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Introduction

This thesis deals with gentle algebras, especially finding torsion classes of modules
over them by string combinatorics and illustrating it in the geometric view. The
thesis continues the article written by (Chan and Demonet| [2020]. It uses the
theory stated in this article and brings some applications of it.

Gentle algebras are a class of quiver algebras such that

1. each vertex of the underlying quiver has at most two incoming and two
outgoing arrows;

2. each arrow of the underlying quiver can be succeeded/preceded by at most
one arrow so that their composition is in relations and by at most one arrow
so that their composition is not in relations.

A torsion class is defined as a class of modules closed to factors and extensions.

In Chapter [I], we start with needed definitions and facts. We connect defined
notions in combinatorial and geometric view. At the end of this chapter, we
state Theorem [2 which is taken from the article(Chan and Demonet| [2020]. This
theorem brings a new way to finding torsion classes of modules over the gentle
algebras. To do this, it uses the string combinatorics.

In Chapter [2] we show the power of this theorem and we apply it to a few
examples. Concretely in Section we derive the lattice of torsion classes of
A,, the quiver consisting of two vertices and one arrow between them. The most
difficult example in this section is the Kronecker quiver, consisting of two vertices
and two arrows between them in the same direction. This is the subject of Section
2.3l To find torsion classes, we use string combinatorics, but at the same time,
we show what happens in the geometric view.

Although lattices of torsion classes for this algebras are well known, the chap-
ter gives another way to find them. Moreover, it helps to understand Theorem
and work with string combinatorics.

Finally, the last Chapter|3|aims to find the lattice of torsion sets of the Markov
quiver. Compared to the previous examples, this lattice is not yet known. Even if
we do not get the description of the whole lattice, we are taking the first important
steps that will be easy to follow to obtain it.

The contribution of this thesis is mainly in the not yet shown applications
of finding the lattice of torsion classes using string combinatorics. Namely in
simple examples, and especially in the first steps to describe the lattice of torsion
classes for the Markov algebra. At the same time, emphasis is placed on under-
standing the relationship with the geometric view, and everything is illustrated
with several figures. The whole approach and all results in Chapter |3|are original
contributions. Chapter [2| is also mainly author’s up to inspiration in Examples
4.12 and 4.13 in (Chan and Demonet, [2020].



1. Definitions and facts

Firstly we start with a necessary theory about gentle quivers and gentle algebras.
Definitions are mostly taken from Chan and Demonet| [2020]. Similarly the result
which is essential for this thesis, comes from this article. The tiling algebra
view is taken from the article by Baur and Simoes [2018]. We assume a basic
knowledge of the representation of algebras such as the notions of quiver, quiver
algebra and representation. All necessary is listed in the second and third chapter
of the book |Assem, Simson, and Skowronski [2006].

1.1 Gentle algebras

In this chapter we will use the following notation. Let K be a field, Q) a quiver
with a set of vertices )y and a set of arrows ();. In general, we denote by @) a
set of paths of length k. Further, given a € @1, we denote its source by s(a) and
its target by t(a). We will read paths in @ from left to right.

Definition 1 (Gentle quiver). A gentle quiver is a tuple (@, R) consisting of a
finite quiver () and a set of relations R C ()5 such that the following conditions
are satisfied.

1. Any i € Qg has at most two incoming and two outgoing arrows.

2. For any a € @, there is at most one b € ); such that t(a) = s(b) and
ab ¢ R.

3. For any a € @y, there is at most one b € Q); such that #(a) = s(b) and
ab € R.

4. For any a € @1, there is at most one b € @)y such that ¢(b) = s(a) and
ba ¢ R.

5. For any a € )y, there is at most one b € 1 such that ¢(b) = s(a) and
ba € R.

Example. In Figure[l.1] we can see four examples of gentle quivers. With the first
three of them we will work in this thesis.

Definition 2 (Gentle algebra). An algebra A is gentle if it admits presentation
A =KQ/(R) where (Q, R) is a gentle quiver.

Now we will introduce so-called tiling algebras. The gentle algebras we will
work with in this thesis are also tiling algebras. We will define it similarly as in
Baur and Simoes [2018], but not exactly the same because we want to extend the
definition to infinite dimensional algebras.

Definition 3. Let S denote an orientable surface, no matter if it has a boundary,
with a finite set M of marked points that can be on the boundary of S or not.
The pair (S, M) is called a marked surface.



(i) Quiver A,

(ii) Kronecker quiver

Q : ° >0 Q : .= [ ]
R=10 R=10
(iii) Markov quiver (iv)
Q .

'.&A.b/v.
T T,

Q: aq
o?o

R = {ajas, asas, azay, R = {ab, cd}
b1b27 b2b37 b3b1} .

Figure 1.1: Examples of gentle quivers

Definition 4 (Arc). An arc in (S, M) is a curve v in S satisfying the following
properties:

1. The endpoints of v are in M.
2. v intersects the boundary of S only in its endpoints.
3. 7y does not cut out a monogon or a digon.

Arcs are taken up to homotopy relative to their endpoints.

Ezample. Examples of valid and invalid arcs are shown in Figure [1.2]

Figure 1.2: Examples of valid and invalid arcs, respectively

Definition 5. A partial triangulation is a set P of arcs that do not intersect
themselves or each other in the interior of S. A triple (S, M, P) satisfying the
conditions above is called tiling.

Given a marked point p € M, we can look at all arcs with at least one end
in p. All such ends are naturally sorted by the order in which they leave point
p. We will look at them in the counter-clockwise order. Thus we can talk about
successors and predecessors in this order.



Definition 6. Tiling algebra Ap associated to the partial triangulation P of
(S, M) is the bound quiver algebra Ap = KQp/(Rp), where (Qp, Rp) are de-
scribed as follows:

1. The vertices in (Qp)o are in one-to-one correspondence with the arcs in P.

2. There is an arrow a in (Qp); if the arcs corresponding to s(a) and t(a) share
an endpoint p, in M and the second arc is an immediate successor of the
first one.

3. Relations Rp consist of paths ab of length two which satisfy one of the
following conditions:

(a) a = b, i.e., it forms a loop

(b) a # band either p, # p, or we are in one of the two situations presented
in Figure[1.3]

Pa = Pb There may or may Pa = Db

not be a boundary.

Figure 1.3: Case ab € Rp, a # b, p, = py

Example. In Figure [1.4] we can see tiling algebras for the first two quivers from

Figure [1.2]

Figure 1.4: Tiling algebras for A; and the Kronecker quiver.

If we would have a bit stronger assumptions to a marked surface as in |Baur
and Simoes [2018] then holds that algebra is a finite dimensional gentle if and
only if it is a tiling algebra. It is proven in Theorem 2.10 in this article.



1.2 Blossoming

Let us go back to the definition of gentle quivers. Now we introduce its blossom-
ing.

Definition 7 (Blossoming). A blossoming of a gentle quiver (@, R) is another
gentle quiver (@', R') satisfying the following conditions.

L. Qo€ Q) @1 CQp and R'NQy =

2. For any i € @, there are exactly two arrows a € ()} such that s(a) = i.
3. For any i € Q, there are exactly two arrows a € Q)] such that t(a) = i.
4. For any a € Q) \ Q1, exactly one of s(a) and t(a) is in Q.

5. For any pair of arrows a and b satisfying t(a) = s(b) € Qf, \ Qo, ab € R/.

Remark. The point is that we want two incoming and two outgoing arrows for
each vertex. A blossoming is such a quiver that we add exactly missing arrows
and some new vertices to them so that the new arrows either start or end in a new
vertex. This number of new vertices is not unique, so there can be more blossom-
ings for one quiver (see example below). Nevertheless, two different blossomings
have the same set of arrows and everything we need from blossomings are only
new arrows, i.e., everything we do is independent of the choice of blossoming.
The maximum number of vertices of a blossoming is obtained by adding a new
vertex for each new arrow; such a blossoming is called the classical blossoming.

Example. o In Figure [I.5] two blossomings for quiver A are shown. The
first is the classical blossoming, with the second we will work in Section
2.1} Vertices and arrows that are added in each blossoming are marked in

brown.
Q' : o Q' - ° °
aq a9 aq (05}
Qo
bt | —»2a—o ce—— 1—>2<—o
by “ by
C2
by
[ ] [ ]
= {a1b2, biag, apce, cras} R' = {a1by, biag, apca, crag, coby }

Figure 1.5: Blossomings of quiver A,

e In Figure we can see two blossomings for the Kronecker quiver. The
first is the classical blossoming, with the second we will work in Section [2.3]

e In the Markov quiver, every vertex has two incoming and two outgoing
arrows, so its only blossoming is itself.
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VAN \/

R = {aoblu boai, aiby, bias, } {aobh boay, a1by,
biaz, azay, b2b0}

/.

‘A
[ ]
A

Figure 1.6: Blossomings of the Kronecker quiver

Remark. From the point of view of tiling algebras, we get a blossoming by adding
vertices for parts of the boundary, adding arrows between them and arcs which
neighbour with them. Indeed, in a tiling algebra every arc has two ends and in
each end it has as successor and predecessor either another arc or a part of the

boundary.

Ezample. In Figure [1.7) we see two blossomings from Figure [1.5] for quiver A, in
the tiling view.

Figure 1.7: Tiling for blossomings of A

1.3 Strings

For a,b € )y we will write ab =0 if ab € R and ab # 0 if ab ¢ R.
To each arrow a € @)1, we associate a formal inverse a~ such that s(¢~) = t(a)
and t(a”) = s(a). Arrows and their formal inverses are called letters, and the set

of letters is denoted by Q5.
Let us expand the relations on Q7 in the following way:

1. For a,b € @1, b-a~ = 0 if and only if ab = 0.
2. If t(a) = t(b) and a # b, then ab~ # 0.
3. If s(a) = s(b) and a # b, then a~b # 0.



For every vertex v we have two stationary walks denoted 1} and 1,, which
are mutually inverse.

Definition 8 (Walk and string). A walk v in a quiver is a stationary walk or a
reduced sequence (possibly infinite) of consecutive letters which avoids relations,
ie. v = - a;a;;--- with indexing set I C Z, a; € Qf,t(a;) = s(ai1),a; #
a1, @it # 0 Vi € 1. An idnverse of a walk v is a walk v~ such that it
is a sequence of inverses of letters v in the opposite direction. That is v~ =
ceeaga; g

For a walk v in @, we denote by 7 the pair {7,777}, and we call this the
associated string. Obviously, v = 4. The string associated to a stationary walk
for vertex v we will denote 1,,.

In this chapter, we will follow the notation of strings with underlining. In
next chapters, we will work with strings and no walks, so for simplicity, we will
write strings without underlining. It means that we will denote them by walks
which determine them.

In the following definition we will work with a walk in a blossoming (@', R’)
of a quiver (@, R). Of course, the endpoints of such a walk can lie in Q[ \ Q. On
the other hand, midpoints must lie in )y because for any pair of arrows a and
b satisfying t(a) = s(b) € @Qf \ Qo holds that ab € R’. Hence, for a midpoint in
Q) \ Qo we would not have a valid walk.

Definition 9 (Confined, infinite, and periodic walks). Let v be a walk in a
blossoming (@', R') of a quiver (Q, R).

1. ~v is left-infinite if

(a) it is left-unbounded, i.e. the indexing set of v has no finite lower bound;

(b) or it is left-bounded v = a;a;41a;12 - - - with s(a;) € Qf \ Qo.

Similarly, a walk is right-infinite if it is either right-unbounded or right-
bounded with the target of the last arrow in Q; \ Qo.

2. v is infinite if it is both left-infinite and right-infinite.

3. 7 is periodic if it is unbounded in both ends, and there is some r € Z such
that the i-th letter in v is equal to the (i £ r)-th letters in ~y for all ¢ € Z.

4. v is left-confined (respectively, right-confined) if it is not left-infinite (re-
spectively, right-infinite).

