On 3+1 splitting in stationary
circular space-times

Introducing the decomposition

Preliminary arrangements and prerequisites

InfJ:=

In[- ]:=

Launching xAct

The goals of this chapter are:

« Launch xAct with xTensor package

* Launch xAct package ShowTime with Threshold of 1 second for displaying evaluation time

« Fix indices at print (and only at print, for internal calculation they will still be handled by xAct with
different symbols)

* Prepare functions for automatic rule application in two variants: First with(out) metric contraction
(all possible index permutations)

* Prepare a constant list SEquations, in which all resulting equations are to be stored

- Prepare functions to append our results in $Equations and other constant lists which will be
developed in later chapters

* Prepare two functions to display from lists. One with Hold[...] operation which will only display the
name of the equation, and one with full display of the equation.

<< xAct” xTensor”

Package xAct xPerm” version 1.2.3, {2015, 8, 23}

CopyRight (C) 2003-2020, Jose M. Martin-Garcia, under the General Public License.
Connecting to external MinGW executable...

Connection established.

Package xAct xTensor™ version 1.2.0, {2021, 10, 17}

CopyRight (C) 2002-2021, Jose M. Martin-Garcia, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute
it under certain conditions. See the General Public License for details.

$DefInfoQ = False;
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In[«]:=

In[«]:=

Out[»]=

In[e]:=

In[«]:=

In[«]:=

In[«]:=

<< XAct  ShowTimel®

$ShowTimeThreshold
1

$PrePrint = ScreenDollarIndices;

ApplyRule[expr_] :=
MakeRule [Evaluate[List @@ expr], MetricOn - All, ContractMetrics - True]
ApplyRuleN[expr_] := MakeRule[Evaluate[List @@ expr]]

Now we define a constant set (which is ensured by $), which will later be filled by equations .

A word of caution: If AddEquation is used on an expression several times (say, by accident),
the $Equations list will keep all duplicates!

For functions DisplayHOLD & DisplayEQ we use the command Union to NOT display (possibly)
accumulated duplicates

$Equations = {};
SetAttributes [AddEquation, HoldAll]
AddEquation [expr_Symbol] := AppendTo[$Equations, Hold [expr]]

SetAttributes [AddToList, HoldAll]
AddToList[$1list_, expr_Symbol] := AppendTo[$list, Hold[expr]]

DisplayHOLD [expr_List] := expr // Flatten // MatrixForm
DisplayEQ[expr_List] :=
expr // ReleaseHold // ScreenDollarIndices // Flatten // MatrixForm

Defining the spacetime, normal and induced 3+1
decomposition

Conventions:

Specifying variables which store used conventions:
* The sign of the metric (stored in STdetmet)
« The sign of the normal field (stored in €) determining the spacetime character of the normal, with
explicit display

- the intent is to display it explicitly whenever we can. As the “time/space-likeness” is crucial
geometrical information.
* The sign of the 4-acceleration related to normal vector field (stored in asign)

-whichissettoe
* The sign of the normal-orthogonal splitting induced metric tensor (stored in IMmetdet)
* The sign of the extrinsic curvature tensor trace (connected to normal orthogonal split) (stored in
ksign)

First, the normal is unitary, it’s norm denoted by sign:

Printed by Wolfram Mathematica Student Edition



Jan_Kriz_Thesis_Priloha_MathematicaNotebook.nb | 3

- 1= DefConstantSymbol[e]
e /: Power[e, n_?EvenQ] :=1
e /: Power[e, n_?0ddQ] :=€

Then the rest of the notation concerning the convention:

n-1= STmetdet = -1;

asign = €;
IMmetdet = 1;
ksign = 1;

Manifold & metric definitions:

Definition of our space-time manifold begins here.

Overview of the code follows as:

* Manifold definition

* Equip it with pseudometric tensor and it’s Levi-Civita type covariant derivative, setting out some
printing options for postfix and prefix notation

» Setting the printing out option for covariant derivative as postfix

* Printing out setup for curvature tensors

Note that we use -1 as the determinant sign of the space-time metric (defined as the first argu-
ment of DefMetric, explicitly specified in “Conventions” chapter)

;= DefManifold[M, 4, {a, B, ¥, 6, Ly Ky Ay Uy V, Py O, U, X}]
inf-}= DefMetric [STmetdet, g[-u, -v], CD, {";", "V"}]

1= $CovDFormat = "Postfix";
SetOptions [ContractMetric, AllowUpperDerivatives - True]
{PrintAs [RiemannCD] ~= "R", PrintAs[RicciCD] ~= "R", PrintAs[RicciScalarCD] ~= "R"};

ouf-}= {AllowUpperDerivatives — True, OverDerivatives — False}
Print test:
mn/-1= {RiemannCD[u, -v, -x, -], RicciCD[-v, -A], RicciScalarCD[]}

Out[+]= {RUVK] ) Rv)\ ’ R}

The normal and it’s norm

The normal

At this point we need to specify several properties concerning the normal.

A commentary about structure:

Constant symbol € representing the norm of the normal was already defined.

In this part of code normal field is defined, then it’s square in various equivalent (mathematically)
definitions, simplifying the definitions step by step until n® n, = € is obtained. Noteworthy is the
fact that it is necessary to introduce this equation as a relation between scalars, not general
tensors.

This pivotal fact is then taken as a general rule into $Rules list
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In[#]:=

In[«]:=

In[#]:=

In[e]:=

Out[«]=

Inf+]:=

Out[+]=

Inf- =

Out[~]=

Outf«]=

In[«]:=

In[«]:=

Outf«]=

Further on:

* Normal spacetime character is defined as €

« Storing the scalar definition of € as general rule into $Rules list
* Rules are tested

« 4-velocity (the normal) L it’s 4-acceleration relation is developed

$EquationsNormal = {};
DefTensor[n[-a], M]
DefInertHead [ABS]

€ == Scalar@ABS[n[-u] ~n[u]]

Definee = %;

AddEquatione@Definee;

AddToList [$EquationsNormal, Definee];

€ = (ABS[nu n"])

NoScalar /@Definee

DefineeNOSC = %;
AddEquation@DefineeNOSC;

AddToList [$EquationsNormal, Definee];

€ = ABS[n, n%]

Following directly from the definitions is:

n[-a] ~nl[a] =€

PutScalar /@%

NormToeNOABS = %;
AddEquation@NormToeNoOABS;

AddToList [$EquationsNormal, NormToeNoABS] ;

a,,
n, n =¢€

(n, n%) =e€
AutomaticRules[n, ApplyRule@NormToeNoABS]
Rules {1, 2} have been declared as generic Rules.

$Rules

{HoldPatter'n{ (n% n%) } - Module[{}, €], HoldPatter‘n[ (ng n%> ] - Module[{}, e}}

Test whether the rules hold accordingly:
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inf-1= N[-a] xnfa]l »n[-u] xn[u] *n[o] xn[-0]
% // PutScalar

% /. $Rules
our= n, n® n, n* n,on?
our-l= (ng n%) (n, n") (n, n7)

Out[-]= €

)

We have to introduce rule for (n,n¥). =0 =>n,,, n*=0

n-1= CD[-v]@ (n[a] ~n[-a]) =0
Times[%, 1/ 2] // ToCanonical
NGRADNZERO = %;
AddEquation @NGRADNZERO;
AddToList [$EquationsNormal, NGRADNZERO] ;

Outf=]= na na;v + Ny v

Outf=]= na n v = 0

as

n-1- DisplayEQ@$EquationsNormal

Out[ » J//MatrixForm=

e = (ABS[n, n“])
e = (ABS[n, n"])
(n, n%) =e€
n“ n,, =0

Spatial “3D” metric

The structure followed is:
« Definition of the induced metric
- note that previously stored convention is deployed here
» Fixing the printing out options
* Testing the display

Induced metric

Now we introduce the foliation through defining the induced metric (and it’s Levi-Civita type
covariant derivative).
Ignoring the (harmless) warning.

- )= DefMetric [IMmetdet, h[-u, -v], cd, {"|", "D"}, InducedFrom -» {g, n}]
$ExtrinsicKSign = ksign;
$AccelerationSign = asign;

DefMetric: There are already metrics {g} in vbundle TM.

1.25882

Now for the output print:
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n-1= {PrintAs [ExtrinsicKh] ~= "K", PrintAs [Riemanncd] ~= " ®*)R", PrintAs [Riccicd] ~= "®)R",
PrintAs [RicciScalarcd] ~= "*)R", PrintAs[Accelerationn] = "a"};
DisplayTest =
{Accelerationn[-a], Extrinsickh[-a, -B], Riemanncd[-a, -B, -¥, -6], Riccicd[-a, -B]}

Outf+]= {aa ) KO(B ) (3>RO(/375 ] (3)Rozﬁ}

Orthogonality test. Above printed tensors should all be orthogonal to normal, thus projected
through the induced metric tensor

1= Times [#, n[a]] & /@DisplayTest
Times[#, h[a, t]] & /@DisplayTest

ouf-1- {0, 0, 0, 0}
Outf«]= {aL B KBL B (3)RLB7(6 ) (3)RL[3}

n-1= Clear@DisplayTest
Would the orthogonality not hold, another terms would appear:

)= RicciCD[-a, -B] *h[a, L]
(ProjectorToMetric[%] // ContractMetric) /. $Rules

at

ouf-J= h"" Rgg

our-j= —€ n* nt Rog + RLB

Basic induced metric properties and consequences

1= $Equations3Dmetric = {};

Basic results of induced decomposition:

Since induced metric is already defined, it is redundant to store following rules between the two
existing metrics, they are automatically generated together with induced decomposition. Neverthe-
less it is desirable to deploy them and store them at will, in order to follow the already lined struc-
ture of the code.

Following is:

* Defining h,, & g, relations

1= h[-py =v] = (h[-u, -v] // ProjectorToMetric) /. $Rules
hTOog = %;
AddEquationehTog;
AddToList [$Equations3Dmetric, hTOg] ;

Out[+]= hu\/ == gw - € nu n,
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n-1= Solve [hTOg, g[-u, -v]] // Flatten
%[1] /. Rule » Equal
gToh = %;
AddEquationegTOh;
AddToList [$Equations3Dmetric, gTOh];

Out]+J= {gw - h,, t€ N, nv}
Outf[+]= guv == hHV + € ﬂH n,

- 1= DisplayEQ@$Equations3Dmetric
Oult[» J//MatrixForm=

h,, = 8, -€n, n,

guv = huv +e nu n,

Covariant derivative of the normal

Following is:

* Defining relation between 4D gradient of the normal & 3D extrinsic curvature & normal accelera-
tion field

* Fixing the normal acceleration definition

Now we wish to arrive at equation for the space-time covariant derivative of the normal in terms of
Extrinsic Curvature tensor. It is achieved by:

)= CD[-Bl@n[-a] == (CD[-B]l@n[-a] // GradNormalToExtrinsicK)
CDN = %;
AddEquation@CDN;
AddToList [$EquationsNormal, CDNJ;

Out[+]= na;B = Kﬁa +€ a, n/3

nf-1= Times [#, n[B]] & /@ CDN
ToCanonical /@ ContractMetric /@ %;
PutScalar /@%
% /. $Rules
NCDNTOAcc = %;
AddEquation@NCDNTOAcc;
AddToList [$EquationsNormal, NCDNTOAcc] ;

out - P on = (Kgy +€ @, ng) 0
our- n® n.=ea, (ng n?)
Outf«]= nB na;B == aa
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in-= Solve [NCDNTOAcc, Accelerationn[-a]];
% // Flatten
%[1] /. Rule » Equal
AccTOCDN = %;
AddEquation@AccTOCDN;
AddToList [$EquationsNormal, AccTOCDN];

B
na;B}

out[«]= {aa - n
Out[-]= a = n
- DisplayEQ@$EquationsNormal
n“]]
nll

n, n“])
)

Oult[» J//MatrixForm=

€ = [ABS

€ = [ABS
n

(g n

Extrinsic curvature & 4D-Covariant derivative of the normal

n-1= $Equations3DExtCurv = {};

Following is:
* Defining the extrinsic curvature tensor
* Solving the previously developed relation CDN for 3D extrinsic curvature tensor

inf-J= CDN
ProjectWith[h] /@ CDN
% // ScreenDollarIndices;
Solve[%, ExtrinsicKh[-a, -3]] // Flatten
%[1] /. Rule » Equal
ExtrinsicToGradNormal = %;

Outlj= Ny.pg == Kga +€ @y Ng
out-= hy' hg” N5 = Kyg

Ouf- = {KM > hy' hg’ nysé}
out' = Kop == hg' hg” 0

- 1= AddEquation@ExtrinsicToGradNormal;
AddToList [$Equations3DExtCurv, ExtrinsicToGradNormal];
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CDN

Solve [CDN, ExtrinsicKh[-3, -a]] // Flatten

%[1] /. Rule » Equal

ExtrinsicKToCDNAcc = %;
AddEquation@ExtrinsicKToCDNAcc;

AddToList [$Equations3DExtCurv, ExtrinsicKToCDNAcc];

na;B = KBO( +t€ a, Ng

{KBa -~ -€a, ng+ na;ﬁ}

Kgo = ~€ @y Ng+ N,.p

Lie derivative of induced metric to extrinsic curvature tensor

Following is:

« Establishing the relation between normal-4D-Lie derivative & the 3D Extrinsic curvature

Now we attempt to show that the Lie derivative along the normal field of induced metric is in fact
twice the extrinsic curvature tensor, however this rule is now automated, one only has to account
for symmetry of the induced metric, see:

LieD[n[a]]l@h[-u, -V]
% // ToCanonical

K, +K

uv vu

2 K.y

We nevertheless wish to store it. There are two (rather clumsy) options. First of them is to use Defer
function, which protects the expression from being evaluated, yet prints it out normally. Second
one is, again, to use Hold function, which displays Hold[...] expression. We choose to use the latter,
as Defer function works poorly with function Solve when using xAct.

(Hold[LieD[n[a]]@h[-u, -v]]) = (LieD[n[a]]@h[-u, -v] // ToCanonical)

Solve[%, ExtrinsicKh[-u, -v]] // Flatten

%[1] /. Rule » Equal

ExtrinsicKToLieD = %;
AddTolList [$Equations3DExtCurv, ExtrinsicKToLieD];

Hold[Lnh,, | =2 K,,

{Kuv - i Hold[in huv]}

1
K, = E Hold | Znh,, |
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in-- DisplayEQ@$Equations3DExtCurv

Out[ » J//MatrixForm=

_ Y <]
Koz[S - ha hB ny;é

KBOt = -€ a, nB + na;ﬁ

K., = 5 Hold[Znh,, ]

uv

Induced covariant derivative and 3D Riemann tensor

Induced covariant derivative & it’s properties

1= $Equations3Dderivative = {};

General definition & some of it’s expressions involving K,z & a4

The 3D derivative cd was already defined together with induced metric h,,,.

