. The reason
we do not consider these cases is that the corresponding integral operators get
too complicated (e.g. they take the form, at least for higher-order embeddings,
of kernel-type operators). Hence such considerations reach beyond the scope of
this text. We plan to study them in our following work.
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H. Brézis and S. Wainger. A note on limiting cases of Sobolev embeddings and
convolution inequalities. Comm. Partial Differential Equations, 5(7):773–789,
1980. ISSN 0360-5302. doi: 10.1080/03605308008820154. URL https://doi.
org/10.1080/03605308008820154.

A. Cianchi. A sharp embedding theorem for Orlicz-Sobolev spaces. Indiana Univ.
Math. J., 45(1):39–65, 1996. ISSN 0022-2518. doi: 10.1512/iumj.1996.45.1958.
URL https://doi.org/10.1512/iumj.1996.45.1958.

A. Cianchi, L. Pick, and L. Slav́ıková. Higher-order Sobolev embeddings
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