5. v 1is confined if it is left-confined and right-confined; in particular, it consists
of only finitely many letters of Q.

We also say that a string is confined (resp. infinite, resp. periodic) if so is its
underlying walk. We will call a periodic string which not consists of all arrows in
the same direction a band.



Let us look at strings in the tiling (S, M, P). The letter, that is an arrow or its
inverse in a quiver, corresponds to ordered pair of neighbouring arcs in the tiling.
A walk can be viewed as some oriented curve on S and string as the corresponding
non-oriented curve. For confined strings, endpoints of the corresponding curve lie
on some arc in P. If an infinite string is unbounded, then the corresponding curve
has no ends, or its ends lie in the blossoming, that is, ends of the corresponding
curve lie on the boundary of S. Periodic strings can be viewed as closed curves.
Curves corresponding to confined string a, and infinite string c; as in the notation
of Figure [1.7] are shown in Figure [I.8

Figure 1.8: Curves corresponding to strings

Definition 10 (Concatenation). Consider two walks, v and §. Let v be right-
confined, ¢ left-confined, ¢(y) = s(d) and holds that ab # 0, a # b~ for a the last
letter of v and b the first letter of §. The concatenation of v and 0 as words gives
rise to a well-defined walk, denoted by ~d.

For ~ confined we will denote:

e 7™ the confined walk given by concatenating v with itself m times;
o ¥ = yvyv---, the right-infinite walk;

o Xy =...9v7, a left-infinite walk;

o X% = (®v)(y>®) =---7y7---, an infinite walk.

Note that because of the definition of gentle algebra and blossoming, each
confined string v of length at least one can be succeeded by a unique arrow, a
unique inverse arrow and also preceded by a unique arrow and a unique inverse
arrow.

Definition 11 (Crossing). Consider two walks, v and 6. A positive crossing from
v to ¢ is a pair of decompositions of the form v = via~wa'vs, 6 = §1bwb’~§ where
a,a’; b,V are arrows and 7y, ¥, 01, 09 are subwalks. It is illustrated in Figure [1.9]

We will say there is a positive crossing from v to d at w. We denote positive

crossing by
7= ma a2
§= 61b>w<b"(5 |

The set of positive crossings from 7 to ¢ is denoted ¢ (7, d). Note that there is an
immediate identification ¢t (v,0) = ¢t (y7,07). For two strings v and ¢, we write
ct(1,0) = ¢t (v,8) Uct(y,07). We say that v and § are crossing if ¢*(v,9) # 0
or ¢™(0,7) # 0.

10



Figure 1.9: Illustration of a crossing

We do not prove that crossings in strings correspond to topological crossings
of corresponding curves in tilings. It is not important for this thesis because we
use the tiling view only for illustration.

In this thesis, we will work mainly with infinite non-self-crossing strings. Cor-
responding curves are called accordions. Now we will define accordions precisely,
and we will show examples of what accordions can look like.

Definition 12 (Accordion). An accordion on tiling (S, M, P)isacurvey: [ — S
(possibly closed) satisfying the following conditions:

1. I is any connected subset of R. Examples of accordions for different types
of intervals are shown in Figure [I.10]

D@ ey

Figure 1.10: Examples of accordions

2. 7 has no self-intersection.
3. 7 does not intersect any vertex of M.
4. Each bounded end must lie on the boundary of S.

5. 7 is not homotopically equivalent to the part of boundary. Also it is not
homotopically trivial if it is a closed curve.

6. A curve ~ that rotates along a simple closed curve § infinitely (in both of
ends) is identified to §. An example of this situation is illustrated in Figure

11l

Accordions are taken up to homotopy relative to boundary segments between
marked points. We mean that if a curve has an endpoint, we can move this
endpoint along the boundary segment between marked points. On the other hand,
accordions with ends in different boundary segments are necessarily different.

Definition 13 (Non-crossing set). A set .# of strings in (@', R') is called non-
crossing if for any v,0 € .7, ¢t(v,d) = 0. In particular, it consists of non-self-
crossing strings. A set of strings is called mazimal non-crossing if

11



Figure 1.11: Example of a curve infinite rotating along closed curve

o It consists only of infinite strings.
o [t is non-crossing.
« It is a maximal set with respect to the above properties.

We know that a set of arrows in a blossoming is always the same, so maximal
non-crossing sets of strings do not depend on a choice of blossoming. Hence, we
can denote by maxNC(Q, R) the set of all maximal non-crossing sets of strings in
a blossoming of (Q, R).

Definition 14 (Lamination). A maximal collection of non-intersecting accor-
dions is called lamination.

In other words, maximal non-crossing sets of strings are in the tiling view

laminations.

Note that according to Definition [11], a string determined by a walk consisting
only of arrows does not cross with any string. Hence, such infinite strings always
belong to each maximal non-crossing set.

In the tiling view, a sequence of arrows of the same direction without relation
are viewed as curves around some marked point. For example, all such strings of
Ag are shown in Figure [1.12]

a1aopag

b1bs C1C2

Figure 1.12: Strings consisting only from arrows for A

1.4 Modules

In this section we will introduce needed notions of string and band modules. This
part is taken from section 5.2 in |(Chan and Demonet| [2020]. From now on, we

12



will fix a gentle quiver (@), R) and a blossoming (@', R'). We denote by A the
gentle algebra associated to (@, R) and f.Il. A the category of finite-dimensional
right A-modules.

Definition 15 (String module). Let v = ---a;a;41--- be a walk in (Q, R) with
indexing interval I C Z. By a position in v we mean a number ¢ in the set I, or
in the set /U {max(I) + 1} if I is bounded above (because the last arrow ends in
some vertex).

For a position i, we denote by v; € Qg the corresponding vertex. Consider the
vector space @, Kx;, where ¢ goes through all positions :. We define an action of
A on it as follows:

o for v € Qo, v, = 0y, Where d,,, = 1 if v = v; and 0 otherwise, where
e, denoted the stationary path at v;

o for g € ()1 and a position i,

Ty if g = ay,
riqg=14 w1 ifqg=a;,
0 else.

The resulting A-module is isomorphic to the one defined by v, and so it
makes sense called such a module string module. We will denote it by X (7).

Note that if v is a stationary walk, then X (7) is just the corresponding simple
module. Clearly, X (v) is finite-dimensional if and only if 7 is bounded.

Now let v be a periodic walk that contains at least one arrow and one inverse
of an arrow in its letters. A subwalk 0 of v is said to be the primitive period of
v if v = 20> and there is no other subwalk € of v such that ¢ = § for some
r > 1. We fix such a v with an indexing set I, and ¢ its primitive period with an
indexing set J C I.

Definition 16 (Band module). Let o be the operation on v given by shifting
the letters to the right by |J| places. Abusing notation, we also denoted by o the
induced period-shifting automorphism

o: X(v) = X(v)

Ti > Ti—|J|-

This gives X(7) the structure of a K[T, T ']-A-bimodule where T acts as o.
Therefore, for a finite-dimensional K[T, T~ !]-module M, we can define a A-
module

Xu(y) = M @krr-1 X (7).

If M is indecomposable, we call X /() a band module.
We will describe the action of A on a band module Xj;(y) more explicitly.
By construction, X,/(v) is free of rank |J| over K[T, T~ with canonical basis

{z;}jes, ie. we have Xy (v) & @jc; Mx; as a vector space. Then A-module
structure is given by

13



o forv e Qpand m € M, mze, = mx;0y,,;

o forqe @y,i€ Jand me M,

MT;igq if 1 <max J and g = a;,
mx;_q if ¢ >minJ and ¢ = a;_,

mziq =14 (m-T)Tminy if i = max J and ¢ = a;,
(m-T V)rpaxs ifi=minJ and ¢ = a;_,,
0 else.

Note that Xy(v) = X, (y~), where ¢ is the K[T, T~ !]-automorphism on M
given by swapping the action of T and T~!. In particular, Xy (v) = Xy (/) if
and only if

1. M= M or M = (M), and

2. +' can be obtained by ~y via shifting letters, or reversing the whole walk, or
both.

Let us look at finite dimensional K[T, T~ !]-modules in the case when K is
algebraically closed. They are representations of the quiver which is one vertex
with a loop. Indecomposable are those of the form M, = (K", J,,x), where J, &
is a Jordan block with dimension n € N and eigenvalue k € K\ 0.

At the end of this section, we define a torsion class of modules.

Definition 17 (Torsion class of modules). The full subcategory 7 of f.l. A is
called a torsion class if it is closed under factors and extensions. In other words,
for any short exact sequence 0 — L — M — N — 0 in f.l. A holds that if
M is an element of .7, also NV is, and if L, N are elements, then also M is.

1.5 Bijection between sets of strings and torsion
classes
Now we will go back to strings and according to sections 4.1, 4.2, 4.7, 6.1 in (Chan

and Demonet| [2020], we will introduce notions needed for stating the main results
of this article.

Definition 18 (Factor and extension of strings). 1. For a string v in (Q’, R')
a factor of v is any string w such that v = w or there exists a decomposition
7 = ma wad'yy or ¥ = y1a”w or v = wa'yy, with a,a’ € Q). A factor is
illustrated in Figure [1.13]

Figure 1.13: Illustration of a factor

14



2. Let v and J be strings and a be an arrow in () such that yad is also a
string. We say that yad is an extension of 0 by 7.

Remark. Let us look at the relation of notions factor and extension for modules
and strings. In notation from Definition [I8]1, there are arrows towards vy, 7,, S0
X (1), X(72) are submodules of X (). That is, X (w) = X (7)/(X (1) D X (1))
is a factor module of X (). On the other hand, there are factor modules of X ()
which are not string modules of some factor of ~.

Similarly, with the notation from Definition [18]2, X (§) is a submodule and
X(v) a factor module of X (yad). Moreover, there is a short exact sequence
0— X(0) - X(yad) - X(y) — 0.

Definition 19 (Torsion set of strings). A set .7 of strings in (@', R') is called
a torsion set of (@, R) if it is closed under factors and extensions of strings. If,
moreover, 7 consists only of confined strings, we say that .7 is a confined torsion
set. We denote by tors(Q), R) the set of confined torsion sets in (Q’, R').

Let .7 be a set of strings. We denote by fin(.#) the confined part of .7, i.e.
the set of all confined strings in .. We define

T°() = N I and T(Y) =fin(T>(¥)).

torsion set .7 D.%

Consider now a confined torsion set .7 € tors(Q), R) and define

L(T) = {y string in (Q', R') | fin{all factors of v} C T}
and G(7) = {y € L(7) infinite | ¢*(4,7) =0 for all § € L(T)}.

Further, for a set of strings ., we define
Fac™ () = {factors of v | y € ¥} and  Fac(¥) = fin(Fac™(.¥)).
Now we can state the first important result of Chan and Demonet| [2020].
Theorem 1. Let (Q, R) be a gentle quiver.

1. The set maxNC(Q, R) of all mazimal non-crossing sets of strings is in one-
to-one correspondence with the set tors(Q, R) of confined torsion sets given

by

maxNC(Q, R) «— tors(Q, R)
S — T(Y)
G(T)«— T
2. Let > be the partial order on maxNC(Q, R) induced by the bijection in 1.
Then we have . > " if and only if ¢*(&",.7) = 0.
Proof. See Theorem 4.11. in |Chan and Demonet| [2020]. O

Before stating the second important result we need to introduce some more
terminology.
For a set .7 of strings, we denote by .#? the subset of bands in .%.
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Definition 20 (Parametrization). A (B-)parametrized set of strings is a pair
(7,A) consisting of a set . of strings and a (B-)parametrization map X :
P — 2B where 28 is the power set of B. Denote by maxNCp(Q, R) the set of
parametrized maximal sets of non-crossing (infinite) strings, i.e.

maxNCp(Q, R) = {(-¥,A) B-parametrized set |.# € maxNC(Q, R)}.