Following is:

« Vector V¢ orthogonal to n, is defined

« It’s 3D-covariant derivative is introduced from definition and worked upon
+ 3D-covariant divergence is developed

Also worth of mentioning is that these rules albeit expressed for some general vector V¢ can be
- 1= DefTensor [V[a], M, OrthogonalTo -» {n[-a]}, ProjectedWith -» {h[-a, -B]}];

n-1= cd[-Bl@V[-a] == CD[-6]@V[-¥y] «~h[6, -B] «h[¥, -a]
cd3DCovector = %;

5
oul-]= Vg = h', h 5 Vyio

n- 1= AddEquation@cd3DCovector;
AddToList [$Equations3Dderivative, cd3DCovector];
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cd[-Bl@V[-a] == CD[-6]1@V[-¥y] <h[&, -B] (h[¥, -a] /. ApplyRule@hTOg)
% // Expand // ScreenDollarIndices // ContractMetric;
% /. MakeRule[{n[y] ~CD[-6]@V[-¥], -CD[-6]1@n[y] ~V[-¥]},
MetricOn -» All, ContractMetrics - True]
(xSame as for normal, since vector V was defined as orthogonal to the normal field,
it holds that covariant derivative of their contraction is zero,
thus we deploy reverse Leibnitz rule
- as this adjustment is not interesting on itself,
we do not store it for further usagex)
cd3DCovectorExpanded = %;
% /. ApplyRule@CDN;
% // Expand
cd3CDCovectorExtrK = %;

S
Vo = h% (8" —eng n'") v,

. 9 Y 13

VO(\/3 =€ h B no( VY n ).5+ h B VO(;5
— Y 9]

VQ‘B =€K'g Ny Vy+hg V.5

AddEquation@cd3DCovectorExpanded;

AddEquation@cd3CDCovectorExtrk;

AddToList [$Equations3Dderivative, cd3DCovectorExpanded];

AddToList [$Equations3Dderivative, cd3CDCovectorExtrK];

Important realization: These rules are in fact all we will need for expressing the 3D-derivative
of any co/vector field orthogonal to the normal!

Every such field can now substituted for V, in above gradients via WL Rule For example the normal

acceleration field a,:

cd3CDCovectorExtrk
% /. V - Accelerationn

_ ¥ 5
Va\ﬁ ——GKB n, VY+h/3 VO[,.(S
- ¥ 5
a, s =€a, K'g ng+h"s a,;

The same 3D-gradient relations hold for 3D contravariant gradient V¢, V%18, The same identities are
automatically recognized from xAct pattern matching from the previous Vs identities. Therefore

we do not display them separately.
However induced divergence deserves it’s own display:

cd[-A]@V[A] = h[A, v] xcd[-A]@V[-V]
cd3DDivTOContr = %;
VAM . AV Vv|)\

AddEquation@cd3DDivTOContr;
AddToList [$Equations3Dderivative, cd3DDivTOContr];
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m-j= cd[-A]@V[A] == h[A, v] » ProjectWith[h] [CD[-A]@V[-V]]
cd3DDivTOCDContr = %;

A
oupel= V5 = h"® Vg

- 1= AddEquation@cd3DDivTOCDContr;
AddToList [$Equations3Dderivative, cd3DDivTOCDContr];

inf-}= c¢d3DDivTOCDContr /. ApplyRule@hTOg;
% // Expand // ContractMetric
cd3DDivTOCDExpanded = %;
% /. MakeRule[{n[B] ~CD[-a]@V[-B], -CD[-alen[B] ~V[-B]},
MetricOn - All, ContractMetrics -» True] // ScreenDollarIndices
% /. ApplyRule @ NCDNTOAcc
cd3DDivTOAccCD = %;

2 o
out[-]= [x = \Y s -en” n/3 VB;or

A B fol
outf-]= \ 1A =¢en” V/3 n ;a+V;a

ouf-]= \ n =€ a? Vs + Va;a

- 1= AddEquation@cd3DDivTOCDExpanded;
AddEquation@cd3DDivTOAccCD;
AddToList [$Equations3Dderivative, cd3DDivTOCDExpanded] ;
AddToList [$Equations3Dderivative, cd3DDivTOAccCD];

Induced 3D-Riemann tensor

The 3D-Riemann tensor arises from relation (note that the cd - 3D covariant derivative, is tied to the
connection of the Levi-Civita type and thus has vanishing torsion).

Following is:
» The 3D-Riemann tensor commutator definition

mf-1= Riemanncd[u, -v, -k, -A] «xV[-u] == cd[-A]@cd[-k]@V[-v] -cd[-x]@cd[-A]@V[-V]
Riemann3Dcommutdef = %;

H ——
Outf«]= <3>R VKA Vu - 7VV‘)&‘K + VV\K\)L

- 1= AddEquation@Riemann3Dcommutdef;
AddToList [$Equations3Dderivative, Riemann3Dcommutdef] ;
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DisplayEQ@$Equations3Dderivative

Out[ » J//MatrixForm=

)
VO(\B == hYo, h B VY;'é

Y 5
;6+ h B Va;é

Vajg = € héﬁ Ng Vy N
_ Y 1)
VO!\B WEKB n, VY+hB Va;é
A A
Vv [ A = h Y V\/\)\
__ B
Vi = hT Vg,

(04
VAM =V, men® n” vy,

Vi =eal v v,

H ——
BIR n Vi = = Ve ¥ Vyxa

Projectors

In[«]:=

Out[ = ]=

In[«]:=

In[«]:=

Inf+]:=

Outf«]=

Out[=]=

Outf«]=

Followingis :
« Explanation of an object called Projector (in xAct)
« Fixing printing out option of some projected entities

In further chapters projectors involving induced metric will appear. They are just regular contrac-
tion with metricin all indices through h,g, however they are stored as different object. For example

the Riemann tensor projected through induced metric reads:
Projectorh[RiemannCD[-a, -B, -¥, -6]] = ProjectWith[h] [RiemannCD[-a, -8B, -¥, -6]1]

X A

E[R&ﬁ)@] = hOtL h/3 h?{ héu RLKMJ

Orthogonal projection by those projectors do not change already spatial quantities. We have to
explicitly ask xAct to fix the printout for such objects. We enforce this behaviour by function
HoldPattern. The function OrthogonalToVectorQ[..]@expr then checks whether expression
is orthogonal to the argument of this function, and returns boolean value. This is implemented by
Condition,or /; inshort.

We enforce the behavior for both lie derivative and space-time derivative.

HoldPattern@Projectorh@LieD[n[o_]]@expr_ :=
LieD[n[oc]] @expr /; OrthogonalToVectorQ[n] @expr

HoldPattern@Projectorh@CD[a_] @expr_ := cd[a] @expr /; OrthogonalToVectorQ[n] @expr
And check whether we have prompted the behaviour correctly:

DisplayTestl = Projectorh@LieD[n[a]] @Accelerationn[-f]
DisplayTest2 = Projectorh@CD[-a] @Accelerationn[-j]
{n[B] < Accelerationn[-B], n[B] DisplayTestl, (n[B]) DisplayTest2 // ToCanonical}

~Lnag

ama
{6, 0, 0}

Orthogonality holds.
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)= Clear@DisplayTestl
Clear@DisplayTest2

Riemann, Ricci and Ricci scalar tensors 3+1
decomposition

Choice of approach, last preparations before the decomposition

Quick remark about further approach & the GaussCodazzi xAct function.

At this point two options are at hand.
First, working out the decomposition of the Riemann tensor manually as:

inf-}= RiemannCD[-a, -B, -¥, - 6] =
RiemannCD[u, v, x, A] (g[-u, -a] <~g[-v, -B] <g[-x, -¥] ~g[-A, -6] /. ApplyRule@gTOh)
% // Expand;
% // ToCanonical

ouf = Rogys == (hK‘r teny nK) (hké +tE€ Ng nk) (hua tE Ny nu) (hVB +€ Ng nv) R

A v

u v K

A
oul - Rygys = o hg' hy hs” Royy +€ hg™ h) hs” n, n R, -

A M v K M v K A
€ hy” hy” hs ng n” R,y +thg hs ngn, nn

Y RK;MV -

U v K A U v K A
ha hé n/3 ny n n R)q,z)\v_ h[j hy Ng Ng N n Rku1v+

A v X

A " v K
RK‘u)\V +€ hOt h/S th ny n Rkvlu -€ hO(

h,' h,” ng ns n“ n hs' h,” ns n Rucvau

And from here expressing every Riemann projection term from already known identities for 3D-
covariant gradient such as

n-1= (RiemannCD[-u, -v, -k, -] «V[u] = CD[-1] @CD[-x] @V[-v] - CD[-x] @CD[-A]@V[-v] //
ProjectWith[h]) /. V->n
CDN

(CD[-¥] /@%) // Expand

outl-]= h
Out[+]= not;B == KBQ +€ a, r’l/3

Oul T Mospsy = € Mg gy * Kgayy ¥ € 30 Ngjy

This approach is obvious and involves a lot of work.

Second option, using xAct’s GaussCodazzi function, which already contains all the projections.

Full decomposition of the Riemann tensor is, after defining the normal and induced metric is as
follows:
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mn-;= RiemannCD[-a, -B, -¥, -6] == GaussCodazzi[RiemannCD[-a, -8B, -¥, -6]] /. $Rules

— L
Outf«]= Raﬁyé =€ Kgs Kﬁyfe Km{ KB(S—G ag as N, anKB Ks. Ng n,+€a, as Ng n,+

L

L L
Ko  Ks. Ng n,+€ag a, n, ns+Kg K, N, ng-€a, a, ng nsg-K,” K,  ng ns -~

ng ns E[nL KW;L] +ng n, I:[nL Kaé;h] + Ny, Ng IﬂnL KBY;J -n, n, IﬂnL KBS;J +

(3>Ra6y6 +€ Ng K@Y‘a—e ny Kﬁé‘afe Nns Kw‘BJre n, Ka6‘5+e ng Kaéwfe n, K/36|7r+

efeng ns a,,—€n, Ny ag, ~€Ng N, ays+€ N, Ny ag5) ~€Ng Kyys +€ Ny Koo

As we can see term by term, we have every we need already decomposed into 3D entities, with the
exception of the space-time covariant gradient of the extrinsic curvature tensor. We wish to
express the equations which take account every single possible AND unique projection of the space-
time Riemann tensor

* Project through every free index - Gauss Equation

« First contract in either one of the first pair of indices with the normal, then project through the
remaining three indices » Codazzi Equation

« First contract in either one of the first pair AND in either one of the second pair of indices,

then project through remaining two indices - Ricci Equation

We will express the Ricci equation firstly with space-time covariant gradient of the extrinsic curva-
ture explicitly, and then convert the gradient into another terms, one of which will contain the Lie
derivative of extrinsic curvature.

For that we will develop the decomposition of the covariant gradient of extrinsic curvature.

Orthogonal decomposition of K ;..

Following is:

* Derivation of the decomposition of term n¥ K, from the normal-4D-Lie derivative

* Decomposition of the term K., into 3D entities

The starting point is the Lie derivative which we write out explicitly as an equation, and expand the

Lie derivative into space-time covariant derivative. We wish to first find an equation to decompose
n" K,z into purely spatial terms, one of which will involve normal-4D-Lie derivative.

Amidst the adjustments a need arises to first decompose the gradient of the normal into extrinsic
curvature, then, to get rid of other terms involving normal and extrinsic curvature such as n® K

we deploy the fact that @ = (n” Kz)

oB5y?

Ko + NP K and deploy Leibniz rule as a tempo-

_nB
5y L aBsy
rary rule. That gives raise to terms involving the gradient of the normal, thus we again convert those

terms into extrinsic curvature.
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1= LieD[n[o]] @ExtrinsicKh[-a, -B] == LieDToCovD[LieD[n[oc]] @ExtrinsicKh[-a, -B], CD]
ScreenDollarIndices /@ %;
MapAt [Hold, %, Position[%, n[y] < CD[-y] [ExtrinsicKh[-a, -B]1]111;
Solve[%, Hold[n[y] < CD[-¥y] [ExtrinsicKh[-a, -B]]]] // Flatten // ReleaseHold;
%[1] /. Rule » Equal;
% // GradNormalToExtrinsicK;
% // ToCanonical
NCDExtrinsicK = %;

Y + K nY

B Y
out{«]= L KgB = Ky[j n .. oy L KGBSY

our = N Kogsy = -2 K" Kgy—€ @’ Kg, Ny —€a’ Koy Ng+ZLnKypg
- 1= AddEqQuation@NCDExtrinsicK;
AddTolList [$Equations3DExtCurv, NCDExtrinsicK];

Now we wish to liberate extrinsic curvature gradient along the normal from the normal.

We start with the general relation, when convert the gradient along the normal into terms involving
the Lie derivative (using NCDExtrinsicK), and we make a temporary rule (as previously) in order
to use Leibniz rule.

inf-1= CD[-a] @ExtrinsicKh[-B, -¥] ==
InducedDecomposition[CD[-a] @ExtrinsicKh[-B, -¥], {h, n}];
% /. ApplyRule@NCDExtrinsicK;
Expand /@ %;
% /. MakeRule[{n[y] « CD[-a] @ExtrinsicKh[-B, -¥],
-CD[-a]@n[y] « ExtrinsicKh[-8, -¥]}, MetricOn - All, ContractMetrics - True];
% // GradNormalToExtrinsicK;
% // Expand;
% /. Projectorh » ProjectWith[h];
NoScalar /@ %;
PutScalar /@ %;
ToCanonical /@ %;
% /. $Rules
DecoCDExtrinsicK = %;

ouf-J= Kgyio == —2e K56 Kys Ny — € Kot(S Kys Ng -~
5 5 5
a Kys Ng nNg-€ Ky Kgs Ny—a Kgs Ny Ny + Kgyo +€ Ny (Ln K/Sy)
- 1= AddEquation@DecoCDExtrinsicK;
AddTolList [$Equations3DExtCurv, DecoCDExtrinsicK];

- DisplayEQ@$Equations3DExtCurv

Out[ » J//MatrixForm=
e

Kag = ho' hg” N s
Kga = —€ aq Ng+ Ny.pg
Ky = i Hold[Lnh,, |
N" Kygsy = ~2 Ko' Kgy—€ @ Ky ng—€ @’ Koy Ng+LaKypg
Kpysa = -2€ Kg* Kys Ny —€ K” Kys ng—a® Ko Ny ng-e K" Kgs ny - a” Kgs n, N, + Kg
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3+1 Riemann tensor decomposition

Every necessity for decomposition is taken care of, thus we embark on expressing the Gauss,
Codazzi and Ricci equation for the Riemann tensor.
As stated previously, the approach is to take general (pre-calculated in xAct) decomposition of the
Riemann tensor and factor out every term, expand upon possible different (and interesting) formula-
tions, and then factor out the decomposition in somewhat more readable form.
Stressing of the last time that the entire approach could be done without apriori calculated decom-
position, however the latter approach is more demanding. The Gauss/Codazzi/Ricci equations are
well known results, thus there’s little benefit in “verifying them” explicitly here.
Following is:
* Factoring out the Gauss & Codazzi equations (straightforward task) for Riemann tensor
* Factoring out 3 different formulations of the Ricci equation

- First of the formulations is just the basic definition

- Second formulations involves the gradient of the extrinsic curvature along the normal field,
nY Kagyy

- Third formulation involves somewhat “same” information in the language of the normal 4D-
Lie derivative, L, Kug

= $EquationsRiemann3DDeco = {};

in/-}= RiemannCD[-a, -, -¥, -&6] == GaussCodazzi[RiemannCD[-a, -, -¥, -6], h]
Deco3DRiemannFull = %;

L
, Kg~ Ks. ng ny K, Kg. ng ny Kg~ Ky Ny Ng Ko Ky Ng Ns
Outf«]= RO(BY@ == (>RO(B7(6 - + + — —
(n n“)z (n n“)2 (n n“)z (n n“)2
1 1 H M
L L L L
N Ngs E[n KW;L] ng ny ﬂn KO@J n, ns Hn KBY;J N, Ny Iﬂn KB&'J
+ + - +
w2 w2 w2 w2
(n, %) (n %) (n %) (n n")

Kas Kgy Koy Kgs @3 @s n, n, a, as ng n, ag a, N, Ng a, a, Ng ng

(ny n)fng ) (ny 0¥ (n n") (ny n") (ny n")

né KBY‘O( n\{ KBCS‘O( né KO(Y‘B nY Kaélﬁ nB Kaé“ﬂ/ na KB@“/{

- - + + - +
(g n) o ngn®) o nyn®) oy n®) oy ) (ny 0
Ng Ng @, Ng Ng ag, Ng N, ags Ny Ny oags Ng Kayjs  Na Kpyjs
€ - - + - +
(n, ") LML L (n, n*) (n, ") (0"

The Gauss equation

Gauss equation arises from projecting space-time Riemann tensor through all it’s free indices. We
store it twice, once without and once without the explicit norm display
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inf-}= ProjectWith[h] [Deco3DRiemannFull]
% /. $Rules
GaussEquation = %;
Kyg Koo Kya Kep

n“) (n

K A U _
hy hs RLK?Lu - (3>R5Y/301 *

ouf-]= hy  hg

(n,

K A

= _—
ouf-J= hg hy hé RLK)Lu =€ K\{B Kéa -€ K){O( K6/3 + (3)R6y8a

- 1= AddEquation@GaussEquation;
AddToList [$EquationsRiemann3DDeco, GaussEquation];

The Codazzi equation

Again, from the full decomposition of Riemann we need to get the Codazzi equation, this time
through contracting the normal once with the second Riemann index.

nf-- Deco3DRiemannFull // ScreenDollarIndices;
PrepCodazzi = Times[%, n[a]] // ToCanonical

o Kg~ Ks. Ng n°ony Ks yo o
ouf-J= = N" Rpgys = ~ 5 + N * 2 -
(n, n%) (n, n%) (n, n%)
na %oy E[nL KB@#] ag a; n, n" n, aga, n, n"ong
_ . _
(n, no‘)2 (ng n%) (n, n%)

a [ed a
o N7 Ns Agy,  Ng N Kgs|y €Ng N° Ny ags Ny T Kgyps

(n, n%) (n, n%) ' (n, n%) (n, n%)

inf-1= ProjectWith[h] [PrepCodazzi]
PutScalar /@%
ToCanonical /@ %
CodazziEquation = %;

o o
n, n KB@W n, n KBY\é
L K A a -
Out[]= — h/g hy hé n RLO(K)\ == - N + N
(n, n%) (n, n%)
_ L K A a -
ouf-}= = hg" hy" hs" N Rigen = = Kgs|y + Kgys
_ L K A a _
Out[«]= h[g hY h5 n RO(LK)\ - KB@\Y + KBY\é

n/-1= Clear [PrepCodazzi] ;

- 1= AddEquation@CodazziEquation;
AddToList [$EquationsRiemann3DDeco, CodazziEquation];
The Ricci Equation

Same as with Codazzi equation, albeit now we have to contract with normal twice, in first and third
index.
We wish to store three versions of the Ricci Equation.
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* The “simple” result of projections, orthogonality with the normal field & symmetries of Riemann
« Second involving the spacetime gradient of the extrinsic curvature along the normal field
* Third involving 4D-Lie derivative of the curvature along the normal

First, the “trivial” observation:

in-}= ProjectWith[h] [RiemannCD[-a, -B, -¥, -6] *n[a] xn[¥y]] =
(ProjectWith[h] [RiemannCD[-a, -8B, -¥, -6] “n[a] “n[¥]] /. ApplyRule@hTOg)
% // Expand
ToCanonical /@%
RicciEquationl = %;

X a Y

our = hg" hs N n" Ry =n" n' (6,

X a Y

out[+]= h/3 hs n n me< =

Y a Y L a Y L
n“ n" Rygys—€N N" Nng n° Ry —€n° ng n” n R

oul-J= hg Raiyx = N n’ Rgasy

n-1- AddEquation@RicciEquationi;
AddToList [$EquationsRiemann3DDeco, RicciEquationl];

For other two expressions, we have to use the full decomposition:

/- 1= Deco3DRiemannFull // ScreenDollarIndices;
Times[n[a] “n[¥], %];
% // Expand
RicciPrep = %;

our-1= n% n? Rogys = ~ _

inf-1= ProjectWith[h] [RicciPrep]
% /. Projectorh » ProjectWith[h];
PutScalar /@ %;
ToCanonical /@ %;
% /. $Rules
RicciEquation2 = %;

K.s K5 np n° n, n’
L K o Y
Outf+]= h[3 hé n n RO(LYK 5 -
u
(n, ")
K A o Y L
hg” hs ng n° n, n E[“ KK}\,L] ag a; n, n® n, n" en, n” n,n"oag,
- +
2 H H
u
(nun) (nun) (nun>
[0 [0
our= hg" hs n® " Ry = -€ag as - Kg" Ko+ ags —hg" hs' nT oKy,

in-1= AddEquation@RicciEquation2;
AddToList [$EquationsRiemann3DDeco, RicciEquation2];
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Inf+]:=

Outf«]=

Out[+]=

In[- J:=

Outf[«]=

Outf«]=

Out[ = ]=

In[«]:=

Out[+]=

We have to first learn how to decompose the Lie derivative along the normal of the extrinsic curva-
ture tensor. We see, that it is, indeed, purely spatial:

LieD[n[o]] @ExtrinsicKh[-a, -]
orthogonalToVectorQ[n] [%]

Ln Kyp
True
We first wish to know what is the result of h*, h”, (£nK,gs)

h[a, -u] <h[B, -v] xLieD[n[o]] @ExtrinsicKh[-a, -]
% /. ApplyRule@hTOg
% // Expand

hau th (Ln KaB)

Ln Ky,

So this particular combination of projectors and derivative results in lowering the indices inside the
derivative operator. That is however not true generally. Yet, to NOT undergo this process again, we
prepare a rule for this (and only this) particular term. This rule will result in a warning, which we will
ignore for this term, as the step is verified.

h[la, -u] ~h[B, -v] xLieD[n[o] ] @ExtrinsicKh[-a, -B] == LieD[n[o]] @ExtrinsicKh[-u, -V]
ContrLieDextrinsicK = %;

AddEquation@ContrLieDextrinsicK;

hau th (L" KaB) = Ln Ky
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- 1= ProjectWith[h] [RicciPrep]
% /. ApplyRule@NCDExtrinsicK
% /. Projectorh » ProjectWith[h];
PutScalar /@ %;
ToCanonical /@%;
% /. $Rules
% /. ApplyRule@ContrLieDextrinsicK (xwe ignore the warning,
as we confirmed the correctness of this step abovex)
RicciEquation3 = %;

L Y
, oy K.s Kig ng N0 n,n
ouf-J= hg  hs n° n’ Ry 3 -
u
(my )
X A a Y L
hg hs Ng N n,n E[n KKA,L] ag as n, n“ n, n" en, n® on, o’ oag;
- +
1y 2 " I
(nu n ) (nu n ) (nu n )
L o Y o Y
, oy Kis Kg np n” n,n ag as N, n° n,n
ouf-= hg  hs N~ N° Ryiyx 3 - +
(n, n*) (n, n")
[ u
L K o Y A
€ Ny na n){ n a/j\é h/3 h5 Ne N nY n (_2E[KL KK)\] +'£”KL}<)
U 2
(n %) (n %)
outf+J= hBL hs° n® n’ Roryx = —€ ag ag + KBL Ks. + ag|s ~ hBL hs” (Ln KLO()

x+ MakeRule: Potential problems moving indices on the LHS.

L K a Y

ouri= hg" hgt n® nT Ry = —€ag ag+ Kt Ks +ags ~LnKps

mn/-1= Clear [RicciPrep];

n- 1= AddEquation@RicciEquation3;
AddToList [$EquationsRiemann3DDeco, RicciEquation3];

3+1 Ricci tensor decomposition

n-1= $EquationsRicci3DDeco = {};

In this chapter the exact same approach as for 3+1 decomposition of the Riemann tensor is fol-

lowed, this time for the Ricci curvature tensor.
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nf-}= RiemannCD[a, -B, -a, -&] == GaussCodazzi[RiemannCD[a, -B, -a, -6], h]
Deco3DRicciFull = %;

Y
a Ka\{ K® ng, ng n, n I;[n Kﬁé;y]

Y
Ks" Ksy Mg N .

= = (3) - _ _
Outf[ ] R/35 R/35 2 2 2 +
n, n") (n, n*) (n, n*)
[0
Kos Kg© Ko Kgs ag as n, n® a, a" ng ng, ng ng (n K, ;/3)
- - - - +
H H H = 2
(n.n®) (ny 0" (n, n*) (n, n*) (n, n")
ns Ke®a Mg Kes!® s Ko |5 n, ns a,* n, n ag s ng Ko's
+ - + € + -
H H H H H H
(n, n®) ng ")y 0¥ (n, n*) (n, n*) (n. n*)
Gauss equation variation for the Ricci Tensor
/- = Deco3DRicciFull // ScreenDollarIndices;
ProjectWith[h] [%]
% /. Projectorh » ProjectWith[h]
NoScalar /@ %;
PutScalar /@ %;
% /. $Rules;
ToCanonical /@%;
NoScalar /@ %;
% % (-€) // Expand
RicciGaussEquationl = %;
K,s K'g ng, n®
Out[+]= hBa h5Y RO(Y == <3)R66 - N -
u
(n, n*)
L X o Y
hg" hs Ng n Iﬂn KLK}Y} Ko K5 K" Ksp @ as ng n  en, n” ag,
+ - - +
2
(nu n“) (nu nu) (nu nu) <nu nu) (nu nu)
Y [0 [od
. Kys K's Ny n Koo Kg
out[«]= hB h5 Rozy = <3)R55 + -
(n n“)z (n n“)
u H
Ki" Ksg ag as ng " en, n® az,  hg' hs" ng n®on"K
_ i _
2
(nu n“> (nu nu) (nu nu) <nu n“)
ouf-)- —€ hg" hs' Rey =€ ag a5+ K’ Kgs—€ BRgs— ags + hg' hs” n" K,

- 1= AddEquation@RicciGaussEquationl;
AddToList [$EquationsRicci3DDeco, RicciGaussEquationl];

Now we wish to use
mn-}= RicciGauss2Prep = RicciEquation2 x (-1) // ScreenDollarIndices

L

K

ourl= = hg" hs n% n" Ry =€ ag as+ Kgt Ks, —ags +hg” hs' nt oK,

Treating the LHS first:
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inf-}= RicciGauss2Prep[1] /. ApplyRule@hTOg
% // ToCanonical
% == RicciGauss2Prep[2];
RicciPrep = % // ScreenDollarIndices
[0

our - =% " (855 —eng nt) (655 -€ng n") Ry

Out[+]= — n® n? R/30157(

our = =" " Rpgsy, =€ a5 a5+ Kg™ Ko = ags + hg' hs' n" Ky

Now solving for the hs® hs" n' Ky,

n/-1=- Position[RicciGauss2Prep, h[-B, a] ~h[-6, ¥] *n[t] ~CD[-c] @ExtrinsicKh[-a, -¥]];
MapAt [Hold, RicciGauss2Prep, %]
Solve[%, Hold[h[-B, a] ~h[-&, ¥] *n[L] ~CD[-c] @ExtrinsicKh[-a, -¥]]] // Flatten
%[1] /. Rule » Equal
% // ReleaseHold
NCDExtrinsicKDeco = %;

a Y

Out[]= —hBL héK n n v .