We define a relation > on maxNCg(Q, R) given by (<, A) > (& X) if & > .
(i.e. ¢t(y,0) =0 for all y € .#" and ¢ € .%) and for any y € .S N.Y"?, we have
Alz) 2 N ().

Let us denote by B = irr K[T,T7!] a set of representative of isoclasses of
simple K[T,T~!]-modules in the category mod K[T,T~] of finitely generated
(left) K[T, T~ ']-modules. For a parametrized set (., : /P — 28) of infinite
strings, we define

X()={X() [z €7},
X)) ={Xu(2) [y € 7" M € X))}

We will denote
maxNCg (Q, R) = maXNCirrK[T,Tfl](Qa R).

Theorem 2. There is a complete lattice isomorphism between maxNCg (Q, R), the
lattice of maximal parametrized non-crossing sets of infinite strings, and T(f.I. A),
the lattice of torsion classes in f.I. A, via

Th : maxNCg (Q, R) = tors(f.l. A)
(Z,A) = Ta(S,A) = T(X(Fac(.)) U X\ (7).

Proof. See Theorem 6.1. in (Chan and Demonet| [2020]. O
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2. Examples

Now we will illustrate Theorem 2] with a few examples — quiver A, in Section [2.1]
the Kronecker quiver in Section and in short we will look at quivers A,
consisting of n arrows and no relations in Section [2.2] Lattices of maximal non-
crossing sets of strings for As and the Kronecker quiver are (almost without
explanation) shown also in (Chan and Demonet| [2020] in Examples 4.12. and
4.13, respectively.

From this chapter on, we will write strings without underlying. So by writing
v or v~ we mean string 1.

2.1 The simplest algebra

We will start with the quiver algebra of quiver As. For this algebra, it is easy to
find all torsion classes without our theory. Therefore, we determine the lattice of
torsion classes in this straightforward way, and then we show that using Theo-
rem [2] we obtain the same result.

Torsion classes are from definition determined by indecomposable modules.
We have up to isomorphism precisely three indecomposable modules over our
algebra. They are K — 0,0 - K, K LK.

There is always an empty torsion class and a torsion class containing all mod-
ules. Obviously, each simple module generates a torsion class containing no other
indecomposable module. This gives us torsion classes T(K — 0) and T(0 — K).

Torsion class T(K RN K) contains K — 0 because it is a factor by 0 — K. On
the other hand, this torsion class does not contain 0 — K. It means that we have
found the fifth torsion class.

There is no other torsion class — K = K is an extension of the other two
indecomposable modules. Together we get the lattice of torsion classes [2.1]

All modules

T(K % K)

70— K)
T(K — 0)

AN

0

Figure 2.1: The lattice of torsion classes

Now we want to reach the same result using Theorem [2] There is no band, so
the application of the theorem is relatively easy. Torsion classes are generated by
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string modules determined by factors of a maximal non-crossing sets of infinite
strings.

Without strings consisting of all arrows in the same direction there are ex-
actly five different infinite non-self-crossing strings. These strings are

, by apas, , ¢y ay. Corresponding accordions are drawn in Figure [2.2] -

each in a different colour. The remaining procedure is to look at possible maximal
non-crossing sets and their lattice. Then we will find all factors of these sets, use
Theorem [2| and compare the result with the lattice in Figure

Figure 2.2: Maximal infinite strings

Let us notice that there are exactly five maximal non-crossing sets. Each
of them consists of a pair of strings from the previous paragraph, which have a
common point in the blossoming. They are shown in Figure

Mutual crossings of all infinite non-self-crossing strings are listed in Table [2.1]
The entry in the ith row and jth column says if there is a positive crossing from
some string in the ¢th set to some string in the jth set. If there is, the entry is a
substring at which they cross.

OOV

Figure 2.3: All maximal non-crossing sets of infinite strings

Hence, according to Theorem [} the lattice of laminations looks like in Fig-
ure 241
Finite factors of infinite non-self-crossing strings are as follows:
Fac( ) =10
Fac( ) =10
Fac( )={11}

These factors give string modules

Fac(b;aoag)c = {11, Go}

Fac(c, as) = {12}.

X(1) =K —0,X(1y) =0 = K, X(ap) = K & K.
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Table 2.1: Table of positive crossings

, by agas, , by, agas,
Cy 2 Cy Q2
7 _ _ _ - R
by agas, ao, 11, - 1 ag -
, Co Qo 1, 1, - 1 -
: Iy - 1 - -
[)2_(1()612, (,'15(12 ap, 11, 12 12 11 ao, 12 -

Figure 2.4: The lattice of laminations

Hence, from Theorem [2] we get:

I ( ;

I ( Oy an) =T

I ( :

I (by agas,

We can see that .7, maps lattice 2.4] exactly to lattice [2.1]

2.2 A,

Further examples of gentle quivers consist of path going through n € N vertices

= All modules .

without any relation. In other words, they are of the form

1-2—=3—=--—=n-1—=n.

It is usual to denote these quivers A,,.

The lattice of torsion classes of modules over these quiver algebras can be
found in the same way using maximal strings as in the example in previous
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Subsection We will not show the search of the lattice for these analogous
cases, but we will calculate how many torsion classes these algebras have.

We take a tiling consisting of a disk, n+43 marked points on the boundary, and
n arcs between them, all starting at one point. This tiling is shown in Figure [2.5]
Let us note that its associated quiver is exactly A,,.

Figure 2.5: Tiling for A,

Every accordion has to start and end in one of the n + 3 segments of the disk
boundary. We will add a new point to each of these parts. These points form
some (n+3)-gon. Every diagonal of this (n+3)-gon gives us a different accordion.
On the other hand, every accordion is homotopic to one of the diagonals of this
(n+3)-gon.

It implies that the laminations correspond to the maximal sets of non-crossing
diagonals, that is triangulations of the (n+3)-gon. It is well-known that the
number of triangulations of an m-gon is equal to the Catalan number C,, -,
where C,,, = #H 27;”) Hence, the number of laminations of the tiling algebra
corresponding to A, 1s equal to C),41.

There is no band, so the lattice of accordions is isomorphic to the lattice of
torsion classes according to Theorem [2 Thus, the number of torsion classes of
A, is equal to C, 1.

2.3 Kronecker algebra

Let us show a slightly more complicated example. Compared to the previous ex-
amples, there is an infinite number of infinite non-self-crossing strings. Moreover,
one of them is a band. Hence, in the application of Theorem [2] we must work
with a band module. The lattice of laminations is infinite and not isomorphic to
the lattice of torsion classes.

In this section K is an algebraically closed field, (@, R) denotes the Kronecker
quiver and (@', R’) its blossoming. We denote vertices and arrows as in Figure .

2.3.1 Non-self-crossing strings

We need to find all infinite non-self-crossing strings. We start with infinite strings
which are bounded, e.g., they start and end in vertices in @ \ o, which is just
a two-element set.
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Figure 2.6: Kronecker algebra with its tiling

Because of relations, we have only four types of bounded infinite strings. They
are ag(a1by )*by, by (by ay)fas, ag(aiby)raray, by (bya1)*byby, k € Ng. Strings of
the second two types are self-crossing for £ > 0 because they have self-crossings
at a; and by, respectively. For k = 0 we get in the second two types strings agajas
and bgbybo; that is, only strings consisting of arrows with the same orientation.

On the other hand, we will show that the strings of the first two types are
non-self-crossing. We denote them

ap = ao(albf)kbaa Br = b;(bfal)ka2-

Of course, string (a;,b7 )* is non-self-crossing. Suppose that ay, is self-crossing and
it crosses itself at some substring w. Thus, ag or b; must neighbour w. Because
(a1b7)* consists only of two alternating arrows, both ay and by neighbour w,
otherwise, there would not be enough different arrows to get a crossing. They are
both oriented towards w, so w must be the whole (a;b7)*, which is not possible.

Now we look at these types of strings from the view of accordions. The cases
for & = 1 are shown, in the order in which they are listed above, in Figure [2.7]
For general k, the first two types correspond to spirals that start at the outer
boundary, end at the inner boundary, turn around the middle k-times, and the
first turn clockwise and the second counter-clockwise.

©OOC

Figure 2.7: Different types of infinite strings for k =1

Let us note that the only two-sided unbounded string is *°(a;b; )*°, we denote
it by v. We also have four different one-side bounded infinite strings. We can
start at one of the two vertices in Q) \ Qo and continue by one of the two arrows.
Then we have only one way how to continue with an infinite cycle. Namely, we
have strings

ol = =(arby )by, B2 = by by (a1by)>, aly = ag(aiby )™, L = *(a1by )aias.
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Of course, they are non-self-crossing.

Again, we will show accordions that correspond to these strings. We can
imagine the only two-sided unbounded string as a closed curve around the middle.
The one-side unbounded strings correspond to spirals which can start at outer or
inner boundary and rotate clockwise or counter-clockwise. These accordions are
illustrated in Figure [2.§

©eOE®

o

Figure 2.8: Unbounded strings v, al., BL respectively

2.3.2 Maximal non-crossing sets

In the next step, we will find all maximal non-crossing sets of infinite strings or,
in the tiling algebra view, all laminations and their lattice.

First, let us notice that there are positive crossings from (; to a4 for all
[,keN:

/6l = bg_ >b< aq (bl_al)l’l@
1

QE = ag(albf)k*1a1 ba

Also, there is a positive crossing from Sy to all ay, k € N and from all 5, k € N
to ag at 1g, respective 11. Strings ag, By are obviously non-crossing.

On the other hand, there is no positive crossing from «y, to 3;, k, 1 € Ny. Their
substrings of the form (a1b; )™ are non-crossing. Hence, the crossing would have
to use arrows from thr blossoming. These arrows are oriented from the middle for
B, and to the middle for ay. Therefore the definition of positive crossing cannot
be satisfied.

Further, we have crossing from (; to all unbounded strings, these crossings
are listed in 2.1} In a similar way, we have crossings from all unbounded strings
to a. Again, from the same reason as above there are no converse crossings.

B = by 1/ a2
1 ) G s Yo (i

B = by > _ l<a2 ag, = apa (bfal)oo
_ b a co_ 2.1
al = ©(bya;) (b7 ax) by by ﬁl = by >(b_a )l<a2 (2.1)
By = %\ a2 Bl = ®(bray) /" \ brasas
B = bybra; /1N (brag)™

The previous implies that the only candidates for forming a non-crossing set
with 3, are B;’s. Actually, there is a positive crossing from §; to all B, k > [+ 2:

b = by \ ,,_ a
ﬁlj _ b;bfai >(b al)l< (Z a )k—l—1a2
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Again, there are no converse crossings. Let us note that strings S, Or41 make a
non-crossing set. Moreover, this non-crossing set has to be maximal.

Similarly, «; forms non-crossing sets only with «;_; and ;1. In contrast to
B, there is a positive crossing in the opposite direction, from all ay, k > [ + 2 to
(7

ap = agaby _u/ (a b))ty
" Yo' {

o) = ba

It remains to find non-crossing sets composed of unbounded strings. First, let
us notice that v form a non-crossing set with each one-sided unbounded strings
because from one side there are the same, so there is no space to crossing. The
same reason holds for pairs a2 ,3: and (2,a’ . Non-crossing are also pairs
., ol and B2, 3, because both strings in each pair consist only of arrows to
the middle, respectively arrow from the middle, and the cycle.

The rest two pairs a2, 3%, and o' , 3’ have only crossings from 3’s to a’s,
similarly as in the case for ay and f;.

From this subsection we can conclude that we have exactly four types of

maximal-non crossing sets:

1. {ak,ak+1},k5 e Ny

2. {B, Br+1}, k € Ny
3. {a0>ﬁo}
4. {~,09,¢ },0,e € {a, B}

Moreover, we have reasoned the partial order of these sets, where we take partial
order as in Theorem [} Hence, we can draw the lattice of corresponding lamina-
tions. It is illustrated in Figure[2.9 In the figure our four types of torsion classes
from the previous paragraph correspond to the right lower part, the right upper
part, the only lamination on the left, and to the four laminations right in the
middle, respectively.