Royx = € @5 a5+ Kg© Ky, +Hold| hy” hs” n |<WJ,J—aB‘(5

Outf+]= {HOld{hBO{ héy nL K - —€ aB as — KBL KcsL - hB * ¢ v

O(Y;L:| RO(LYK+ aB\é}

outf+J= Hold[hﬁa hs” n° KW;L} =-cag as; - Kz Ks - hg Rawyx + 355

L

OutfJ= hBa héy N Koy;e = -€ 3 3 - KBL Ks. = hg Rayx * as|s
- 1= AddEquation@NCDExtrinsicKDeco;

AddTolList [$Equations3DExtCurv, NCDExtrinsicKDeco];

/- 1= RicciGaussEquationl /. ApplyRule@NCDExtrinsicKDeco
RicciGaussEquation2 = %;
[0

a a

Out[+]= — € h/j héY Roty = o K/_gé - KB Kéa - € (3)R55 - h/jL h5 n n
in-}= Clear [RicciGauss2Prep]

- 1= AddEquation@RicciGaussEquation2;
AddToList [$EquationsRicci3DDeco, RicciGaussEquation2];

Codazzi equation variation for Ricci tensor

Again accounting for symmetries, the Codazzi equation for the Ricci tensor arises through contract-
ing the Ricci tensor once with the normal, then projecting it with the induced metric:
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inf-}= Deco3DRicciFull // ScreenDollarIndices;
Times[%, n[B]1] // Expand
PutScalar /@ %;
% /. $Rules
NoScalar /@%
RicciCodPrep = %;

. Ko K% ng n® n, a, a* n; n® n,
Out[-]= N RB& -—= — " _ _
u H
(nu n > <nﬂ n )
n, n® ng; [n® K € | P Kps! Pk
B s a ;B Ng N° Ns 3 Ng N Kas Ng N Kas
+ + -
1y 2 u u H
(nu n ) (nu n ) (nu n ) (nu n )
o
o= n® Rgs = -ny (a, a”) —eng (K, K%, ) +€n; (a,/%) € ny (nB K, ;B) Koo ® = KT s
o= NP Rgs = -a, a% ng-e K K ngreng a, !t Kt - Ko''|s € n® n, Kaa;B

1= ProjectWith[h] [RicciCodPrep]
ToCanonical /@%
RicciCodazziEquation = %;

o [Ked

our = hs" 0" Ry = Ks!® - Ko |5

a

our = hs' Ry, = K" = Koo

mn-1= Clear [RicciCodPrep];

- 1= AddEquation@RicciCodazziEquation;
AddToList [$EquationsRicci3DDeco, RicciCodazziEquation];

Ricci equation variation for Ricci tensor

The only remaining possibility is to contract twice with the normal:

inj-}= Deco3DRicciFull // ScreenDollarIndices;
Times[%, n[B] ~n[&6]1];
% // Expand;
PutScalar /@ %;
% /. $Rules;
NoScalar /@%
RicciRicciEquation = %;

our-- % nP Rap = —€ 34 a% - KQB KGB+ aa‘(X -nf K

- 1= AddEquation@RicciRicciEquation;
AddToList [$EquationsRicci3DDeco, RicciRicciEquation];

We can express this equation in three forms:
First of them is by making a slight adjustment to the last term (converting the gradient of Extrinsic
curvature scalar to the normal field):
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nf-}= n[B] »CD[-B] @Extrinsickh[-a, a] ==
n[B] <CD[-B]@ ((h[a, ¥] /. ApplyRule@ehTOg) ExtrinsicKh[-a, -¥])
% // Expand // ScreenDollarIndices
% /. ApplyRule@gTOh
% // Expand
NCDScalExtrKTONCDExtrKContr = %;

ouf-}= nP |(O(a;/3 = nP ((g*a —en® n") Kuyip - € Koy (n* na,/3 +n” ny’ﬁ))
ou-}= nP Ko(a;/3 = g¥% nf Kay;p — € n® n® n¥ Koy s

ou-}= nP |(O(a;/3 =-en® nf n¥ Kooys * n® (R +en® n") Koy

our-;= nP KO(O(;/3 = h'* nf Koys

in-1= AddEquation@NCDScalExtrKTONCDExtrKContr;
AddToList [$Equations3DExtCurv, NCDScalExtrKTONCDExtrKContr];

It will be useful to also store the inverse of this relation:

[~ 1= NCDScalExtrKTONCDExtrKContr
%21 = %[1]
NCDExtrKContrTONCDScalExtrK = %;

[0
Out[«]= nB Ka :B == hya nB KO(Y;B

a B K

Outf+]= hY n B K “

= n Y

ay;B
- 1= AddEquation@NCDExtrKContrTONCDScalExtrK;
AddTolList [$Equations3DExtCurv, NCDExtrKContrTONCDScalExtrK] ;

Using the obtained information on RicciRicciEquation gives us the first desired form:

inf-}= RicciRicciEquation // ScreenDollarIndices
% /. ApplyRule@NCDScalExtrKTONCDExtrKContr
RicciRicciEquationl = %;

a

our= n* P Ry, = -€ a |

a® - K, K%+ a," -nf ok

o

a

ouf-]= N n? Ry = —€ @ | hYe B K

o B ot
a @ ~Kgo Kigtag ™ - ay;B

in-= AddEquation@RicciRicciEquationi;
AddToList [$EquationsRicci3DDeco, RicciRicciEquationl];
Second version of the Ricci equation for Ricci tensor is expressed in terms of the Lie derivative

mnf-}= RicciRicciEquation /. ApplyRule@NCDExtrinsicK;
% /. ApplyRule@gTOh
% // Expand
RicciRicciEquation2 = %;

Out[+]= na nB RaB = -€ a, aa + KaB Ka/3+ aa‘a - (haB + € na nB) (Ln KO(/3>

our- - n® nP Rap = —€ 3q4 a% + KQB KaB + aa‘o‘ - p*? (Ln KO(B)
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In[«]:=

In[e]:=

Out[+]=

Out[«]=

Inf+]:=

Inf- J:=

Out[»]=

Out[»]=

Out[»]=

In[«]:=

AddEquation@RicciRicciEquation2;
AddToList [$EquationsRicci3DDeco, RicciRicciEquation2];

Third version uses induced partial divergence equations for V¥ = @*. This substitution will be used
often, it is therefore stored separately.

cd3DDivTOAccCD
% /. V - Accelerationn
cd3DDivAcc = %;

A B

Vi =ea vV

aku =€ ag a” + aa;a
AddEquation@cd3DDivAcc;
AddToList [$Equations3Dderivative, cd3DDivAcc];

The immediate usage is to treat the RicciRicciEquation, the term a"M gives new information when
expanded in this way:

RicciRicciEquation
% /. ApplyRule@cd3DDivAcc
% // ScreenDollarIndices;
% /. MakeRule[{CD[-j3] @Extrinsickh[-a, a],
CD[-Bl@ ((h[a, ¥]) ExtrinsicKh[-a, -¥] /. ApplyRule@hTOg) }]
RicciRicciEquation3 = %;

a

B a

n® n? Rasg = —€ aq4 a“ - KaB KaB+ aa‘a -n" Ky s
n® n® Ry = -k K+ a, - nf K,
n® n® Ry = -k K+ a, - nf oK,

AddEquation@RicciRicciEquation3;
AddToList [$EquationsRicci3DDeco, RicciRicciEquation3];

3+1 Ricci scalar decomposition

In[e]:=

$EquationsRicciScalar3DDeco = {};

Iterating the same approach we arrive at the full decomposition of the Ricci Scalar
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m-7= RicciCD[] == GaussCodazzi[RicciScalarCD[], h] /. $Rules /. Projectorh -» ProjectWith[h]
PutScalar /@ (-€ %) /. $Rules
NoScalar /@ %;
% // ContractMetric;
% // ToCanonical
RicciScalarFullDeco = %;

a B o B T/KO( B

our = R=e€ K, Kg"-e K,* Ks"-€a, a® ng n” -k,

a, a’ n, n® ng n® ek, K% n, n® ng nf+PR-en, n* ng n’ (nB Kaa;5)+
h*® n, n” agp+€ Ny n% ng n® a,/"-h® n, n* n® Kyoss
outf-= —€ R ==
-e PR+ 2¢ <aa aa> + <Kaa>2+ (KorB KaB) - (aa|a> - (haﬁ aalB) +[h" n® Koysa| * n” Kaa;13>

o B

o
Koy;a t N Kip

a

a

our- —eR=2ea, a%+Kys K+ K%, KPy-ePR-22a" +pn"" n

sa
- 1= AddEquation@RicciScalarFullDeco;
AddToList [$EquationsRicciScalar3DDeco, RicciScalarFullDeco];

This result, however straightforwardly it was acquired, should be further worked upon, as we
already know how most of the terms relate to each other. We will use the following two equations
for the adjustment:

nf-1= c¢d3DDivAcc
NCDExtrKContrTONCDScalExtrK

By 3”

Outf[+]= a/\‘) = € aB a o

out[+]= hW nB KO{?{;B ==
n/-1= RicciScalarFullDeco
% /. ApplyRule@cd3DDivAcc
% /. ApplyRule @ NCDExtrKContrTONCDScalExtrK
% // Expand // ToCanonical

RicciScalar3DDecoEquationl = %;

a
a

o

our - ~€R =26 a, a%+ Kyg K4 K% Kig-e PR-22a% .+ " 0 Ky, ¢ 0" ks,

a

ouf-]- —€R =2¢€ a, anrKCX/3 KO‘B+KQ KBB—EB)R—Z(e ag a5+aa’,a)+h/37 n®

Keysat N Kog;

a

ouf-}- —€R=2¢€ a, anrKCX/3 KO‘B+KQ KBB—EB)R—Z(e ag aB+aa;a)+na KBB;Q+ n® K

ouf-j= —€R = Kup K+ K%, KBB—e BIR-2 3% +2n“

pyes

5
K 550

- 1= AddEquation@RicciScalar3DDecoEquationl;
AddTolList [$EquationsRicciScalar3DDeco, RicciScalar3DDecoEquationl];

We now need to deploy the information about third Ricci tensor decomposition equation
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In[«]:=

Outf[«]=

Outf[«]=

Outf[«]=

Inf[#]:=

InfJ:=

out[+]=

Out[»]=

InfJ:=

RicciRicciEquation3 // ScreenDollarIndices
Solve[%, CD[-a] @Accelerationn[a]] // Flatten
%[1] /. Rule » Equal

CDDIVAcc3DRicciRicci3 = %;

n® n’ Rog = - Ko Kg + aa;a - Ky s

{aa. > K, K%+ n® n R+ n” Kaa;B}

Hed

aa;a _ KQB Koz/3 + n% nB Rog + n? K
AddEquation@CDDIVAcc3DRicciRicci3;
AddToList [$EquationsRicci3DDeco, CDDIVAcc3DRicciRicci3];

Using this result to obtain second expression for Ricci scalar decomposition:

RicciScalar3DDecoEquationl

% /. ApplyRule@CDDIVAcc3DRicciRicci3;
% // Expand // ToCanonical
RicciScalar3DDecoEquation2 = %;

-eR = KO(/S Kaﬁ+ Kaot KBB_G <3)R_2 aa' +2 na KBB}D(

pyes

—eR=-K,; K+ K% K’;-2n% n® R,;-€ 'R

AddEquation@RicciScalar3DDecoEquation2;
AddTolList [$EquationsRicciScalar3DDeco, RicciScalar3DDecoEquation2];

Vacuum equations, momentum and Hamiltonian constraints, and remarks
about independent components

In[«]:=

Outf[«]=

Together with the form of the equations constraints should be mentioned, also worth writing out is
the vacuum case.

Independent components of the 3D-Riemann tensor

Following is:
* Expanding the 3D-Riemann tensor in the combination of the 3D-Ricci tensor & induced metric
* Using this knowledge to explicit (and very neat) expression of 3D-Kretschmann scalar

Stressing that 3D-Riemann tensor is fully determined by 3D-Ricci tensor, as it only has 6 indepen-
dent components :

Riemanncd[-u, -v, -k, -A] =
RicciScalarcd[] (h[-u, -A] <h[-v, -=x] -h[-u, -x] ~h[-v, -A]) / 2+
h[-u, -x] «~Riccicd[-v, -A] +h[-v, -] «Riccicd[-u, -k] -
h[-u, -] ©Riccicd[-v, -x] -h[-v, -x] “Riccicd[-pu, -]
Riemann3DIndepComp = %;

1
- (3)
(3) Ruvia == th (3) Rux ~ hVK (3) Rux — hu)& (3) Rvk * huK (3) Rva * E ( hu)\ hVK - huK hvk) R

In further chapters the Kretschmann scalar 3+1 decomposition will be worked upon. Now it is worth
realizing, that the 3D-Riemann tensor square scalar (the 3D Kretschmann scalar, in fact) is written
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out in neat form as:

AddEquation@Riemann3DIndepComp;
AddTolList [$EquationsRiemann3DDeco, Riemann3DIndepComp] ;

Riemanncd[-pu, -v, -x, -A] « Riemanncd[u, v, k, A] ==
(Riemanncd[-pu, -v, -x, -A] < Riemanncd[u, v, x, A] /. ApplyRule@Riemann3DIndepComp)
% // Expand;
% // ToCanonical
KretschScal3DIndepComp = %;

A
(3) Rpuvicx (3)RH ==

1

(3) (3)
(hvk (3)RHK = hyx <3)R/,z)\ - huk <3)RVK + huK <3>R\/A +£ hu)L hyx R- huK h\/)L RJ

1
2
(hw\ (3)Ru}< _ hvx (3)Ru/\ _ hu)\ (3)Rw< i huK (3)Rv)\ + =

hu)\ th (S)R_E hpK hvk (3)R)
2 2

KAUY — 4 (

<3)RK7\/J\/ 3)R 3)R)<)\ BIR™" -

AddEquation@KretschScal3DIndepComp;
AddToList [$EquationsRiemann3DDeco, KretschScal3DIndepComp];

The vacuum case

$EquationsNormalChange = {};

For the vacuum (obviously) the Ricci tensor & scalar vanish (unlike the Riemann tensor, which still
can remain nonzero - remember, the Einstein equations determine only the Ricci tensor, they do
not “limit” for the topology of the space-time - therein lies the apriori non-vanishing nature of some
of the Riemann tensor components).

Following is:

« Storing the vanishing of Ricci tensor & scalar in the vacuum case

* Preparing a function to convert any equation containing the two mentioned entities into vacuum
case

* Expressing the equations for change along the normal (“normal-change equations”)
RicciCD[-pu, -v] =0

VacRicci = %;

RicciScalarCD[] == ©

VacRicciSc = %;

R, =0
R ==

VacuumEq[expression_] := expression /. ApplyRule@VacRicci /. ApplyRule@VacRicciSc

Applying this function to the RicciGauss1/2 equations give us:
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In[«]:=

Out[~]=

Out[~]=

Out[~]=

Out[~]=

In[«]:=

Out[ = ]=

Out[«]=

Out[«]=

In[«]:=

InfJ:=

In[«]:=

Out[~]=

Inf+]:=

Outf«]=

RicciGaussEquationl

VacuumEq@%

% // ScreenDollarIndices

Solve[%, Riccicd[-B, -6]] // Flatten;
%[1] /. Rule » Equal;

% % (-€) // Expand

NormChangEql = %;

~€ hg” hs' Ry =€ ag a5+ K’y Kgs—€ BIRgs — a5 + hg' hs” n” K

L e

@=€ag as+ Ky Kgs—€ BIRgs— a5 + hg' hs” n” K

L [0

0 =c aB aé + Kaa Kﬁé_e (3>R55_ aB\é + hBY h5 n K
. a Y
-€ (3)R55 = -€ aB as — K™ K/55+ aﬁ‘é - h@ hé n K

RicciGaussEquation2

VacuumEq@%

% // ScreenDollarIndices;

Solve[%, Riccicd[-B, -6]] // Flatten;
%[1] /. Rule » Equal;

% /. ApplyRule@hTOg;

% // ToCanonical;

% * (-€) // Expand

NormChangEq2 = %;

a

—€ hg" hs' Rey = K% Kgs = Kg

a

0= K%, Kas — Kg Kaa—e(”R@@‘h@L hs® n” n

—— a a Y
—€ BRgs = - K% Kgg + Kg* Koo+ n% 07 Rypsy

AddEquation@NormChangEql;
AddEquation@NormChangEq2;
AddToList [$EquationsNormalChange, NormChangEql];
AddToList [$EquationsNormalChange, NormChangEq2];