Another possibility to get this lattice would be not to use the string combi-
natorics view and find the intersections of accordions.

2.3.3 Torsion classes

The last step to find the lattice of torsion classes of the Kronecker algebra is to
use the isomorphism from Theorem 2]

We start with finding factors of our strings. We will work in the order in
which we listed the four types of torsion classes in the end of Subsection [2.3.2]

1. From the directions of the arrows follows that the factors of the string
ap = ao(aiby )by are exactly substrings between some occurrence of by
and a;.

FaC(Oék) = Fac(ao(albf)kbg) = {11, Cllbl_, cey (albl_)k_Q}
Fac({ozk, ak-Jrl}) = {11, CllbI, RN (albf)kfl}
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Figure 2.9: The lattice of all laminations for Kronecker algebra
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2. The situation for 8 = by (bya1)¥as, k € N is a bit more complicated. If
we do not use arrows from the blossoming, we get the same factors as for
ag_1. If we use from the blossoming only the first arrow b5, factors are
exactly substrings succeeding by a;. That is, we get factors of the form
(bya1)"by,n < k. On the other hand, if we use from the blossoming only
ay, we get factors of the form aq(by a;)”, n < k. If we use both arrows from
the blossoming, we add as a factor (bya;)*. Together we get for k € N:

Fac(Br) ={11,a1by, ..., (arb])* 107, ..., (b ay)" by,

a, ... ar(bya)) 1t (b7 a)*}.
Fac({ﬁk; 6k+1}) :{117 albfu SRR (albf)k7 bf? SR (bfal)kb;7
A,y ... ,al(bfal)k, (bl_(Il)k, (bl_al)kﬂ}

FaC({ﬂo, 51}) :{12, 11, b;, ai, bfal}.

3. Factors of {ap, o} are Fac({aw, Bo}) = {12}

4. It remains to find factors of unbounded strings. All of them contain the in-
finite cycle consisting of alternating b; and a;. Hence, they all have factors
11, (a1b7)™, n € N. Of course, v has no other factors. Further, a_,a’_ con-
tains without the infinite cycle only one arrow with direction to the middle.
It means that they do not add any other factor. On the other hand, 8%
starts with an arrow b3, so it adds factors (b a;)"b; ,n € Ny. Similarly, 57,
adds factors a;(by ay)",n € Ny.

According to Definition [15] we can find string modules corresponding to the
factors. We denote

o @do”
Iy=X1, =0CK Pi= Xy =K — K,i€N
(0,id)T
(4d,0) id
_ _ i i+1 - i i .
L= Xy =K E KT eN A =X, o0, =K & KTLieN
(0,id) Ji+1,0
i+1 ghat i+l
Bi = Xy @iy =K = K7, i €N,
id

Py=X,=K0

Let us notice that we have short exact sequences 0 — Ag — A1 — 4; — 0
and 0 — By — B;y1 — B; — 0 for all i € Ny. Hence, if a torsion class contains
Ay, respective By, it contains all A;, respective B;. Similarly, among the modules
above there are some other relations that would reduce the numbers of generators
of torsion classes, but we will not deal with that.

Now we know almost the whole lattice of torsion classes of the Kronecker
algebra. It remains to look to the four maximal non-crossing sets of strings
containing the band.
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For each of these four sets .7 the set .7 = {v}. By Theorem 2| we have the
lattice isomorphism

(-7, A) = T(X(Fac(.7)) U Xx(7)).

The map A : {y} — 28 only chooses a subset of the set B, recall B is the set of
non-isomorphic simple modules over K[T,T~!|. Further, X)(v)={Xum(7) | M €
()}

From the paragraph below Definition [16| we know that indecomposable mod-
ules over K[T, T~!] are of the form M, = (K", J,,. ), where J,, ; is a Jordan block
with dimension n € N and eigenvalue k& € K\ (). The simple ones are exactly
M, , because we can embed M ; to each M, ;, and on the other hand, there is
no homomorphism between M, and M; s for different k, k'

Hence, from the definition of band modules, we get for the simple module

M, j, and the band v the band module X/ (y) = K & K.

k
Together we get that all torsion classes obtained from the set of maximal
strings containing the band have the following generators:

o All of them have generators I;, i € N

« Torsion classes obtained from the sets . containing 5, add a generator

1
K = K. Similarly, torsion classes obtained from the . containing 2 add
0

0
a generator K = K.
1

o The torsion class 74 (-, A) also has generators {K - K|M . € A(v)}.
k

The last two points we can reformulate so that depending on (&,A) we add
as generators some R, g = K—K, (a,3) € Pi(K), where P;(K) denotes the
8

projective line.

Moreover, (.7, A) > (&', X) if and only if . > .’ in the order of maximal
non-crossing sets of strings and A(y) 2 A'(vy). It means that the part of the lattice
obtained from (., A) with .# containing the band is isomorphic to the lattice of
all subsets of Py (K).

In this subsection, we have given all the observations needed to complete the
goal of this section — finding the lattice of torsion classes of Kronecker algebra.
The lattice is shown in Figure 2.10f We recall that some elements of the lattice
can be written in a form with fewer generators, but it is not our goal.

Again, it is possible to find the lattice of torsion classes without this theory,
but contrary to the previous example it is not easy. Representations of Kronecker
quiver are discussed in Section 9.3. in|Krause| [2010]. The whole lattice of torsion
classes is shown in Figure 2 in Thomas| [2021].
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T({]Oa POa Pla R(l,O)y R(O,l)})

\

T({-[(]? -[1) Pl) P2)
R0y, Ro})

T({]Oa Ila -[27 PQ?
P37 R(1,0)7 R(O,l)})

T({I; | i € Ng}U
{Rap) | (o, 8) € P1})]

/’\ Lattice isomorphic

T(F) . to the lattice of

all subsets of P, (K)

T({Li i € No})

Figure 2.10: The lattice of torsion classes of the Kronecker algebra
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3. Markov algebra

In this chapter, we will look at a much more complicated example. The chapter
aims to find a lattice of torsion classes of gentle algebra called Markov algebra,
the underlying quiver in Figure [3.1] where relations are formed by pairs of suc-
ceeding arrows of the same colour. It is the same quiver as in Example (iii) below

Definition Il
1 2
\ | /

Figure 3.1: Markov quiver

The inspiration for this chapter was the unpublished notes of Aaron Chan.
Helpful were especially figures and ideas how could some parts of the wanted
lattice look. On the other hand, the whole approach and all results in this chapter
are original contributions.

As in examples in the previous chapter, there exists a tiling corresponding to
the Markov quiver. Just take a torus with one marked point and triangulation
as in Figure (3.2}

Figure 3.2: Corresponding marked surface

First, let us clarify the notation that we will use in the whole section. A
string is by Definition (8 a pair containing a walk (reduced sequence of arrows
which avoids relations) and the inverse of this walk.

We can specify each arrow in the Markov quiver in Figure by a colour
(green or pink) and the source and target. Hence, we can write walks as symbols
of arrows in green or pink colour and between them numbers 1, 2, or 3 for vertices.
For example, there is a walk 1—2-3—1<-3. Because of relations, arrows of green
and pink colour must alternate in each walk. Further, we can write an inverse of
an arrow as an arrow in the opposite direction with switched source and target,
i.e. the inverse of 1—2 is arrow 2+-1.

For simplicity, we will write strings as walks that determine them. So “string
1—+2-3—1<-3” formally means the pair {1—+2-+3—1+-3,3-+1-3 2«1} and
also we can mention this pair as “string 3—1—3—2+1".

Especially when we search crossings it is important to note that the word
“string” also means the inverse of the mentioned sequence. Let us again give
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an example. There is indeed a crossing between strings 1—2—3—1+-3 and
2+-1<-3-—1 at 1<-3, although there is no sequence 1<-3 in the chosen walk de-
termining the first string.

Note that even if we are talking about some substring, e.g. 2-+3—1, we do
not fix the orientation of the whole string. That is we still consider a sequence of
arrows as a string not as a walk.

If we, for strings, use notions as first, last, preceding, succeeding and so
on, we refer to the walk which is listed. Hence, by the “first arrow of string
1—-2—3—1+-3” we mean arrow 1—2.

3.1 Non-self-crossing strings

First, let us see what an infinite non-self-crossing string might look like in the
Markov quiver. This quiver is a blossoming of itself, so each infinite string is a
two-sided infinite sequence of arrows.

In this section, s will denote an infinite non-self-crossing string and X,Y, Z

will denote the three vertices of the Markov quiver so that there are arrows in
the direction X - VY)Y — 7, 7 — X.

Definition 21 (Cooriented substring). Let s be an infinite non-self-crossing
string in the Markov quiver. We call cooriented its substring that consists of
consecutive arrows of the same orientation and cannot be extended to a larger
one.

Lemma 3 (Forms of cooriented substrings).

1. Let p be a substring of string s, which does not contain any arrow which is
contained in a cooriented substring of s of length greater than two. Then
there is a vertex Y such that each arrow of p starts or ends in'Y .

2. A non-zero finite cooriented substring p of s cannot have a length other than
1, 2, 4, or 5.

3. A string s cannot contain more than one cooriented substrings of length
greater than two. The only exception may be s containing two one-side-
infinite cooriented substrings of opposite directions.

Proof. 1. Suppose p does not contain two consecutive arrows of the same orien-
tation. In that case, p is only an vertex, or it must consist of alternating arrows
between two vertices X and Y, therefore from alternating arrows X—Y and
Y+ X.

Otherwise, p contains a substring of the form X — Y — Z. Thus, in s, we
have «+— X — Y — Z <. We will show that each arrow of p starts or ends in
Y. In the Markov quiver, an arrow X — Z does not exist. We claim that there
cannot be an arrow Z — X in p. If there were, it could not succeed an arrow
X <+ and could not precede <— Z thanks to non-self-crossing property at Z and
X respectively. Hence, the only option is a substring ¥ - Z — X — Y in s
which is not possible because from assumption there are not three consecutive
arrows.
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2. Our quiver is symmetric, so it is sufficient to disprove that the length of
p may differ from 1, 2, 4, and 5 only for p starting with 1—2. Thanks to the
relations, cooriented substrings of fixed length with a given starting arrow are
uniquely determined.

First, assume that p has length three, so it is of the form 1—+2-3—1. The
arrow preceding p is in the opposite direction to arrows in p, so the only reasonable
possibility is 2<-1, and similarly, the arrow succeeding the substring has to be
1+-3. Thus, we get substring 2<-1—2-—3—1+-3 which has a crossing at 1.

In p, all six arrows alternate regularly. Thus if p had a length divisible by
three, p would start and end at the same vertex. It means that, by the same
argument as above, no such p exists.

Now suppose that p has a finite length greater than six. Thus, the same ar-
rows as the first and last in p occur at least once more in p. We claim that there
is a self-crossing with a common part between the nearest occurrence of the first
and last arrow, including them (if the first and last are the same, it is sufficient
to take only this arrow). We denote this part by r. Then the string s has a
substring of the form (< p <-) = (<~ r — ... — r <). For better understanding
there is an illustration of an example of such self-crossing in Figure 3.3, We can
see that we exactly have found a self-crossing at 7.

<—|—>—>@—> e —>—>—>@‘<—
p

Figure 3.3: Hlustration of a self-crossing of p

3. From the second part of the lemma, we know that s cannot contain a
cooriented substring of length greater than two for another length than 4, 5, or
infinity.

Consider p and ¢ two cooriented substrings of s of length 4, 5, or infinity such
that there is no any other cooriented substring of length 4, 5, or infinity between
them in s. Without loss of generality, we can suppose that the right one ¢ from
the left starts with the arrow 1—2. That is, including the preceding arrow, s has
a substring ¢ = 2+ 1—-2-3—1-2.