Momentum and Hamiltonian constraints

$EquationsConstraints = {};

To finalize the 3+1 decomposition we have to specify the momentum & Hamiltonian constraints,
which are:

cd[-A] @ExtrinsicKh[A, -x] == cd[-x] @ExtrinsicKh[-a, a]
MomentumConstr = %;

KA

K|A = Kaa\x
-eRicciScalarcd[] ==

ExtrinsicKh[A, -y] < ExtrinsicKh[y, -A] - ExtrinsicKh[a, -a] < ExtrinsicKh[a, -a]
HamiltContr = %;

2
—e PR = -k K K
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- 1= AddEquation@MomentumConstr;
AddEquation@HamiltContr;
AddToList [$EquationsConstraints, MomentumConstr];
AddToList [$EquationsConstraints, HamiltContr];

Last “insurance” has to be has to be made for ®R"*h,, = R

n-1= cd[-A] @Accelerationn[A] - € Accelerationn[A] < Accelerationn[-A] ==
ExtrinsicKh[A, -y] < ExtrinsicKh[y, -] + CD[-y] @ExtrinsicKh[a, -a] “ n[¥]
InsuranceEql = %;

Outf]= —€ Ay a’+ akl}\ = va} KAY+ n" K

asy
Or, expressing a* |,
m-1= InsuranceEql
% /. ApplyRule@cd3DDivAcc
% // ToCanonical
InsuranceEq2 = %;
ouf-]= —€ ajy a’\ + aAM == KYA KAY+ n” KD(O(’.Y
our- € a, a®-ea, at+a, =K, K'y+n K.,
outf«]= aa;a = Koy K* + n% KY%O(

n- 1= AddEquation@InsuranceEql;
AddEquation@InsuranceEq2;
AddToList [$EquationsConstraints, InsuranceEql];
AddToList [$EquationsConstraints, InsuranceEq2];

Summary of the 3+1 decomposition results

In order to aesthetically summarize the results, let us now print out the obtained equations:
The Riemann tensor induced 3+1 decomposition summarizes to:

in- 1= DisplayEQ@$EquationsRiemann3DDeco

Oult[» J//MatrixForm=

horL hBK hYA héu Riay = € Kyg Koo =€ Kya Kog + IRsypa
hs" h," hs' n" Ry = - Kes|v * Kpy|s
hs hs” n® n” Ry, = n" n" Ry,
hs” hs™ n* n" Ry, =-€ag a;-Kg" Ky, + s - hs" hs™ N Kypso
hs" hs™ n" n" Ry = -€ a5 a5+ Kg Koo+ ags ~LnKgs
BRuver = bt B Rue — hue ®Rui— hn R he R+ 3 (B by - hy hyy) PR
Ry BRI =4 1R, G- IR

The Ricci tensor induced 3+1 decomposition summarizes to:

Printed by Wolfram Mathematica Student Edition



32 | Jan_Kriz_Thesis_Priloha_MathematicaNotebook.nb

in-1- DisplayEQ@$EquationsRicci3DDeco
Out[ » J//MatrixForm=

—e h/30< héY Rory =€ ag as+ Kaa K@é,e (3)R85— afilé + hBY héL n® K

YLsa
—€ hs" hs' Rey = K% Kgs = Kg¥ Kso —€ BIRgs - hg" hs™ n® n" Ry,
hs" n? Ry = Ks" 1o = Ko
n® n® Ry =-ea, a® -k, Ki+a,t -0 k1,
n® nf Ry = € a, a’ - K" K% + a,/* - p nf Kas

e

n® n® Ry =-€a, a®+ K, K%+ a," - h (LaK,s)

n® n® Ryp = -k K+ at, - n® K,
a%,, = K K%+ n® n® Ry nf ok

The Ricci scalar induced 3+1 decomposition summarizes to:

in-1= DisplayEQ@$EquationsRicciScalar3DDeco
Oult[ = J//MatrixForm=

*€R==2€aa aa+Kaﬁ KaB+Kaa KBB*GB)R*ZaalaJthY na

[0
KBY;O(Jr n K Bsa
—eR= Ky K+ K% K'y-ePR-22a" +2n° KBB;Q

pes

—eR = - Ky K & K”, KBB—Z n® nf RaB_G(B)R

“Normal-change” & momentum and Hamiltonian constraints & “insurance” equations state:

n-1- DisplayEQ@$EquationsNormalChange

Out{» J//MatrixForm=
o8 Y L [0
-€ <3)R/35 =-€ag as - K’y K/35+a[3‘5—h[3 hs n° K

. a a a Y
—-€ (3)R85 - = K o Kﬁé + KB KCSO( +n n RBO(CST{

n- - DisplayEQ@$EquationsConstraints
Oult[» J//MatrixForm=

A

K K|A = Kaa|K

2 2

—e PR= - K0T+ K, K
A A Y A Y a
“€a, atan =K, Ky nt Koy

[0
a ., = Kg K7+

pyes

aKY

Yo

3+1 decomposition of the Kretschmann scalar

1= $EquationsKretsch3DDeco = {};

With the previous chapter’s decomposition equations Kretschmann scalar can be now
decomposed.

Following is:
* Printing out option set for 4D-Kretschmann scalar
* General definition recap

* Preparation of 9,4 9.5 9«, 916 term decomposition

- this term is treated separately in order not to “meddle” with automatic contraction option
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we have set previously

- the difficulty of treating this term in the general definition is exactly the automatic metric
contraction
* Kretschmann scalar “geometrical/general” 3+1 decomposition
* Deploying Gauss, Codazzi & Ricci equations developed in the previous chapter to find out each
term of the “general” decomposition

- note that we do this “step by step” in order to save computation time
» Adding the pre-prepared terms, thus arriving at the Kretschmann scalar 3+1 decomposition

Printing out options & preparations:

First, we have to address it’s printing options
PrintAs [KretschmannCD] ~= "%";

KretschmannCD[] == RiemannCD[-u, -v, -k, -A] «RiemannCD[u, v, x, A]

i RHVK) R/JVK)\

It will be most advantageous to now to lower the fully covariant Riemann indices. However we wish
to prevent the expression from automatically contract the spacetime metric with the indices, thus
we will decompose following term separately:

glu, a] <glv, Bl ~glx, ¥] < g[A, 6]
% /. ApplyRule@gTOh

% // Expand;
g4FullExpansion = %;

gKY g)\é gua ng

(Y +en” n") (™ +en® n*) (h"* +en® n*) (" +en® n")
AddEquation@g4FullExpansion;

AddToList [$Equations3Dmetric, g4FullExpansion];

Now for the Kretschmann scalar with two fully covariant Riemann tensors. Bear in mind, that at this
point we could simply perform something along the lines of R, Rys,6* g4FullExpansion, then

expand and canonicalize the resulting expression. However even at this point, the calculation
involving this many terms is quite lengthy.

For the record, this approach took 86s to calculate.

Whereas treating the multiplication (and canonicalization) term by term is very economic approach
to the problem :
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inf-}= Times [g4FullExpansion // ScreenDollarIndices, RiemannCD[-a, -3, -¥, -611;
% // ToCanonical;
Times[%, RiemannCD[-pu, -v, -x, -A]1];
% // ToCanonical;
KretschmannCD[] ==
Kretsch3DDecol = %;

A
Outf«]= K = haB hYé hK huv Rayku RB@)\V +

KA o o B

4e ™ " n" 0" 0" Ry Rgsn +4 0 R 0% on n” Ruegy Ryasy
n- 1= AddEquation@Kretsch3DDecol;

AddToList [$EquationsKretsch3DDeco, Kretsch3DDecol];

As we can see, the terms clearly correspond to the Gauss, Codazzi and Ricci terms of both of the
Riemann tensors figuring in the decomposition.
Thus:

inf-}= (ProjectWith[h] [RiemannCD[-a, -, -¥, -611)
(ProjectWith[h] [RiemannCD[-u, -v, -k, -2A]1])
% /. ApplyRule@GaussEquation
% /. ApplyRule@GaussEquation
Terml = Times[%, h[X, 6] ~h[x, ¥] ~h[v, B] ~h[a, ul]

o= he hg” hy” hs’ hS hy huxz h, Ripou Ryaxzxa
12.0416

our- 1= h," hy” hua h,” (e Kyg Kso —€ Ky Ksg + (3)R6y/301) Rovio
12.0254

Outf+J= (6 Kw{/ﬁ Kéot -€ Kya K5/3 + <3)Réyf3cx> (6 KKv KAp -€ KK/J K)LV + <3)R}J<vu)
Outf«]= hOW hKY h)Lé hVB (6 Ky[j Kéo(_e Kyoz KcSB + (3)R67(Bo¢) (6 KK\/ K)w - € Kku K)n/ + <3)R)u<vu

inf-1= ProjectWith[h] [n[a] ~ RiemannCD[-a, -B, -¥, -6]1]
ProjectWith[h] [n[u] « RiemannCD[-pu, -v, -x, -2A]]
% /. ApplyRule@CodazziEquation
% /. ApplyRule@CodazziEquation
Term2 = Times[%, h[v, B] ~h[k, ¥] <h[A, &6]]

U [0

o hg" by he” hY RS T " Ry R
5.28357

our = h® T Y Rupar (< Koy * Kay)s)
5.24414

Outf]= (_ K/géh/ + KBy‘é) <_ Kv)\\K + KVKl)\)

Out[+]= hKY hhé hw3 (‘ KBCS\Y+ KBY\é) (_Kv)\\K+ ny\)&)
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ProjectWith[h] [n[a] * n[¥] «RiemannCD[-a, -, -¥, -6]1]
ProjectWith[h] [n[u] * n[x] « RiemannCD[-pu, -v, -k, -A]]

% /. ApplyRule@RicciEquation2

% /. ApplyRule@RicciEquation2

Times[%, h[B, v] ~h[&, A]]

Term3 = %;
hs” hs” h7 h,” n® n" 0" " Ry R
3.37898
ha* h,” 0" 0" R (€ a5 a5~ Kg" Ks +ags — hg” hs” n K.,
3.32938
(476 ag a5~ Kg" Koo * a6 ~ hs hs™ n° KYL;G)
(—-e a, a, - Ky K +a,, -h” ntan" KMD;K)

h/jv hé)x

x o U
(‘6 a, a, Ky Ky +ay,x—hy hyoon

Full Kretschmann scalar 3+1 Decomposition

KretschmannCD[] == Terml + 4 € » Term2 + 4 Term3
Kretsch3DDeco2 = %;

A6 B
hotH hKY h hv (6 KyB Koo — € Kya KéB + (3>Réy3a> (6 Kiv KAu - € KKLL Ko + <3)R)\}<vu> +
1 n’ (- Kes|y * Kmm) (- Koapx * Kvxu) +

L a

4 th hé/1 (_6 aB aé - KBD( Kéo(+ aBlé - hBY hé n KYL;O()

4e n " p

K K

K

o H
(76 a, a, - K)LK K, + avM - h) hv n up;K)

DisplayEQ@$Equations3DExtCurv

Out[ » J//MatrixForm=

_ Y o
KozB = hg h/3 ny;é

Koo = —€ @y Ng+ N4
Kpy = i Hold [L“ huv]
N Koy = -2 K" Ko, —€a" Kgy Ny —€a’ Koy Np+LnKyg
Kpy;o = ~2€ K56 Kys Ny —€ K.’ Kys Ng - a’ Kys Ny Ng—€ K.’ Kgs Ny - a’ Kgs No Ny + Kg
hs” hs' N Ky, = -€ag a5 - Kg" Ks — hg" hs™ n® n¥ Ry + ags
n” Kaa;ﬁ =h n’ Koy ;s
h‘fot nB Koo(;/j _ nB KanB

- 1= AddEquation@Kretsch3DDeco2;

AddTolList [$EquationsKretsch3DDeco, Kretsch3DDeco2];

Thus the full 3+1 decomposition of the Kretschmann scalar reads (the main result at this point)
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In[«]:=

Out[«]=

%= h"" h'° " n

Kretsch3DDecol
Kretsch3DDeco2

) KA v

Rozyku RBéAv +

4c hyé hK)\ huv noz n/S Roo/xu R/jé)\v+4 hK)L huv na nB Y S5

n n Rakﬁu Ryhév

outf-]= K ==

A6 B
hau hKY h hv <€ K){B Kéa - € K)’Ot KéB + (3)Réy[3a> (6 Kiv Kku - € Kku Kow + (B)Rkkvu> +

4e B p R (- Kps |y * K@Y|5) (= Kuape * KVK\A) M

L a

4 h ! (fe ag aé——KBa K6a+a8|6—fh5Y hs n° K

K K

o u
(76 a, a, - KAK Kv + a\/‘)\ - hA hv n Kup;K)

The vacuum case, application of constraints.

In[«]:=

Out[=]=

In[#]:=

out[+]=

In[«]:=

In this short, however pivotal chapter, we will take a closer look at last term of the 3+1
Kretschmann scalar decomposition in vacuum part of the space-time.

Term3

OA L a

h* h (—-e ag as - Kﬁa Kso + Agjs ~ hBY hs n° K

K

KuD;K)

(76 a, a, - KAK KVK+ av\/\ - h)p th n
Considering now the “normal change equation” in vacuum.
NormChangEql
—€ BIRgs = -€ ag a5 - K°; Kgs+ ags — hg' hs" n K
We can see that most of the terms of the normal change equation are already contained in the

Term3

<< XAct™ xTras”
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Package xAct xPert® version 1.0.6, {2018, 2, 28}

CopyRight (C) 2005-2020, David Brizuela, Jose M. Martin-Garcia
and Guillermo A. Mena Marugan, under the General Public License.

++ Option MetricOn of MakeRule changed from None to All

++ Option ContractMetrics of MakeRule changed from False to True

Package xAct Invar® version 2.0.5, {2013, 7, 1}

CopyRight (C) 2006-2020, J. M. Martin-Garcia,
D. Yllanes and R. Portugal, under the General Public License.

=+ Option CurvatureRelations of DefCovD changed from True to False

xx Variable $CommuteCovDsOnScalars changed from True to False

Package xAct xCoba™ version 0.8.6, {2021, 2, 28}

CopyRight (C) 2005-2021, David Yllanes
and Jose M. Martin-Garcia, under the General Public License.

Package xAct SymManipulator®™ version 0.9.5, {2021, 9, 14}

CopyRight (C) 2011-2021, Thomas Backdahl, under the General Public License.

Package xAct xTras® version 1.4.2, {2014, 10, 30}
CopyRight (C) 2012-2014, Teake Nutma, under the General Public License.
+xx Variable $CovDFormat changed from Postfix to Prefix

x+ Option CurvatureRelations of DefCovD changed from False to True

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute
it under certain conditions. See the General Public License for details.

2.85266

inj-1= NormChangEql // ScreenDollarIndices
tmp = SolveTensors[%, -€ Accelerationn[-j3] < Accelerationn[-6]];

L (04

our - —€ B()Rgs = —€ ag a5 - Ky Kgs +Dsag - hg" hs" n% VK,

n-1= Term3 /. tmp

%[1]
Term3Vacl = %;

K

ou-J= { h? ho* <"K5a Koo + Kps K —€ <3)R55> (- Kiy K7+ K Koy —€ IR, ) }

oA K

o= WP R (= K Ko + Kgs KL =€ BRgs) (- Koy KW+ K Koy —€ GBIy, )

n[-1= Clear@tmp

Now let’s account for only Term1 & Term3 (in vacuum case) of the Kretschmann scalar 3+1
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In[«]:=

Outf«]=

Outf«]=

In[«]:=

In[«]:=

Outf«]=

Outf«]=

In[«]:=

Outf«]=

In[«]:=

In[- J:=

Out[«]=

decomposition.

KretschTerm20mit = Terml + 4 Term3Vac1l
% // Expand;

% // ToCanonical;

Collect[%, _Riccicd]
KretschTerm20mitExpanded = %;

407 O (2 K" Koo + Kpg Koo =€ @Rgs) (- Koy K7+ K Ky —€ BIRy, ) +
A6
h W b WP (€ Kyp Koo —€ Ko Ko+ @ Raysa) (€ Ky Koy =€ Koy Koy + 3IRo,)

[¢)

2 K" K™ K Kys -8 K%y K K Kys

2 Kps K Kyo KO +4 K% K's Ko KO+4 B, IR+

o ¢]
(8e K," K™ -8e K", K') Gipg, —4e K™ K GRupps + BRupys PR

$CovDFormat = "Postfix";

Term2

MapAt [Hold, %, {5}];
% // ContractMetric;
Collect[%, _Hold];
% // ReleaseHold
Term2Varl = %;

A V3

W h 07 (= Kasy * Kays) (= Koxpu * Koepa)

AV |k

i KKVM)

(_ Kv)x|}< + KVK\)\) <_ K
KretschmannCD[] == KretschTerm20mitExpanded + 4 € Term2Var1l
KretschVacuum3DDecol = %;

%= 2K, K K® Kys -8 Ky K

KP" Kus+2 Ko K™ Kys KO+
B 6 B B B
4 k% K’ K5 KO+4 G BR™+ (8e k" K™ -8e K, K*¥) Gigg, -

AV | K KV I|A
o 2

4e K KO ORuyps + PRusys PRV 4 (< Kpap  Kepn) (- + K

AddEquation@KretschVacuum3DDecol;
AddTolList [$EquationsKretsch3DDeco, KretschVacuum3DDecol];

As we can see, the vacuum “normal change equation” reduces the decomposition to ONLY several
contractions of the (3D) extrinsic curvature tensor & 3D Ricci/Riemann tensor contractions.

Two further simplifications arise by considering firstly

Riemann3DIndepComp

1
. (3)
<3)Ruw<)\ - h\/)L (3 Rux ~ hyx (3>R/_1)L - hu)L 3 Rvx * h/JK (3>RV)L + E ( h/_z)k hyx = h/.iK th) R
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m/-= Riemanncd[-u, -v, -x, -A] » Riemanncd[u, v, x, A] ==
(Riemanncd[-u, -v, -x, -A] « Riemanncd[u, v, x, A] /. ApplyRule@Riemann3DIndepComp)
% // Expand;
% // ToCanonical
Kretsch2DIndepDeco = %;

o= 3R DR =

1 1
3 3
( hya (3)Ru}< = hyx (3>Ru)t - hu)t (3)Rw< + huK <3>Rv)t + E huh hyx IR - E huK hya ( >R)

A A (3)p2
il Bl DR =4 R, R - PR

- 1= AddEquation@Kretsch2DIndepDeco;

m/-1= Riemanncd[-u, -v, -x, -A] « ExtrinsicKh[u, x] < ExtrinsicKh[v, A] ==
(Riemanncd[-u, -v, -x, -A] < ExtrinsicKh[u, x] < ExtrinsicKh[v, 1] /.
ApplyRule@Riemann3DIndepComp)
% // Expand;
PutScalar /@ %;
% // ToCanonical;
NoScalar /@ %;
Collect[%, _RicciScalarcd]
Riemann3DExtrCurv = %;

outfJ= K/JK K\/) <3)Ruw<)\ _ KuK Kv)\

1 1
3 3
hya 3) Rux ~ hyx (3)RHA - hu) <3>Rw< + h/_lK (3)Rv) + E hu)\ hyx IR - ; huK hyx ( )R)

Outf-]= KO(B KY@ <3)Rot7(/3§ = -2 KotY Ka[j (B)RBY+2 Kaa KBY <3)R/37/+ -

- 1= AddEquation@Riemann3DExtrCurv;
This can be further simplified by

n/-1= HamiltContr // ScreenDollarIndices
Sol = SolveTensors[%, ExtrinsicKh[y, -] < ExtrinsicKh[X, -¥]];

(3)

Out[+]= — € = - Ka

2

a KYA KA:/

nf-7= Riemann3DExtrCurv /. Sol;
%[1] // ToCanonical
Collect([%, _Riccicd]
Riemann3DExtrCurvHamiltConstr = %;

2
e PR

B 6 ,, B a B
K k¥ B3)Rpyps = ~2 Ko~ K* BGIRg, +2 K%, K v GlRgy ————

Outf[«]=

3)
e VR
our- 1= K K BRgyes = (-2 K, KPP 2K, KPY) 0GR, - —

- 1= AddEquation@Riemann3DExtrCurvHamiltConstr;
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In[«]:=

Out[+]=

out[+]=

out[+]=

Outf«]=

In[«]:=

Inf+]:=

Outf«]=

In[«]:=

Outf[«]=

KretschVacuum3DDecol

% /. ApplyRule@Kretsch2DIndepDeco

% /. ApplyRule@Riemann3DExtrCurvHamiltConstr

Collect[%, e Riccicd[-a, -B] + ExtrinsicKh[-v, -] » ExtrinsicKh[x, -] -
ExtrinsicKh[-a, a] » ExtrinsicKh[-v, -2A]]

é

%= 2K, K K Kus -8 K% Kg” K Kys +2 Kop K™ Ky KO+

4 K% K5 K5 KO+4 G BIRP+ (8e k" K™ -8e K, K*¥) GRg, -
de K™ K G Rayss = 3 Ropys (B)RO‘BY‘S +4¢€ (f Kyapx * KVKM) (* K1 KKVM)
2.41683

O K Kys 2 Kap KKy KO

% =2K," K Kg® Kys-8 K"y Kpg
4K K Ko KO+8 Bip,, GIR™ 4 (8e K, K™ -8e K%, K*) Gig,, -
2
BIR -=4e K™ K™ GiRyyps +4€ (= Koapp + Koapn) (- K+ k01

1.61742

S

% =2 K, K Kp® Kys -8 K% Kg” K™ Kys+2 Ko K™ Ky K704

B s B B B
4K% K5 Kys K™ +8 BIR,, IR+ (8e K,” K™ -8e K™, K) GIRg, -

3)R%_ 4 B B c VR
a a
R -4e|-2 KO(Y K (3>RBY+2 K'g K v (3>RBY_ 2 '
A A
46(‘ KvA\K+KvK\A) (_KV‘K+KKV‘ >
K =2 KO(Y K*P Kﬁé KY678 Kaa KB(S KPY K75+2 Kas KA Kys KYO +

B & B B B
4 K%, K5 Kys K72+8 BiR,, GIR™+ (8e K,” K™ -8e k%, K*) Bigg, -

2 e ¥R
PR -de -2k, KT GIRg, +2 K KT IRy, - ——— |+
2

4e (- Ky * Kw<\)) (= ke )

tmp = %;
xAct now lacks ability to convert this equation into somehow more “readable” form. Let’s compare
it to following term summation:

CompTerml = 8 (e Riccicd[-v, -A] + ExtrinsicKh[-v, -x] « ExtrinsicKh[x, -] -
ExtrinsicKh[a, -a] » ExtrinsicKh[-v, -A]) (e Riccicd[v, A] +
ExtrinsicKh[v, -¥] < ExtrinsicKh[y, A] - ExtrinsicKh[y, -¥] « ExtrinsicKh[v, A])
8 (K% Ky = K% Koy +€ ®R,;) (K7 K, - K, K7 +e GIR™7)
CompTerm2 = RicciScalarcd[] "2 +
2 (ExtrinsicKh[-u, -x] » ExtrinsicKh[u, x]) (ExtrinsicKh[-a, -B] » ExtrinsicKh[a, B]) -
6 ExtrinsicKh[-pu, -x] < ExtrinsicKh[u, A] « ExtrinsicKh[-v, -] < ExtrinsicKh[v, x] +
8 ExtrinsicKh[-a, a] « ExtrinsicKh[-v, -x] « ExtrinsicKh[k, -] « ExtrinsicKh[v, 1] -
4 ExtrinsicKh[-a, a] « ExtrinsicKh[-3, B] « ExtrinsicKh[-v, -A] » ExtrinsicKh[v, 1]

2
2 Kog K™ Ko K-8 Ky K Ky K748 KT K Ko K7 -4 K, K K, K7+ PR
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.= CompTerm3 = 4 € Term2Varl

ouf-]= 4 € <7 Kyajx * Kvx\k) (— KA KKVM)
Inf-]=tmp
our 1= % = 2 Ko K™ KT Kys -8 K%y K K Kus +2 Ko K™ Ky KYO+

B s B B B
4K% K5 Kys K™ +8 IR, IR+ (8e K,” K™ -8e K™, K) GIRg, -

) e B®R
PR -4e -2k, K GRy 2Ky KT BRg, - — | +
2

K)u/\K Kv\)t>

46<_KVA\K+KVK\)\) (_ + K
inf-}= CompTerml + CompTerm2 + CompTerm3 - tmp[[2] // ToCanonical

PutScalar /@%

out[-]= @

out[-]= @

The expression we have proposed matches

in[-]= tmp

S

o= K =2 Ko K™ K" Ky -8 K% Kg® KPP Ky +2 Ko KO Ky KO+

B 5 B B B
4 K%, K5 Kys K7O+8 BiR,, BR™+ (8e Kk,” K™ -8e k%, K*) Bigg, -
e ®R

2
PR -4e -2k, K GRy 2Ky KT GRg, - —— | +
2

K)u/\K Kv\)t>

46<_Kv)\\}<+Kw<\/\) (_ + K

nf-1= Clear@tmp;

- 1= KretschmannCD[] == CompTerml + CompTerm2 + CompTerm3
KretschVacuum3DDeco2 = %;

A KvA KVK+8 Kaoz KK)L Kvx K\/A74 Kaa KBB Kv)\ Kv)\Jr

o= K =2 Koy K™ Ky K-6 K, K
8 (K, Ky - K% Kypi+€ BR,,) (K” K", - K", K + e <3>R”) +
PR e (k) (K e
- 1= AddEquation@KretschVacuum3DDeco2;
AddTolList [$EquationsKretsch3DDeco, KretschVacuum3DDeco2] ;
The very last simplification arises from realization, that

in[-]= CompTerm2

HUA 2

o= 2 Ko K Ko K-6 Ky KM Ky, K748 KS K Ky K7 -4 K, KPS Kk, K7+ PR

Can be written out as 24 = Det[K‘lﬁ], except for one additional term!
For computing the determinant we have to summon xCoba and define an arbitrary chart:

nf-1= << XAct” xCoba”
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Package xAct xCoba™ version ©0.8.6, {2021, 2, 28}

CopyRight (C) 2005-2021, David Yllanes
and Jose M. Martin-Garcia, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute
it under certain conditions. See the General Public License for details.

n-1= DefChart[FM, M, {@, 1, 2, 3}, {t[], x[1, y[1, z[]}]

n-1= Determinant [ExtrinsicKh[a, -B], FM]
(24 x %) // Expand // ToCanonical

tmp = %;
1 1 1
our - — K%, K5 K5 Ko - = K% K, K's KO- — K%, Ky K's KOg+
12 12
1 1
a B Y a B Y <] o B Y e B
EKQKYK6K6+7KBKO‘K6KYgKaKBKéKY+7KBK
1
5 K% K%, K Kéé—: K% K%, K'Y, K% +— K% K°5 K', K%
out = =6 Ko K™ K" Kys+8 K% Kg® KT Kys+

This is the comparison of determinant and CompTerm2

in[-]= CompTerm2 - tmp
PutScalar /@ %;
% // ToCanonical
tmp = %;

out- 1= 6 Ky" K™ K Kys =8 K% K K™ Kys =3 Ko K™ Kys KO+

a K

B é B & B
6 Ky K5 Kys K™= K" K5 K", K75 +2 Ky K™ Ko KX

7 2

6 Ko K Ky K7+8 K, K Ky K7 -4k, K K, K7+ PR

Outf-J= (3)R2_ (Kaa)4+2 (Kacx>2 (Kaﬁ Ka/j) - <KO¢B K" ’

And this is the additional term.
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- 1= AdditionalTerm = Riccicd[] "2 -
(ExtrinsicKh[-a, a] < ExtrinsicKh[-vy, ¥] - ExtrinsicKh[-a, -] < ExtrinsicKh[a, B]) *
(ExtrinsicKh[-p, p] » ExtrinsicKh[-o, o] - ExtrinsicKh[- ., -o] « ExtrinsicKh[., o])
PutScalar /@%
% // ToCanonical

Outf<J= = < (_ Kos KaB + Kota KYY) (_ Ko K™+ Kpp Koo>) + (3)R2

Outf-J= PR (Ka/i KO(B) (KLO KLO) + (Kaa) (Kf) (KLO K +

(Kap K*) (k7] (Ko™) = (k) (k7] (K] (Ko7

outf+J= (B)RZ_ (Kaa)4+2 (Kaa>2 (Kaﬁ Kaﬁ) - <KOt/3 Ka/3>2

LO)

This term, however, vanishes! Ricci scalar 3+1 decomposition structure in vacuum case is:

inf-}= @ = RicciScalar3DDecoEquation2[2]
VacuumEq@%;
% // ScreenDollarIndices
Sol = SolveTensors[%, ExtrinsicKh[-a, -B] < ExtrinsicKh[a, B]];

ouf-J= @ = ~ Kyg K™ + K

a

ouf-j= @ = - K,g K+ k o KBB -e PR
- 1= AdditionalTerm /. Sol;

%[M1]

% // Expand

% // ToCanonical

(*Some function of xAct treats RicciScalarcd[] as Riccicd[]*)
% /. RicciScalarcd[] - Riccicd[]