We distinguish two cases:

e (Case 1 — Substring p has the same orientation of arrows as q.
Then we get the following substring.

[ 2 12031 2
p q

We see that p does not end in vertex 1; otherwise, we would get a crossing
in this vertex.

The substring of s starting immediately right of p and ending immediately
left of ¢, containing arrow 2<-1, satisfies the assumption of the first part
of the lemma. Hence, every second vertex of this substring is 2, or every
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second vertex is 1. In both cases, each arrow in this substring immediately
right of 2 is green, immediately left of 2 is pink, and vice versa for 1.

The previous two paragraphs imply the following. If p ends in the vertex
2, then there is a substring of s of the form p’ =1--2—3-—1—2+-. Hence,
there is a crossing between p’ and ¢’ at 1—2. Similarly, for p ending in 3
we get crossing between ¢ and p’ = 23123+ at 1—+23. Note
that the colours in string p’ must be as we have stated. It holds because we
know from the orientation of arrow 3 <— that its source must be 2, and the
arrow immediately left of 2 is pink.

o (Case 2 — String p has a different orientation than q.

e 20 192032102
D q

Again, we use the observation about the colours of arrows between p and q.

If p ends in the vertex 1, there is the substring of s of the form p; =
2¢-14-34<-2+-1—. If p ends in the vertex 2, we get ps = 3+ 2132
Finally, if p ends in the vertex 3, we get p3 = 1+-3<-2<-1<-3-—. We cannot
switch colours in p3 because its last arrow 3 — must have a target 1 and
the arrow immediately left of 1 is green.

If q is of length four, adding the succeeding arrow after ¢, we get the sub-
string of s of the form ¢4 = 1—+2—-+3—1-24. Similarly, if ¢ is of length
five, we get the string ¢5 = 1-2—3—1-+2—3

Note that there is a crossing between p; and ¢4 with at 12 and between
p1 and g5 at 1-+2—3. For py, we get a crossing at 2 with ¢, and at 2—3
with ¢g5. Finally, there is a crossing of p3 and ¢4 at 3—1-—-2 and p3 and g5
at 3.

In the same way, there are crossings between p of the length 4 or 5 and
q of arbitrary length greater than three. Together we have proven that
there are no two cooriented substrings of length greater than two except
two cooriented substrings of infinite length and opposite orientation.

]

We have narrowed down a possible form of infinite non-self-crossing strings.
According to cooriented strings of length greater than two, we can sort them into
four groups:

1. No cooriented substring of length greater than two
2. One infinite cooriented substring
3. One cooriented substring of length four or five

4. Two infinite cooriented substrings of different orientation
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In all cases, for any infinite non-self-crossing string s there exists a vertex such
that each arrow outside the cooriented strings of length greater than two contains
this vertex. Let us call this vertex significant.

It is a bit stronger statement than in the first part of Lemma [3, where we
claim that such a vertex exists for each substring outside cooriented strings of
a length greater than two. We will show it holds and also when the significant
vertex is unique.

o First, let the string s contain a cooriented substring of length two, that is
there exists its substring of the form Y < X — Y — Z < Y. Thus, X and
Z cannot be significant. According to the proof of Lemma [3] there is no
arrow between Z and X in any non-cooriented part. Hence, Y is significant.

e Let the string s does not contain a cooriented substring of length two. It
means that each non-cooriented part consists of two alternating vertices.
Strings of type 1, 2, and 4 have only one non-cooriented part, which has
two significant vertices. Strings of type 3 have a cooriented part and two
non-cooriented infinite parts, each having two significant vertices. Note
that, it has to be the same two vertices in both parts because if in one
part were significant X,Y and in the second Y, Z, we would get substrings
X -Y « Xand Z < Y — Z with a crossing at Y. Thus, if s does
not contain a cooriented substring of length two there exist two significant
vertices.

1 19

-

3 . 3

Figure 3.4: Examples of cooriented strings of length five and infinite length

Let us look at the cooriented substrings in the tiling algebra view. Each
cooriented substring corresponds to a part of the accordion that rotates around
the puncture. In the second part of the lemma, we proved that if a curve rotates
around a puncture once, it must rotate around it infinitely. Figure shows
illustrations of cooriented parts in the tiling view.

Now we want to add more conditions for non-self-crossing. Moreover, we want
find conditions such that all strings that satisfy them are non-self-crossing.

3.1.1 Typel

For simplicity, let us first focus on strings without cooriented substrings of length
greater than two. All lemmas in this subsection also hold for strings of other
types, but conclusions after these lemmas are specific to type 1.

Let us denote 0 = Y+ X Y and i« = Y—Z+Y. From the first part of
Lemma (3] follows that s is a composition of 0’s and i’s. However, not every such
composition gives us a non-self-crossing string, as we will see soon. Note that we
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have not forgotten walks composed of i~’s and 0~ ’s because the inverse of such
walk is composed of i’s and 0’s.

Our procedure will be to gradually enlarge non-self-crossing strings from which
the original string is composed.

Lemma 4. [t holds that s contains at most one of the substrings o*,i%. Further-
more, if s contains the substring oi"o,n € N, it does not contain the substring
i"*2. Similarly, if s contains the substring io"i,n € N, it does not contain the
substring o™ 2.

Proof. Let us notice that o? and 4% have a crossing at Y.

Let s contain the substring 0i"o,n € N. Especially, it contains also the smaller
substring —4"«-. In contrast, i"™2 contains the substring < i"—. Hence, there
is a crossing between 0i"o and i"*2. In the same way, we can find a crossing

between i0™i and o"12. m

We know that the string s is composed of ¢’s and o’s. Now we can specify the
form of s more precisely. From Lemma [ we deduce that at least one of 4,0 is
contained in s in at most the first power. Let us denote it .JJ; and the other by
V1.

Further, we know from the lemma that if n; is the smallest power such that
JiVi"™Jy is a substring of s, then there is no substring V™ for m # ny,n;+1.
In other words, s is a composition of parts of the form J;V;" and J, V" or
s =>2V> or s =V, V™.

Strings composed of the components J; Vi and J, V"™ still can be self-
crossing. For further specification we use the following claim.

Lemma 5. Let V., J be strings such that one of the strings JV and V' J is of the
form p < q1 + r and the other of the form p — qs — r, where p,q1,q2, 7 are
some (possibly empty) strings. Then the following holds:

1. The strings VJV*JV™JV and JV" LIV ] n € N, have a crossing.

2. There is a crossing between V JV™(JV™ )™ JV" JV and (JV ™2 ] and
also between JV Y JV™)™ JV LT and V (JV)™ T2 V.

3. The strings JV™ and JV™ ! also satisfy the condition on the form of com-
positions. Thus, one of the compositions JV*JV™ ™ and JV" L JV™ has the
form p' < q; < r' and second has the form p’ — ¢4 — r', where p', ¢}, ¢, '
are some strings.

Proof. 1. We claim that »V"JV"p is the common part of the crossing. It is, of
course, a substring of both strings and from the assumption on the form of JV
and V' J, we see that we have indeed found a crossing.

2. Note that both pairs are of the forms V JtJV, JVtV J for an appropriate
string t. Thus, by assumption, we have a crossing.

3. Just set p' = JV"p, 7" =rJV" q) = q1, ¢, = qo. [

33



We have defined Vi, Jy, which satisfy the assumptions of Lemma [l We pro-
ceed by induction. If V;, J; are defined, they satisfy the assumptions of the lemma,
and s is composed of J;V;" and J;V;*'. Then we know from the first part of
the lemma that at least one of J;V;™ and J;V;"*! is contained in s in at most the
first power. Let us denote such a one by J;;; and the second one by V.

Further, if n;,; is the smallest power such that J;,1V;'/" Jiy1 is a substring
of s, then there is no substring V!, for m # n;y1+1. This is true because of
the second part of the lemma. Hence, s is a composition of parts of the form
Jip1 Vi and JiHVn’“H or s = VS or s = *Viy1Ji1 VS, Moreover, Viyq
and J;; satisfy the assumptions of the lemma thanks to the third part.

Together we get that infinite strings of type 1 are of the form °°(V;)* or
*(V;)Ji(V;)>° for some i or any substring of s is not contained in s to infinite
power and for any i € N the string s is composed of both J;V;" and J;V;" '

On the other hand, we will show that every string constructed in this way
from o, 4 is non-self-crossing.

Lemma 6. Let J,V be as follows: We cannot embed VJV into VFJV! k.l € N
in other than the obvious way. Moreover, VJV"JV and VJV" LIV are such a
pair of strings that they do not cross each other and are non-self-crossing. Then:

[e.9]

1. Strings in each of the pairs
WAALN AVACRRT (A VAL LU AVACR R A ALRRIY A VALY A VAL R OV A VAL) ARl A VAL A VALITOYY)
W AVALLR A VALTOV A VAL LW A VALH A VAL RN A VALAE A VAL(V A VAL LU A VACH A VAL R W70

non-self-crossing and mutually non-crossing.

2. We cannot embed the string JV"JV"TLIV™ into (JV™)¥ JV L (JV™) and
JVrPHEL VR IV into (JVPADE JVR VAN n other than the obvious
way for all kK',I" € N.

Proof. From assumption, VJV"JV and VJV"T1JV are non-self-crossing and
mutually non-crossing. Hence each potential (self)crossing between strings from
1. has to contain the substring VJV. Below are marked in pink parts of
string JVJV LY (JVm)m JV L JV " which are non-self-crossing and mutually
non-crossing from the assumption. The remaining three strings would be marked
similarly.
m
n+1 n n+1

o |th/ VAV JFﬁ IJR/ vxﬂﬁ/ﬁJ

Since we cannot embed V.JV nontrivially, it is precisely that V.JV, that we
see in the notation. However, there is no way for two substrings in the same pair
and of the same length containing V' JV to start and end differently. Hence, there
is no crossing.

The second part immediately follows from the assumption on embedding

VJV. []

First, let us notice that V; and J; as i and o satisfy the assumption of Lemmal]
By induction, we get from the lemma that J;V;"'J; and JZ-V;-"Z'HJi are non-self-
crossing and do not cross each other for every n; € N. Thus, all infinite strings
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constructed in the mentioned way are non-self-crossing. Especially V" is non-
self-crossing for every n;, therefore *(V;)* is also non-self-crossing. Similarly
*(V;)J:(V;)*° must be non-self-crossing.

This subsection concludes that we know all non-self-crossing infinite strings
without a cooriented substring of length greater than two, and we can classify
them into three types:

1.A Periodic strings, i.e., bands, in the previous notation *°(V;;1)>.
1.B Two sides periodic strings with one change, *(V;)J;(V;)>

1.C Strings which have no substrings in the infinite power.

Example. For a better understanding, let us give two examples of corresponding
accordions on torus to strings of types 1.A and 1.B in Figure [3.5] They are
*(3-+14-3+2—)> and *°(1<-3—)—2«(1<-3-) respectively.

1/ L
3 3

Figure 3.5: Corresponding accordions

3.1.2 Bijections between strings and numbers

In this subsection, we will show another perspective on strings of type 1 using
the knowledge from the previous subsection. We start with strings of type 1.A. It
holds that they are in a bijection with Q,, and in the tiling view, they are closed
curves with corresponding rational slopes. We will inductively define a map «
from a set of strings to rational numbers with infinity. Since each string s of type
1.A is periodic with a unique primitive period p of the form p = J;V; (using no-
tation introduced in the previous section), for simplicity we will sometimes write
1_ -1

a(s) as a(p). We identify oo = —co = § = 5.

=L a2—-3«)=%anda(3—1+)=1. Thus

First let (1 — 2 =) = § = 2,
we have defined « for all strings of type 1.A. that do not have a unique significant
vertex.