Pk 9.¢e 3R

Outf+]= (3)R2— (K o K o o )

a

kP K e PIR) (- K% KL+ K

[0 a o

our = Kot K2 KT KOs - KT K K, KOs+ KT, K KT KT -

2
Koza Ky\{ Kpp KOO+(3>R 1 2¢ Kaa KB/S BGIR_¢ Kaa Ky\{ BGIR_-e KDD K.° B)R - BGIR

outf+]= (3R

outf-]= @

Since the additional term is vanishing, we can write out symbolically
inf-}= CompTerm2Varl = 24 Det [ExtrinsicKh[a, -B]]
out/-]= 24 De‘t[ KO(B ]
- 1= KretschmannCD[] == CompTerml + CompTerm2Varl + CompTerm3
KretschVacuum3DDeco3 = %;
oup = % = 24Det [ K%, | +8 (K", K, - K% K,y +€ BIR,y) (K7 K

4c (_ KvMKJr Kvxu) (_ K/\V\K+ K}w\/\>

- 1= AddEquation@KretschVacuum3DDeco3;
AddToList [$EquationsKretsch3DDeco, KretschVacuum3DDeco3];
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InfeJ:=

InfJ:=

Inf+]:=

Outf[«]=

% = 24Det[ K%, | +8 (K, K- K% K, +€ BR,,) (K7 K

Undefining dummy variables:

Clearetmp
CleareSol

UndefChart [FM]

x+ UndefTensor: Undefined coordinate scalar t

++ UndefTensor: Undefined coordinate scalar x

% UndefTensor: Undefined coordinate scalar y

x+ UndefTensor: Undefined coordinate scalar z

% UndefTensor: Undefined mapping differential tensor diFM
% UndefMapping: Undefined inverse mapping iFM

% UndefTensor: Undefined mapping differential tensor dFM

% UndefCovD: Undefined parallel derivative PDFM

% UndefTensor: Undefined antisymmetric +1 density etaUpFM

% UndefTensor: Undefined antisymmetric -1 density etaDownFM

Kretschmann scalar 3+1 decomposition summary in vacuum

In vacuum, considering Hamiltonian constraint & Normal change equations the decomposition is
summarized by:

KretschVacuum3DDeco3

Y

4e <7 KV)L‘K + KVK‘)) (7 K)Lv\}( N KKv\A)

Introducing the “Lapse” function

In[#]:=

In this chapter we are going to further work upon the geometrical meaning of hypersurface-orthogo-
nality, introduce a scalar function N, which for € = -1, i.e. normal is time-like case (and only in this
case!), is called Lapse function. It’s meaning is understood immediately as the dilation factor
between observers experiencing the 4-velocity n* & the observers with global coordinate 4-velocity
tr.

The factor N, the Lapse function

First off, since n, is hypersurface-orthogonal (remember, we defined Z; as the hypersurface orthogo-
nal to the normal field at the very beginning), it has to be gradient of the scalar function t.
$EquationsNFactor = {};

We instantly run into a notation problem, as N is stored in WL as function for numerical value. For
this purpose we use the capital Nu letter.
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m-7= ?N

Symbol

oul ] N[expr] gives the numerical value of expr.
Ui =

Nlexpr, n] attempts to give a result with »n-digit precision.

v

Defining the N factor & the parameter t as scalar functions:

in/-1- DefTensor[N[], M, PrintAs -» "N"];
DefTensor[t[], M];
At this point, we have to specify, that any covariant derivative (PD in xact is just covariant derivative
w/o torsion & curvature) of a Scalar tensor should assume the postfix notation (which is most likely
a bug to be patched in some future releases), as the default option is prefix and cannot be changed.

n-1= (*For this line I sincerely thank to Thomas Backdahl of the xAct teamx)
xAct” xTensor™ Private  MakeBoxesCovD[der_[i_ /; Head[i] =!=Dir] [head_], "Postfix"] :=
Block[ {$WarningFrom = "CovD Formatting"},
SubsuperscriptBox[head, #1, #2] & @@ xAct” xTensor Private  AddIndex[{"", ""}, i, der]];

1= CD[-a] @N[]

ouf-]= N

nf-]= N[-u] =€ *N[] *PD[-u]e@t][]
NhypsurfOTGdef = %;

oufe}= N, = eN‘c,u

inf- 1= NhypsurfOTGdef [2] == NhypsurfOTGdef[1]
%% () /N[]
PDtTONn = %;

Outf]= GNt)u == nu

oue}= €t =

in-= AddEquation@NhypsurfOTGdef;
AddToList [$EquationsNFactor, NhypsurfOTGdef];
AddEquation@PDtTOn;
AddToList [$EquationsNFactor, PDtTON];

The antisymmetrical term n,., — n, ., can be calculated. Note that the covariant derivative can be

exchanged for partial derivative due to symmetry of Christoffel symbols!
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1= CD[-v]@n[-u] -CD[-ul@n[-v] = ChangeCovD[CD[-v]@n[-u] -CD[-ul@n[-v], CD]
% // ToCanonical
antisymn = %;
%[1] == (%[2] /. ApplyRule@NhypsurfOTGdef) ;
% // ToCanonical;
% /. ApplyRule@PDtTOn
antisymnTOPDgradN = %;

Oout[*= —NnN_. +nNn . == T[V]O‘uy Ny

Outf*= —N_. + N . = -nNn + N

Oout[*]= —N_. + N, . B +

- 1= AddEquation@antisymn;
AddEquation@antisymnTOPDgradN;
AddToList [$EquationsNFactor, antisymn];
AddToList [$EquationsNFactor, antisymnTOPDgradN] ;

inf-1= antisymnTOPDgradN x* n[v] // Expand
% /. ApplyRule @ NGRADNZERO
% /. ApplyRule @NCDNTOAcc
% /. ApplyRule@PDtTOn;
PutScalar /@ %;
% /. $Rules;
NoScalar /@%

tmp = %;
v v
, , n, nn N, n, n N,
Ouf-l= =" N, HNT N == " + N
v v
y n, n"N, n, nN,
Oout/[]= N nu;v == - +
N N
v v
n,n"N, n, noN,
Out[-]= A == - +
u
N N

Out[-]= a == -

Remembering that:
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Outf«]=

Out[«]=

Outf«]=

Inf+]:=

Out[ = ]=

Out[»]=

In[«]:=

In[«]:=

Inf+]:=

Outf«]=

In[«]:=

Inf+]:=

Out[«»]=

Infe]:=

Inf+]:=

Out[=]=

Outf«]=

Out[«]=

gToh
%-8g[-u, -v]l -en[-u]
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n[-vl]

%+ (-€) // Expand

nnTOghmetr = %;
guv = huv +te€ nu nv
—-€ nu nv == - gll\/ + huv

n, n,=¢€8g,, -€hy,

tmp /. ApplyRule@nnTOghmetr
% // Expand

AccTOgradLapse = %;

(e 5;1076 hua> N, eN ,
au == -
N N
€ hua N,
au = - N
Clear@tmp

AddEquation@AccTOgradLapse;
AddToList [$EquationsNFactor, AccTOgradLapse];

ChangeCovD [AccTOgradLapse, PD, CD]
AccTOCDgradLapse = %;

€ hua N,

a, =-

a

N

AddEquation@AccTOCDgradLapse;
AddToList [$EquationsNFactor, AccTOCDgradLapse];

Note that the numerator is simply 3D covariant derivative of lapse (times the normal norm)

Accelerationn[-pu] == -e cd[-u] @N[] /N[]
AccTOcdgradLapse = %;

eN\u

N

AddEquation@AccTOcdgradLapse;
AddToList [$EquationsNFactor, AccTOcdgradLapse];

AccTOcdgradLapse
%*N[] »-€

%21 == %[1]
cdgradLapseTOAcc = %;

eN\u

a, =-

-€ a

N, = [
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In[«]:=

Inf- =

Outf[«]=

Out[«]=

In[«]:=

InfJ:=

Out[«]=

In[«]:=

In[«]:=

Outf«]=

Outf[«]=

Inf+]:=

Out[«]=

AddEquation@cdgradLapseTOAcc;
AddToList [$EquationsNFactor, cdgradLapseTOAcc];

With this in mind, let us discuss how a4 factors out

-ecd[-v]@Accelerationn[-pu] ==
(-ecd[-v]@Accelerationn[-u] /. ApplyRule@AccTOcdgradLapse)
%[1] == (%[2, 1] /. ApplyRule@cdgradLapseTOAcc) + %[2, 2]
cdAccToAcccdcdN = %;
NN Ny

-€ a == +
ulv
‘ N2 N

N\u\v
N

—€a,,=-a,a, -+

AddEquation@cdAccToAcccdcdN;
AddTolList [$EquationsNFactor, cdAccToAcccdcdN];

- cdAccToAcccdcdN - Accelerationn[-pu] < Accelerationn[-v];
% % € // Expand
ZeroVorticityl = %;

6NW|V
+ aulv = -

N

-€a, a,
AddEquation@ZeroVorticityl;
AddToList [$EquationsNFactor, ZeroVorticityl];

Due to zero torsion property of the RHS, the LHS is in fact symmetric. Look, the antisymmetric part
of RHS vanishes:

ZeroVorticityl
Antisymmetrize[ZeroVorticityl]
DoesVanish = %[2];

N

$EquationsNFactor

{Hold [NhypsurfOTGdef], Hold [PDtTOn], Hold [antisymn], Hold [antisymnTOPDgradN],
Hold [AccTOgradLapse], Hold [AccTOCDgradLapse], Hold [AccTOcdgradLapse],
Hold [cdgradLapseTOAcc], Hold[cdAccToAcccdcdN], Hold [ZeroVorticityl]}
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nr- 1= DoesVanish
ChangeCovD[%, cd, PD]
% // Expand
(*xThe error here is irrelevant as we can see the identity holdsx)
% // ToCanonical

1 (N ENppy
Out[«]= — -

2 N N

1€ (_F[D]auv N,a+N,v,u> € (_T[D}BVMN/3+N,M,V)
Out[«]= — -

2 N N

er[“, N, eT[D]? N, eN, eN,,
Out[+]= — + + -
2N 2N 2N 2N

ToCanonical: Detected metric-incompatible derivatives {PD}.
ToCanonical: Detected metric-incompatible derivatives {PD}.

out[-]= @

Therefore

1= ZeroVorticityl

ENy

out[-]= —€ a a, + aulv = -
N

u

is fully symmetrical!

The very same holds for the normal, and is immediately seen from the definition of the Extrinsic
curvature tensor.

in-}= ExtrinsicKToCDNAcc
%[2] == %[1]
Antisymmetrize[%] // ToCanonical

oulJ= Kgo == =€ 3g Mg+ Ny
ouf-]= =€ @y Ng+ Ny = Kgg

1 1 Ngsa MNa;
Out[]:EGaB na—zeaa nB— =

Or simpler still from:
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In[«]:=

Outf«]=

Outf«]=

Out[«]=

Outf«]=

Out[»]=

ExtrinsicKToCDNAcc /. B-opu /. a-»v
ExtrinsicKToLieD

%%[2] == ExtrinsicKToLieD[2]

% // ReleaseHold

% // Antisymmetrize // ToCanonical

K, =-€a, n, + n,.,
K., = —Hold[Zyh,, |
-ea, n,+n, = —Hold[Z h,, |
’ 2
1
-€a, n,+n,, = ; (Kuv + Kvu)
1 1 viu M3V
-—€a, n,+—€a, n,+ - =
72 B 2

This is very important realization!

Without delving into this topic deeply, in general it holds that

Uysy = €0, Uy = Uy~ €Q(u Uy + Uy — €0y Uy 1= Oy + Wy,

Meaning of this is that the hypersurface orthogonality boils down to zero vorticity tensor

Wy = Yy Ugepy = Ugyyy — €0y, Uy = 0, thus the Expansion tensor

O, = hj h) Ugeny = Uy — €A Uy = % Ly h,, need not be symmetrized and in general describes the
termu,.,, -€a,u, fully.

Furthermore, note that for vanishing vorticity tensor it follows that ©,, = K, ! So the Expan-

sion tensor is in fact the Exterior curvature tensor!

- u, in this equation stands forn, ora,
Since hypersurface orthogonality implies w,, = 0 & w,, = 0 leads to “motion” of the normal being
described by the Extrinsic curvature (Expansion), also trivial analogy to hydrodynamics is that u,,

does not “curl” along the normal shift. This (geometrically/intuitively) justifies us to even introduce
the 3+1 decomposition in the first place.
Complete insight follows from the Frobenius theorem.
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in-- DisplayEQ@$EquationsNFactor

Out[ » J//MatrixForm=

n, ::eNt,H
t . ET'Iu
ST N
Tt Mgy = Myt Ny
n, N, nHNV
- + = — +
nV;H nH}V N N
o
ehu N .
aH = — "
ehH NDY
a, = - N
ENh
aN ="y
Nlu =-€ a, N
—-€ a - - 2a a +NMV
ulv u Gy N
eNy
-€ a, av+au‘v =TT

Second foliation, 2+1+1 decomposition preparation

Now somewhat arduous task must be achieved, the second split has to be introduced. However,
this time, it cannot be performed by DefMetric function. DefMetric function has an option to
specify what vector induces the metric decomposition (InducedFrom), which is the previous
approach for introducing 3+1 decomposition.

This option accepts only space time metric and a single (co)vector argument (previously the nor-
mal). This restrains the possibilities of how the second split can be introduced to following options:
* We can rework the definition of our space-time to be a product manifold of two 1D manifolds and
a 2D manifold and (for convenience) switch to coordinate representation

* Introduce the required tensors (2D metric, 2D exterior curvature, ...) manually, equip it with
appropriate symmetries and store every important properties such as raising/lowering indices as
separate rule. This can only be done by introducing the 2D metric as 4D metric and then by lengthy
set of rules ensuring it behaves exactly like twice induced metric (i.e. orthogonal to two vectors,
induced from g,,,, describing a surface)

The structure of this notebook is already developed in general space time (without the product
manifolds) and at this point it is not yet advantageous to immerse the quantities into particular
coordinates (which is a topic of later chapters), thus the latter option is chosen.

Let us now have two congruences.

« First is already defined congruence given by some parameter t, and was deployed in the definition
of Z;.