Next, suppose we have a string s of type 1.A with the significant vertex Y.
We can look at string *(1 — 2 <) in two ways — as the string with significant
vertex 1 and as the string with significant vertex 2. In the first case, we consider
the fraction in its reduced form for a(1 — 2 <) = oo to be the fraction % and
in the second case 7. We do not distinguish our view of strings (2 — 3 <),
(3 — 1 <) by their significant vertices. We will use a construction of s by J;, V;
described in the previous subsection. Strings J;, V; are just ¢, o from the previous

section, so we have already defined a(.J;) and a(V}).
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Further, if the image of « is defined for strings A, B, we will define it for AB.

Let a(A) = %,a(B) = g,a,c €Z,b,de Nm% and 2 are in reduced form
a+c
th AB) = .
en a(AB) b+d

Using this inductive definition we have defined all «(J;V;"*) for all n.

We will study this definition more closely. For that, the following observation
will be helpful.

: a c a a-+c c
Observation 7. Assume that a,c € Z, b,d € N, ¢ < . Then § < brd < a-

Proof. We get

ad < be
ad + ab < be+ ab and ad + ¢d < be + cd
a(d+b) < bla+c) and d(a+ ¢) < ¢(b+d)

a a-+c a-+c c

b Sbrd ™ yradsad

To work with % and —71 we note that ‘;T_é <3< %.

By repeated application of Observation [7| we get that for strings A, B, the
rational number o(AB") lies between a(A) and a(B). Let a(A) < «(B). For
n < m we have a(AB") < a(AB™) and conversely a(BA™) > a(BA™). Thus
(a(A),...,a(BA3),a(BA?),a(AB),a(AB?),a(AB3),...,a(B)) is a division of
the interval (a(A), a(B)).

In the beginning, when « is defined only for three strings without significant
vertex, we have a division of real numbers (—00,0,1,00). In each following step,
we divide intervals finer than in the previous step. Thus, in our definition of «(s),
we gradually narrow the intervals in which it can lie, and in a finite step, a(s)
will lie on the boundary of some two intervals.

Observation 8. Let § < § and ad — bc = 1. Then also for fl—/, = ﬁZ:B’;I;,Z—: =
na-+tc

a1 € N holds a/d'=b'c = 1. In particular, all neighbouring images in interval
division from the previous paragraph by o have this property.

Proof. We have

dd —bd =mna+c)(n—1b+d)— (nb+d)((n—1)a+c)
=mnad+ (n—1)cb — (n — 1)ad — ncb = ad — cb = 1.

The second part of observation follows from induction. O
Note that if §, < are in reduced form, then zT*g is in reduced form. It holds
from Observation [8| because if & = i‘g,l:, then k(a"d —V'c) = 1.
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Lemma 9. The map « is a bijection. Moreover, the string mapped to the rational
number q in the tiling algebra view corresponds to an accordion which is the line
with the slope q.

By a line with the slope ¢ on the torus we mean line with the slope ¢ in the
square view of the torus which does not pass through the marked point. Such a
line exists for each slope ¢, and all such lines are homotopic.

Proof. The map « is injective because we have different sequences of intervals
that determine ¢ for different strings.

On the other hand, let £ € Qx lie in interval (g, %), where § and § are of
the form a(J;V;"), a(J;V;"™). We will suppose these fractions are positive. For
negative, the proof is similar. Then

ag—0bp>1and pd—cqg>1

(c+d)(ag—bp) >c+dand (a+b)(pd—cq) > a+Db
(c+d)(ag—bp)+ (a+b)(pd—cq) >a+b+c+d
pt+q=(p+q)(ad—cb)>a+b+c+d

where the equality in the last line holds from Observation [§] By narrowing inter-
vals, sum a + b+ ¢+ d grows, so there is a finite step such that in this step there
is no interval in our subdivision that contains § strictly inside. Hence, g must

be an endpoint of some interval. Thus, g = «(J; V") for some appropriate J;, V;, n.

For the second part of the proof, we claim that ¢ indicates the ratio between
the number of passes of p through vertex 1 and passes through vertex 3. In the
other words, the ratio between the number of crossing arc 1 and arc 3 by the
corresponding accordion. A number ¢ is negative if and only if the significant
vertex is 2, respectively, each second arc crossed by the line with slope ¢ is 2.

First, we note that the line of slope ¢ = %,a,b € Ny is a closed non-self
crossing curve, and it crosses a times the arc 1 and b times the arc 3.

On the other hand, a(1 = 2 <) = § = 7 and 1 — 2 < contains once vertex
1 and none vertex 3. For p = 2 — 3 « it holds a(p) = ¢ and p contains once
vertex 3 and none vertex 1. For p = 3 — 1 <— we have p = % and it contains

vertices 1 and 3 once.

Further, let the string A pass a times through vertex 1 and b times through
vertex 3, and let B pass ¢ times through vertex 1 and d times through vertex 3.
Then the composition AB passes (a+ ¢) times through vertex 1 and (b+d) times
through vertex 3. By induction, we get that s, which is mapped to ¢, contains a
times vertex 1 and b times vertex 3.

For a string s with a period p holds that a(p) < 0 if and only if p is composed
of strings for which a(s) = _Tl and % These strings are exactly 1 — 2 < and
2 — 3 <. It follows that a(p) < 0 if and only if the significant vertex is 2. On
the other hand, we notice that every other arc that the line crosses is the diagonal
arc 2 if and only if the slope of this line is negative.

A closed curve of slope ¢ is definitely non-self-crossing and determines a peri-
odic string, therefore a string of type 1.A. Thanks to the arcs it crosses, it must
be a string with a period p satisfying a(p) = ¢. Since « is a bijection, it holds
that strings of types 1.A correspond to closed curves with slope from Q. up to
homotopy. O
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From now on, we will denote a string of type 1.A with period p, a(p) = g by

o0 00

q
. . . 00900 00 _900 00300 00 _300
Example. In Figure we illustrate accordions ~ 57, "%, "5, 57 respec-

tively. We can check that periods of the corresponding strings are
®(34-23—14-3—-1¢)%, ©(2¢-12-3¢ 2 1+-2—3¢2—3<)>,
®(1—24-14-314-3-)%®, and ® (234 2123+ 2¢12¢1-)>,

. . . 00900 00 _9200 00300 00 _300
Figure 3.6: Accordions 3, "=, "5, 3

Strings of type 1.B are of the form *°(V;)J;(V;)>. Recall that V; = J;_1V;"".
So we can use the bijection o between such V; and Q.. Moreover, as we know
from Lemmas I and@ there are exactly two options for J;, they are J; 1 V;""[ 1
and J;_{V;"'[ 1 (if n;_1 = 1 we replace the second of them by J2 | V;_1).

In terms of the interval division described above, a(J;_1) and «(V;_;) are
endpoints of an interval obtained in step i—1. If we look at the finer division in
step 7, there is a triple of adjacent endpoints such that the middle is an image of
V; and on the sides are images of the possible J;.

Further, we will denote strings of type 1.B by *¢+¢*° and *°¢—q¢*°, ¢ € Q.
Where «(V;) = g and +, respectively —, corresponds to the option of J; which «
maps to number grater, respective less than q. Hence, we can write each string
of type 1.B in only one way as *°q+¢> or *q—q¢*°.

2 200 0O

Example. In Figure we illustrate Oog 5 34—7 . The corresponding strings
re ©(3+-2-3—13—1+)3+2-3—1 (3%2 3%1 3—1«-)> and
®(3¢+-2+3—1¢3—-1¢)3+23-1+ 3131« (3+2 3131« )™

Figure 3.7: Accordions ~

What remains are strings s of type 1.C. We extend the map « to strings of
this type so that if s is composed of substrings J;V;* and J;V;*', then a(s) lies
between images of these strings. We mentioned that this is true for s of type 1.A.

Strings of type 1.C are composed of both J;V™ and J;V;/" ! at each step i.
These substrings thus determine an infinite sequence of finer intervals such that
a(s) lies in them. Hence, we get a bijection between strings of types 1.C and
R\ Q. For two different strings, we have a different sequence of intervals that
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converges to different real numbers. On the other hand, for each real number r we
can find a sequence of intervals from which we can construct a string s satisfying
a(s) =r.

The tiling view is similar to that of strings of types 1.A. We can imagine s of
type 1.C as a line with slope «(s).

From now on, we will denote strings of type 1.C by *r* r € R\ Q according
to an image by extended .

We know that each non-cooriented part of a non-self-crossing infinite string
either contains some substring of the form J;V* in an infinite power or it contains
an infinite sequence of J;, V;. So in the same way as for strings of type 1 we can
assign a number in R, to each non-cooreinted part. Of course it will be surjective
but non-injective map.

3.1.3 Type 2

Now move to infinite non-self-crossing strings with exactly one infinite cooriented
part. In this subsection, we denote by s strings of type 2.

For the cooriented part, we have two options for orientation and six options
for the last arrow. It might seem that we have also two options on which side of
the string is a cooriented part. However, let us note that

P X=Y XY =Z) = (Z+ Y+ X Z Y X )™

and similarly for the other colours and orientations. Hence, we have exactly 12
possible cooriented one-side infinite strings.

Lemma 10. If the significant vertex of s is unique, it must be the second to last
vertex of the cooriented part of s.

Proof. Let us suppose that the end of the cooriented part together with the
succeeding arrow is Z—X —Y —Z+-Y. Obviously, the significant vertex cannot
be X because we have an arrow Z<-Y in the non-cooriented part.

If the significant vertex is Z, then the only valid non-cooriented part is
*(Z+Y—)>, because with the first occurrence of X we get a substring of s
of the form Z<+-Y —Z— X, which gives a crossing with the mentioned end of the
cooriented string at Y —Z.

The proof is the same for the opposite orientation or colours. O

For the non-cooriented part, we can use our knowledge from the previous
subsection. Next, the question is which crossings will be added by composition
with the cooriented part.

Without loss of generality, let us suppose that the string s has the cooriented
part (XY 2 Z-X Y —2).

We add the last arrow of the cooriented part to the non-cooriented part so that
this part consists of o = Y+ X Y andi =Y —Z+ Y let us denote this extended
non-cooriented part by s’. Then s starts with . We know from Lemma 4] that
at least one of ¢ and o is contained in s’ in at most first power. Depending on
that, we can distinguish two cases:
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« First, suppose that ¢ is not contained in power greater than one. Lemma [4]
implies s’ = 0™, or there exists n such that s contains i0™ and con-
tains no substring of the form i0™: for m # n,n + 1. In the second
case, s starts with 0" or i0"*!'. We claim that it cannot start with
io"tt. If it starts with i0"*'i, from the choice of n, the string s’ con-
tains 0™i. Then we get substrings Z—+X +io""! = Z X +io"+X Y

'

and 0i0"i = <— X 10" —Z+-Y, which have the crossing at X —io™.

On the contrary, we will prove that s’ and - - - —+—— 70™i are non-crossing.
For contradiction, suppose that there is a crossing between them at p. This
p must contain ¢ because both substrings - - - ——— ¢ and 0™ do not cross
with s’. Anywhere in s’, a substring containing i continues to the right with
o™i or o"*1i. In the first case, p cannot be succeeded by different arrows in
our two strings. In the second case, the first different arrow is — in string
-+« ——— 10", so there is no crossing. For a better idea, what is described

in this paragraph is illustrated in Figure [3.8

e === 0" =4 Y
i

0

ion —X ;
—Z+Y

?

Figure 3.8: Starting with 0™

Using a similar notation as in the previous section, we have J; =1,V = o.
We have reasoned that ' = J;V;® or s’ is composed of strings of the form
J1Vr and J, V"t n € N, and it starts with the first of them.

e Now, let 0 not be contained in power greater than one. Then s’ = ¢* or
there exists n such that s contains :"o and no substring of the form 0i™o for
m # n,n+1. Let us discuss the second case. Lemmal]implies that s’ cannot
start with /™o, m > n + 2. We show that s’ cannot start with "o where m
is less than some [ such that s’ contains oi'o. If it started with such i™o,
we would get a crossing between Z—X im0 = Z—X 1"+ X Y and
oMt =Y+ X imsZo Y.

On the contrary, we will show that s’ and - - - ——— "0 are non-crossing.
Suppose there is a crossing at p between them. Because of the non-crossing
of -+ ——— i and "o with s’, p must contain first ¢ in - - - ——— i"lo.
Anywhere in ¢, ¢ is followed from the right by at most n other i’s and then
by o. Hence, the only way how to obtain different arrows after p is that ¢
succeeded it in -+ ——— i""1o and o in s’. Thus the first different arrow
of -+ ——— "o and s’ is — and < respectively. Hence, we do not get
a crossing.

Together we have that J; =0,V =i, s’ = V> or &' is composed of strings
of the form V;"* ™ .J;, V"' J; and moreover starts with the first of them.
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Let us note that if, on the contrary, the cooriented string has direction out-
wards s, the first substrings are exactly the other than those described above. It
holds because the opposite direction of the cooriented part requires the opposite
succeeding arrow after the common part to avoid relations. We illustrated the
difference between composing with differently oriented cooriented parts in Figure
0.9l

o 0
X y XY
cos = —— 10 R a2
—Z<Y —Z+Y
i i

Figure 3.9: Composing with otherwise oriented cooriented parts

As in the previous subsection, we want to continue with greater J; and V;.
We will define them only a bit differently than there.

We have defined Jy, V;. Now we will define J; .1, V;11 inductively from J;, V;.
Let s' be composed of either J;V;" and J;V;*' or V/.J; and V"' J;. From
Lemma [bat least one of the pair is contained in s’ in at most the first power. Let
it be J;;1 and the second of them be V; ;. Then the only possible form of s is
one of:

o &' =J1(Vig1)®, 8" =>°(Viyq)® (depending on the starting part)
o s is composed of J; 11V, and Jiy Vit or V2 iy and Vi i, ne N

It is almost implied by Lemma [5| It only remains to prove that if s’ starts with
Vi and it contains J;, V% J and Ji+1V;T{1JZ-+1, it cannot start with V', Ji, for
m < n. Further, we will prove that if the second case above occurs, it is uniquely
determined which of the above components occurs first at s'.

Lemma 11. Let the cooriented part be oriented towards s'. If the first different
arrow of J;V; and V;J; from the left is — for J;V; and < for V;J;, the first
component of s' cannot be V;. Otherwise, the first component cannot be J;. If the
cooriented part is oriented outwards s', the reverse is true.

Proof. We will prove it by induction for cooriented part oriented towards s’, the
proof for the orientation outwards s’ is similar.

First, note that it holds for Jy, V;. We know that the first arrow of io is —,
the first arrow of o7 is <—, and s’ cannot start with o.

Before the inductive step, we notice that because s’ starts with ¢, Jy and V5
end with o = Y+« X Y. Hence, for all ¢ > 1, substrings J;, V; end also with o.

Now suppose that the lemma holds for J;, V;. In the inductive step we distin-
guish two cases.

o First, let s’ start with .J;, so it is composed of J;V;* and J;V;"*'. From
assumption the first different arrow from the left of J;V,"J;V; and Ji\/;"“(]i
is — for the first and < for the second. In other words, we have their
substrings J;V*q — and J;V;"q <, respectively. Hence, s’ cannot start
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with J;V;"*!, because we would get a crossing at X —.J;V;"q. The whole s
would be

== L X Vg~ Y X TV g — -

where the right occurrence of J;V;" in the figure above is preceded by
Y <X because the previous substring ends with o.

If Jiyn =J;V"and Viyy = JiVi”H, the first different arrow of J; 1 V;1; and
Vii1Ji11 is — for the first and <— on the rightfor the second and we proved
s' cannot start with Vi ;. Similarly if Jiy; = J;V;"™ and Vi, = J;V/", the
first different arrow of J;11V;11 and V;y1J;,;1 is < for the first and — for
the second and we proved s’ cannot start with J; ;. Thus for this case the
inductive step holds.

« Now let s’ start with V;, so it is composed of V*.J;, V/""1.J; and theoretically
at the start of s’ can also be V" .J;, m < n. We will prove that s’ cannot start
differently than with V"™'. Suppose that s’ starts with V;"J;,m < n + 1.
The first different arrow from the left of V;*J;V; and V;"*'J; is < and
— respectively from assumption. In other words, we have their substrings
V"q < and V;"q — respectively. Hence, s’ cannot start with V;™.J;, because
we would get a crossing at X —V,;"q. The whole s would be

== I X Vg~ Y X Vg —

It Jiyy =V"J;, and Viyy = V;"“Ji, the first different arrow of J;11V;yq
and V;;1J;41 is < for the first and — for the second and we proved s’
cannot start with J;,1. Similarly if J;,; = V;”“JZ- and J;41 = V"J;, the
first different arrow of J; 1V, and V;1J;,1 is — for the first and < for
the second and we proved s’ cannot start with V;,;. Thus for this case the
inductive step holds too.

We have proved the inductive step in both cases, so by induction the lemma
holds.

[
Corollary. The starting part of s’ cannot be different from J;V;" or V;" 1 J,.
Proof. 1t is a direct consequence of the proof of Lemma |11} n

To classify all strings of type 2, it remains to prove that all strings charac-
terized above Lemma [11] and in the second of those cases, starting as in Lemma
11}, are non-self-crossing. Of course, its cooriented and non-cooriented parts are
non-self-crossing and mutually non-crossing from Lemma [6] Hence, it remains to
prove that there cannot be a self-crossing at the border between cooriented and
non-cooriented parts. Hence, it is enough to prove the following.

Lemma 12. Let the cooriented part be oriented towards s'. If the first different
arrow of J;V; and V;J; from the left is — for J;V; and < for V;J;, then --- ->——
J; is non-crossing with s'. Otherwise, - -+ ——— V; and s’ are non-crossing. If
the cooriented part is oriented outwards s', the reverse is true.
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Proof. Again, we will prove it only for cooriented part oriented towards s’. We
will use the following claim:

Claim. Let p be a substring of the form p = ABC, where A, B,C € {Ji;1, Vii1}.
Any way we embed p to s/, B must map exactly to some of B, which we see in
the notation of s'.

Proof. From Lemma [6] we know that there is only one way how to embed V;J;V;
to V2J;V2. Hence, anywhere we find ABC = ...V;V;J;V"J,V;V;--- in s’ we see B
in the notation of s exactly as B. O

We will prove the lemma by induction. First, we show that it holds for i = 1, 2.
The first different arrow of io and o:¢ is — and < respectively, and we know that
s' and - -+ ——— i are non-crossing. Further, as we have shown at the beginning
of this section, s’ and - - - ——— 70™ are non-crossing, and the first different arrow
of i0™io™*! and i0"tlio" is the same as the first different arrow of 70 and oi and
it is — and < respectively. Also, s’ and --- ——— i"*1o are non-crossing and
again, the first different arrow of i"*'0i"0 and i"0i""'o is — and < respectively.

Assume that the lemma holds for all 7 < i+ 1. In the inductive step, we will
show that it also holds for ¢ 4+ 2. We divide it into two cases:

e Let the first different arrow of J;V; and V;J;, which is also the first different
arrow for J;V" J;, V% and JV; T TV, be — and « respectively. So by
assumption, s’ and - -+ —-—— J;V;"" are non-crossing.

Let W is the string such that we want to prove --- ——— W is non-
crossing with s’. According to the first different arrows and [11] W is one of
the strings J;V;" (J; V)it and (J;V/")++1 1V For contradiction,
suppose that there is a crossing between W and s’ at some string p. This p
must contain J;V;" because s’ is non-self-crossing and it does not cross with
<o =>—— J;V™. From the claim, wherever in ¢ we find p we see in the
notation of s’ the substring Vi”i_l. We will distinguish two cases according
to whether J; or V; precedes this substring.

— Let the component J; precede substring V;"i*l.

string

That is, we have a

s SV VT

For W the following holds. From the form of components of s, sub-
string J;V;" ' anywhere in s’ must be succeeded by V;. And further if
W = J,V;" (J;V/t1)mi+1 | the substring from the previous sentence can
either continue by V;J; or its continuation has to look as W because
of the characterization of Lemma [I1l It is shown below.

W (V... V;ﬁ( L VVmin

Any part of s . 71/ '
starting by J;V;"' (SiVi... Vl)(

TV ViV =W

The case for W = (J;V;") 141 [,V ig similar, it is shown below.
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W (Vi VDREN). VYV V)
/{7 + l = Ny11 + 1

n;
Any part of s . Ji‘/i_"‘/i)kwji...
starting by J; V" (JVi VSV ViV =W

From the assumption, the first different arrows of J;V; and V;J; are —
and <, respectively. That is, arrow succeeding the first occurrence of
p, can be only — from the illustrations above. All arrows preceding
this occurence of p are also — for, so we cannot have a crossing.

— Let the component V; precede substring Vin"*l. We denote the com-
ponent preceding this V; (by the component is meant J; or V;) by
X. Hence, J; is a substring of X;V; from the right (it means that
X;V; ends by J;), because of the form of p. Substring J; can be of
the form J;_V;"[", then V; = Z-_lVﬁfIH or J; = Vii’flﬂJi_l, then
V; = V."'['J;_1 because of the Corollary of Lemma . Hence, J;_; is
a substring from the right of J;_1V;_1, or V;_; is a substring from the
right of V;_1J;_1. Again, we know its forms as compositions of J; o
and V;_s, so we can continue in the same way before we get i is from
the right substring of i0, which is impossible. This reduction process
is illustrated below.

. MG—
Vnz_l V 122

i—1
Mi—1 ‘ni—2

it

i—1 1—2
. o
‘/;:1 11]1;1 ‘/2‘_12 Ji—2
NG — Mn;—2
.. 7;_11 1(]1_1 L —12 JZ’*Z

e Let the first different arrow of J;V; and V;J; be < and — respectively.
Therefore, by assumption, s’ and - - - ——— V/**1J; are non-crossing. The
further procedure is the same as in the previous case. In short, the potential
crossing must be at the substring containing VZ-"iHJi, so from the claim, we
look to parts of s' of the form V™. We note that if an occurrence of this
substring in s’ is preceded by Vj, it must continue as the first component,
and the first different arrow can be only — for the first component. Thus

we have no crossing.

If an occurrence of V;" is preceded by J;, we cannot get a crossing. From
the recursive argument, it is impossible for V;V;"" be from the right the
substring of X J;V;" (X can be V; or J;) because i is not from the right
substring of io.

Together, the inductive step, hence also the whole lemma, is proved.
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Collecting results from Lemmas [L1] and [12] we get the following corollary.

Corollary. A valid sequence of J;, V; for a fixed cooriented part uniquely deter-
mines a string of type 2.

In Subsection [3.1.2) we introduced a bijective map o which maps a string with
the period of the form J;V;" to Q. Also, we can take « as a bijection between
strings of the form J;V;" and Q. and similarly as a bijection between strings of
the form V" J; and Q... We will use it in the following lemma.

Lemma 13. Let s contain both substrings J;V;"'J; and JiViniHJi. If the coori-
ented part is pointing outwards s', then the first component of s of V"' J; and
V;"iHJi is that one which corresponds to the smaller number. Otherwise, if the
cooriented part is pointing towards s', the first one is that which corresponds to
the bigger number.

Proof. Let A, B be the strings V;"'J; and V;"*'J; so that a(A) < a(B), where
00 =—00 < 0 <1< oo. Then we claim that their first different arrow from the
left is — for BA and < for AB.

We prove it by induction. For i =Y — X < Y, 0=Y < Z — Y it holds
that a(o) < a(i) and o, differ by — for o and < for . Further, suppose that
a(J;) < a(V;) and from inductive assumption, the first different arrow of .J; and
Vi is — for J; and < for V;. Then, a(V;"J;) < Oz(Vi""HJi) and the first different
arrows for Vi"iHJ,- and V"' J; are the same as for V;, J;, thus, as we claimed. The
proof for a(J;) < a(V;) is similar.

Hence, by Lemmas [T1] and [I2] the proof is done. O

Also, for strings of type 2 we will introduce a new notation according to used
Ji, Vi similarly as in Subsection [3.1.2]

o There is no substring in an infinite power. That is s contains both J;V,"* J;
and J;V" 1], at each step i. So we get an infinite sequence of J;, V;, which
is bijective to R \ Q as in the previous subsection. For a fixed cooriented
string, in each step i, the first component is uniquely determined. Hence,
for a sequence corresponding to r € R\ Q we get four strings of type 2 — the
string with the cooriented part oriented towards s’ and ending by the green
arrow, oriented towards s’ and ending by the pink arrow, oriented towards
s" and ending by the green arrow, oriented towards s’ and ending by the

pink arrow. We denote them by *°r(, )r®, (r>,*r) respectively.

-
-

Figure 3.10: Accordions *°r(, )r>°, (r*°,* r) respectively.

45



+ The non-cooriented part is equal to (J;V;"")> or (V;"'.J;)*°. For a(J;V;"") =
q,q € Q we get according to the choice of the cooriented part four strings.

We denote them, according to the same rule as in the previous case, by

[e.9] (e ole o]

q(.)a>>q), (q

[eo]

« The non-cooriented part is equal to J;V,*°, a(V;) = ¢q,q¢ € Q. According
to Lemmas [11] and [12] there is exactly one possible J; for each V;. We get,
depending on the cooriented part, four strings *g+(, )+¢>, *°q—), (—¢°.

Ezample. What four different strings of type 2 belonging to the same r € R\ Q
look like is shown in Figure [3.10] In Figure [3.11] we can see an example of two
different strings belonging to the same number with the same cooriented part.

Figure 3.11: Accordions °O§> and OO%—)

3.1.4 Type 3

Firstly, let s denote an infinite non-crossing string with a cooriented part of
length four. This case is rather rare. Without loss of generality, we can assume
that the cooriented part of the string with preceding and succeeding arrows is
Y L =X Y =ZY.

From Lemma [I0] the significant vertex for the right non-cooriented side is
Y, and in the same way, for the left non-cooriented side it is Z. Because of
the uniqueness of a significant vertex, one part must be only alternating Y and
Z. Without loss of generality we assume that part is the right part. If the left
part contains X, then s contains substring X< (Z<Y ~+Z)"—X for some n.
Hence we have a self-crossing because on the right side we can find the substring
Y—(Z+Y—Z)"«Y for arbitrary n. Hence, both non-cooriented parts of s con-
sist of alternating Z and Y.

Now, let s contain a cooriented part of length five. We can assume that this
part with the succeeding and preceding arrow is Y+ X—Y +Z—-X Y 27+ Y.
We note that the significant vertex of both parts is the same, it is Y.

We described the non-self-crossing of the cooriented part together right side
in the previous subsection. We used only three arrows of the cooriented string
everywhere, so now it is precisely the same. Similarly, we know the possible form
of a non-self-crossing substring consisting of the left and cooriented parts. It
remains to find out how we can give these three parts together.

From Section we have an assignment of numbers R, to non-cooriented
parts. We will work with it in the following lemma.
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Lemma 14. Two non-cooriented parts with different assignment of numbers in
Ry are crossing.

Proof. The assignment of numbers is determined either by an infinite sequence
of J;, V; (in the non-rational case) or by an infinite period Vj;; = Jjanj for some
J (in the rational case), we will denote J;;; = (). In other words in the rational
case the assignment is determined by a finite sequence (J;, V;).

We take two non-cooriented parts p,p’ with different assignments. That is,
they are determined by different finite or infinite sequences (J;, V;), (J/, V/). If
p and p’ have a different significant vertex, they are crossing. Otherwise, there
exists the last i such that J; = J'i and V; = V/. We note that J; # () because p
and p’ would correspond to the same number. If any of the pair J;, 1, V;,1 contains
V; in a power which differs by at least two from the power of V; in any of the pair

1.1, Vi1, then p and p’ are crossing according to . The only different possibility
is that Ji1, Vigr, Jiq, Vieg € {LV", iV, 0}, Then either Viyy # VY., or one
of J;;1 is () and the second is not. In both cases p and p’ are crossing from Lemma
Bl1 respective 0] 2. O

We get that strings of type 3 consist of one cooriented part of length five (in
three particular cases of length four), which is connected with two non-cooriented
parts assigned to the same number. That is, from the end of subsection |3.1.3
there are for each irrational number two candidates to string of type 3, which
differs only by switching colours of all arrows. For rational numbers there are up
to colours two possibilities for each one-side-infinite non-cooriented part. Hence
there are eight candidates for strings of type 3 for each rational number. In the
rest of this subsection we will show that exactly six of eight candidates for every
rational number and both candidates for every irrational are non-self-crossing.

We will denote these candidates in the similar way as strings of type 2, which
is described in the end of subsection [3.1.3] Hence, we have *r)r> and *r(r> for
r € R, where the first is for the string with the cooriented part ending by green
arrows and the second for the string with the cooriented part ending by pink

arrows. Similarly, we denote candidates for rational numbers by *¢)¢>, *q¢(¢>°,

2q—)q%, ©q+(g>, *q)+q*°, ©q(—q¢>, ©q—)+q¢>, Cq+(—q¢>

Lemma 15. Strings ®°q—)+q>°, ©q+(—q> are self-crossing, the rest of the can-
didates are non-self-crossing.

Proof. First we note that strings *°q¢—) + ¢>°, ®q¢+(—¢> are self-crossing because
they contain substrings denoted by + and —. We recall that one of + and —
is of the form J;V;~' or V;% 'J; and second of the form J;V;"*" or V"1,

Alternatively, they are J2V; or V2J; and J;V;? or V2 J; if n; = 1. Hence, together
with the neighbourhood of these substrings, we get a crossing.

Now we will show that the rest of the candidates are non-self-crossing. Both
non-cooriented parts of each candidate are non-crossing, among other things,
both are substrings of the same string of type 1. Also, they are non-crossing with
the cooriented part. It remains to look at substrings that contain parts of both
non-cooriented and cooriented part. If such substring p contains at least three
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following arrows with the same orientation, there is no substring which p can
CTOSS.

Further, we can consider p as a walk that starts in the cooriented part and
ends in a non-cooriented. We realize that each other occurrence of this walk p has
also start closer to the cooriented part than the end. It holds thanks to colours of
arrows. Next to each significant vertex from the direction of the cooriented part
are arrows of the same colours, thanks to the alternating colours of the arrows.
For a better understanding, see Figure for significant vertex Y.

f

Figure 3.12: Colours of arrows of the cooriented part

Y7 Y-

Ye—X Y-

Hence, no other occurrence of p reaches both the cooriented and a non-
cooriented part. The last option to the crossing is an occurrence of p in the
second non-cooriented part. Nevertheless, it cannot give a crossing because of
the similar structure of both non-cooriented parts. When we find another oc-
currence of p from Lemma it is succeeding by the same arrow, or if both
occurrences are succeeding by the different arrow, the arrow preceding p has the
same direction as the arrow succeeding p, so there is no crossing. O]

Ezample. Figure [3.13] shows three accordions corresponding to three different
strings of type 3 which are assigned to % They are m%(—%w,OO%(%OO,OO%qL(%OO

respectively. If we write these strings down arrow by arrow we get
20253314 3514 3¢-)2¢ 1(+-3¢ 233 +1)(+-3¢ 233 2143« 1),

(23143 —-143)2+1(+3+ 2313+ 1),
(253143143 )(2+3—1¢ 351 3—-1¢3¢)2¢ 1(+3+ 2313« 1)™.

900 oog<goo oog+<goo
3 7 3 3

>3

48



3.2 Observations about the lattice

In the previous section we have found all infinite non-self-crossing strings of type
1, 2 and 3. We recall that for each irrational number we have exactly seven
infinite non-self-crossing strings with it assigned. Concretely

e one of type 1: ®re,

o four of type 2: ®r(,)r®, (r>,r),

oo o0

o two of type 3: *°r)r>, r(r

o0

For each number in Q,, we have 17 non-self-crossing infinite strings. They are

oo o0

e three of type 1: *°¢*, *q+q¢>, *q—q¢*,

o eight of type 2: *q(,)q™,*q), (¢*°, ¢+, )+4¢>, ®q¢—), (—¢*,

« six of type 3: *¢)g*, *q(¢>, *q—)q, *q+{¢™, *q)+¢>, “q(—q*.

From Lemma [14] we know that two strings that are assigned to different num-
bers are crossing. Now we will prove a stronger statement for strings that have
numbers from different intervals of (—o0,0), (0, 1), (1, 00) assigned to them.

Lemma 16. Let s,s be two infinite non-self-crossing strings with unique and
different significant vertices X,Y . Then there is both a positive crossing from s
to s’ and a positive crossing from s’ to s.

Proof. String s contains a substring of the form X < Z — X and a string ¢’
substring of the form Y — Z —, so we have found a positive crossing from s to
s'.

On the other hand, we will find a positive crossing from s’ to s with the
common part X Y. From Lemma {4] and assumption we have that there exists
a vertex Z such that the string Z— X —Y is the substring of s. The vertex X is
significant, so we get the substring of s Z—X Y+ X. In a similar way we get

a substring of s Y+~ X Y —; therefore the lemma is proven. O

In this section we denote maximal sets of non-self-crossing infinite strings over
the Markov algebra by maxNC. Similarly we will denote maximal sets of these
strings of type 1, 2 and 3 by maxNC3.

In other words Lemma says that two strings which have been assigned
numbers from different intervals (—oo,0),(0,1),(1,00) are crossing in both di-
rections. Hence, two elements of maxNC containing them are incomparable in
partial order from Theorem [1]

Let us summarize our knowledge about the lattice we are looking for into
Figure In the figure there is a round bubble for each number in Ry. It
contains elements of maxNC3 consisting of strings with this number assigned.
That is, each element of maxNC3 is located in one round bubble. We do not
know about comparability inside. Also we do not know the comparability between
elements inside pink bubbles and between elements of pink and orange bubbles.
Whatever is in a different pink bubble is incomparable.
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(0,1) (1,00)

Figure 3.14: Scheme of the lattice

Note that adding strings of type 4 can just change the lattice in the following
ways. Every element of maxNC3 could split into more elements of maxNC or we
could get completely new elements of maxNC consisting only of strings of type 4.
Adding strings can create incomparability, but it cannot cancel it.

What remains to show is the following. We want to explore the structure of
round bubbles, that is find positive crossings between strings which have the same
number assigned. Further, we need to specify comparability between elements
of different round bubbles in the same pink bubble and also with elements of
orange bubbles and elements across all the orange bubbles. In the end, we need
to add strings of type 4. Then we will gain the lattice maxNC and with the help
of Theorem [2] also the lattice of torsion classes.
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Conclusion

In this thesis we introduced gentle algebras. We showed a way to find the lattice of
torsion classes over them in a few examples. To do it we used string combinatorics
and followed the theory in |Chan and Demonet, [2020]. At the same time, we tried
to present our results in a geometrical view.

The large part of the thesis consists of chapter [3| where we took the first steps
to find the lattice of torsion classes of the Markov algebra. We found all infinite
non-self-crossing strings of types 1, 2 and 3. Also, we stated some properties
about their crossings. On the other hand, a lot of work remains to be done
to achieve our goal, the classification of torsion classes of the Markov algebra.
Concretely we need to find all strings of type 4 and determine remaining positive
crossings between strings of all types.
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