« Second congruence is chosen from hypersurface Z;, has parameter s, and defines a 2D surface Z.
Let r* be a vector field from tangent bundle of %;. This vector field will act as normal to the surface
%, similarly to how n® was defined.
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Defining the normal of the X hypersurface

= $Equations2DNormal = {};

First off, similarly to what was already developed for the normal field n%, a new vector field r® is
introduced and it’s norm is stored in the following set of rules.
With r®r, = £, itimmediately follows that fore = -1, { =1.

in-7= DefConstantSymbol [£]
7= DefTensor[r[-a], M, OrthogonalTo » {n[a]}]

n-1= & /: Power[E, r_?EvenQ] :=1
g /: Power[g, r_?0ddQ] :=¢

m-1= rla]l “n[-a]

Out[»]= 7]

1= € == Scalar@Abs [r[-u] < r[u]]
Definef = %;

oup = €= Abs[r, r]
ouf = € =Abs[r, r*]
ou - £ =Abs[r, r"]
our - €= Abs[r, r"]
our = € =Abs[r, r*]
our = €= Abs[r, r]
n- 1= AddEquation@Defineg;

AddToList [$Equations2DNormal, Definef];

n/- 1= NoScalar /@Definef
DefineZNOSC = %;

ouf-}= € == AbS[ r, r‘“]

- 1= AddEquation@DefineZNOSC;
AddToList [$Equations2DNormal, DefineZNOSC] ;

Again, following from the definition directly:

n-1= rl-al ~rla] =
PutScalar /@%
NormToZNOABS = %;

a

Ou[-]= Py I =

Outf«]= <r‘a I"O() =

inf- 1= AddEquation@NormToZNOABS;
AddToList [$Equations2DNormal, NormToZNOABS] ;
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inf-}= AutomaticRules [r, ApplyRule@NormToZNoABS]

Rules {1, 2} have been declared as generic Rules.

n-1= $Rules

112

outf+J= {HoldPatter‘n{ (n n H - Module[{}, €], HoldPatter‘n[ (n ng)] > Module[{}, €],

[1R
112

IS
IR

HoldPatter‘n[ (r- r H > Module[{}, C], HoldPatter‘n[ (r‘ r

H > Module[{}, g}}

1R
IR

A quick test whether the rules hold accordingly

mi-p= rlal xr[-a] <r[pu] <r[-pu]l <r[y] <r[-vyl]
% // PutScalar
% /. $Rules

Out[-]= I
our = (re r%) (ry PY) (r, P?)

oufe}= §

Induced surface metric definition:

n-1= $Equations2Dmetric = {};

The newly induced metric will be denoted by f,,, and it is clearly orthogonal to both n* and r* by
definition, as
fow=9uw—-€n,n,=qr,r,
in[-7= IM2Dmetdet = 1;
inf-}= DefMetric [IM2Dmetdet, f[-u, -v], c2d, {"u", "dA"}]
DefMetric: There are already metrics {g, h} in vbundle TM.
++ MakeRule: Potential problems moving indices on the LHS.
++ MakeRule: Potential problems moving indices on the LHS.

++ MakeRule: Potential problems moving indices on the LHS.

1= Fl-muy, -v] =g[-u, -v] —en[-u] xn[-v] -€r[-u] <r[-v]
fTOg = %;

ouf-j= f,, = 8,, —€n, n,-Cr, r,

- )= AddEquation@fTOg;
AddToList [$Equations2Dmetric, fTOg];

Firstly, f,, r*=f,, n"=0
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In[«]:=

Outf«]=

Out[~]=

Outf«]=

In[«]:=

Outf[«]=

Out[«]=

Out[~]=

Inf+]:=

Outf«]=

Out[«]=

In[«]:=

In[«]:=

In[«]:=

In[«]:=

Out[+]=

In[«]:=

out[+]=

In[«]:=

f[-u, -v] «r[u] /. ApplyRule@fTOg
% // Expand // ContractMetric
(PutScalar /@%) /. $Rules

r* (&, -en, n,-Cr, r,)

f[-u, -v] *n[u] /. ApplyRule@fTOg
% // Expand // ContractMetric
(PutScalar /@%) /. $Rules

n (gw -€n, n,-Cr, r‘v)
n, —en, n' n,
0

We store these results and add them to the set of automatic rules

fl-p, -v]<r[p] =
froTG = %;

fl-u, -vlxn[u] =0
nOTG = %;

AddEquation@fnOTG;
AddEquation@froTG;
AddToList [$Equations2Dmetric, fnOTG];
AddToList [$Equations2Dmetric, froTG];

AutomaticRules[f, ApplyRule@fnOTG]

Rules {1, 2, 3, 4} have been declared as UpValues for f.
AutomaticRules[f, ApplyRule@froTG]

Rules {1, 2, 3, 4} have been declared as UpValues for f.

{(fl-us -v] <rul, flu, vl <n[-ul}
{e, 0}

Solve[fTOg // ScreenDollarIndices, g[-u, -v]] // Flatten;
%[1] /. Rule » Equal
gTof = %;

8, = f,, +€n, n, +C r, ry

AddEquatione@gTOf;
AddToList [$Equations2Dmetric, gTOf];
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= Fl-py =v] = h[-p, =v] -8r[-p] xr[-v]
£TOh = %;

Out[+]= -FIJV == hMV -C I"u ry

- 1= AddEquation@fTOh;
AddToList [$Equations2Dmetric, fTOh];
AddToList [$Equations3Dmetric, fTOh];

n/-1= Solve [fTOh // ScreenDollarIndices, h[-u, -v]] // Flatten
%[1] /. Rule » Equal
hTOf = %;

outf+J= {hw > f,, +Cr, r‘v}
ouf-j= hy, = +C r, ry

n- 1= AddEquation@hTOf;
AddToList [$Equations2Dmetric, hTOf];
AddToList [$Equations3Dmetric, hTOf];

Some further properties arise immediately:

1= hlu, vl < r[-v]
% /. ApplyRule@hTOg
% // Expand
% // ContractMetric

out[»]= hHv r,

U

Out[+]= (gV“ —€n nv) ry

Outf+]= gW ry

Outf«]= I"H

= h[=py =v] < r[u] =r[-v]
hrTOr = %;

U

Out[+]= r=rnr

huv v

- 1= AddEquation@hrTOr;
AddToList [$Equations2DNormal, hrTOrj;

1= Fluy, —a] ~h[a, -v]
% /. ApplyRule@fTOg
% /. ApplyRule@hTOg;
% // Expand;
PutScalar /@ %;
% /. $Rules

our-= £, h%,
our- h%, (8, —en, n*-Cr, )

our-= &, —en n, -2 r" r
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Separate rule for fTOg variation of one covariant one contravariant index is not yet stored (as
Kronecker symbol is protected), however it is clearly seen that the result is

= hpu, —a] «fla, =v] = flu, -v]
hfTOf = %;
flu, -v] =h[u, -a] <« fla, -v]
fTOhf = %;

our-1= £%, h", = ",
our-l= £, = £, h,

- 1= AddEquation@hfTOf;
AddEquation@fTOhf;
AddToList [$Equations2Dmetric, hfTOf];
AddToList [$Equations2Dmetric, fTOhf];

Contraction rules for f* also have to be developed

= Floy —pul < flu, B]
% /. ApplyRule@fTOg
% // Expand
PutScalar /@ %
% /. $Rules
% // ContractMetric
% /. ApplyRule@gTOf
outf+J= -Fau £HB
o= (6,5 -en® n,-cr% r,) (gB“ —en® nt-cpf r')

gBoz o a B

—en® nf-oecght n® n,+n“ n” n, n"-2r? rB_c gh* po r,+r’ G

Out[=]= u

our-- 8°% —e n® nf —e gP* n“ n,-¢ rE PP ght po r‘u+no‘ n® (n

our-- gP% —e gP* n® n,-¢ ght po r

our- 8% —en® nf-cpr®* pf

Outf«]= FBO{

1= Fla, —u] »flu, Bl = fla, B]
ffContrTOf = %;

our - £7, FF = 0P

- 1= AddEquationeffContrTOf;
AddToList [$Equations2Dmetric, ffContrTOf];

Similarly as in 4D case, orthogonality of 4-Acceleration and 4-Velocity holds (for precisely the same
reason - normalization).

n-1= cd[-pl@r[-u] ~r[u] =0
RGRADRZERO = %;

outf«]= I
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- 1= AddEquation@RGRADRZERO;
AddToList [$Equations2DNormal, RGRADRZERO] ;

Since h,, r* r = { it follows that
ni-j= CD[-a]@h[-p, -v] (r[u] <r[v]) = -h[-u, -v] ~CD[-a]@(r[u] ~r[v])

% /. ApplyRule@hTOg
% // Expand

_ U v v K U v
N LT (r‘ Mot F ,a)
- H v _ v % u v
ourr= —e P pY [n, n, +n, nv,a) = ((gw en, n,) (r‘ rfrrtor Q))
_ o 4 H _ H v
ourj- @ = -8, ror. -8, rr.

As we can see, LHS vanishes, thus RHS vanishes aswell, storing this result:

mj= CD[-a]@h[-u, -v] (r[u] <xr[v]) =

rrCDh = %;
h[-u, -v] xCD[-ale@ (r[u] <r[v]) ==
hCDrr = %;

our-)= rH pY hivio =

ouf-J= hyy, r’ r‘u;a+ rH rv;a =0

- 1= AddEquation@rrcCDh;
AddEquation@hCDrr;
AddToList [$Equations2DNormal, rrCDh];
AddToList [$Equations2DNormal, hCDrr];

Similarly

n-1= CD[-a]@f[-pu, -v] xn[u] xn[v]
% /. ApplyRule@fTOg
% // Expand
PutScalar /@ %;
% /. $Rules;
ContractMetric /@ %;
% /. ApplyRule @ NGRADNZERO

out[+]= n“ n” £

uv;o
our-= n* n” [-e{n, n. +n, n -Zlr, P . +r, r
v s H VX % My U Vi
o u v B u v
our= —en® n, n" n_ . -en, n" n"on
out[-]= @

This last resultis LHS of n* n" f,,.q = -, (0" n").,, thus both sides vanish.
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= n[p] <n[v] <CD[-a]@f[-u, -v] ==
nnCDf = %;
fl-u, -v] xCD[-a]@(n[u] xn[v]) ==
fCDnn = %;

Out[+]= n“ n” £ . =
Out[+]= 'Fuv n n. +n

- 1= AddEquation@nnCDf;
AddEquatione@fCDnn;
AddToList [$Equations2Dmetric, nnCDf];
AddToList [$Equations2Dmetric, fCDnn];

Defining the 2D acceleration, second fundamental form,
and it’s trace.

All the following identities are either the exact copy of already developed identities involving the
normal acceleration, 3D second fundamental form and it’s trace. However, xAct is not equipped for
2+1+1 split, so some of the functions such as GradNormalToExtrinsicK cannot be used this time.

2D acceleration:

in/-= DefTensor[b[-u], M, OrthogonalTo » {r[u]l, n[u]l}]

)= b[-u] = cd[-v]er[-u] <r[v]
Acc2DTOrcd3DDivr = %;

v
oufj= by =Py

- 1= AddEquation@Acc2DTOrcd3DDivr;
AddToList [$Equations2DNormal, Acc2DTOrcd3DDivr];

n-1= P[v] xed[-v]@r[-u] = b[-u]

Acc2Ddef = %;
out[+]= I ru\v == bu

- 1= AddEquation@Acc2Ddef;
AddTolList [$Equations2DNormal, Acc2DTOrcd3DDivr] ;

Now we will expand the 3D derivative of a 3D covector to r,,.

nr- = cd3DCovector
%/.V>r

5
out[+]= VO‘\B - hYa h’ V.o

5
Ol Pyig = h*(x h"s rys
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In[«]:=

Outf«]=

Out[«]=

Out[=]=

In[«]:=

In[«]:=

Outf[«]=

Outf«]=

Outf[«]=

Outf«]=

Outf«]=

Acc2DTOrcd3DDivr

% /. ApplyRule@ (cd3DCovector /. V > r)
% /. ApplyRule@hrTOr

Acc2DDefCD = %;

ulv
e B v
bu - U h™, r r‘a;B
e B
bll - U r r‘ot;B

AddEquation@Acc2DDef(CD;
AddToList [$Equations2DNormal, Acc2DDefCD];

Acc2DDefCD

% /. ApplyRule@hTOg;

% // Expand // ScreenDollarIndices

% /. MakeRule[{n[a]
ContractMetrics -» True, MetricOn - All]

% // GradNormalToExtrinsicK

% // Expand

Acc2DTOExtrinsicK = %;

b# - hau r‘B r‘01;6

b, =r* r.,-en” n, r’or .

b, = r* r,+en, r* ron_ .

b, =€ (Kgy +€ay ng)n, r* rfer®pr
b, =€ Kgu N, r” rf o+ p? o

in-1= AddEquation@Acc2DTOExtrinsicK;

AddToList [$Equations2DNormal, Acc2DTOExtrinsicK];

in-- DisplayEQ@$Equations2DNormal

Out[ » J//MatrixForm=

¢ = Abs]|
C = Abs|

CD[-v]er[-a], -CD[-v]@n[-a]
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rlall,
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in-- DisplayEQ@$Equations2Dmetric
Out[ » J//MatrixForm=
f, = 8, —€n, n, - g r, ry
True
True
g, = f,, +ten, n, + g r, ry
f,y = h,, -Cr, r,
hy = f, t8r, ry
a W M
f, hg=F",
o e M
'F v v h a

a uB __ OB
£, 7 =

2D Second fundamental form:

in-1- $Equations2DExtCurv = {};
Similarly how the Extrinsic curvature tensor K, was orthogonal to n¥, the newly arising 2D Extrinsic
curvature tensor is orthogonal to both n* and r*

- DefTensor [k[-u, -v], M, Symmetric[{-u, -v}], OrthogonalTo - {r[ul, n[u]l}]

First observation is that (obviously) k,, contracts with %,

n1= K[-py —a] < fla, -v]
% /. ApplyRule@fTOg
% // Expand

ouf-]= £, Kuqa
ot - Ko (6," —en® n, -2 r,)
Out[«]= kuv

np1= K[-py —al «Fla, =v] = k[-p, -v]
fkContr = %;
od

ouf-j= £7, Kua = Kpuvy

- 1= AddEquatione@fkContr;
AddTolList [$Equations2DExtCurv, fkContr];

= K[-py -v] =cd[-Bler[-a] < fla, -u] < f[B, -V]
ExtrCurv2DDef = %;

outr Ky = £ Pa|p

- 1= AddEquation@ExtrCurv2DDef;
AddToList [$Equations2DExtCurv, ExtrCurv2DDef];

An adjustment using once
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m-1= FTOh

ouf-j= f,, = h,, ~Er, r,

1= K[=-py =v] = (h[a, —u] -&r[a]
% // Expand
% /. ApplyRule @ RGRADRZERO

ExtrCurv2DDeff = %;

ri-ul) f[B, -v]

Oul = Ky == £, (" -&r% r,) Po s

a

Outf«]= kuv =-¢& -FBV rer, ra\5+‘FBv FM\B

Outf«]=

AddEquation@ExtrCurv2DDeff;
AddTolList [$Equations2DExtCurv, ExtrCurv2DDeff];

In[«]:=

ExtrCurv2DDeff /. ApplyRule@fTOh
% // Expand

% /. ApplyRule@Acc2Ddef
ExtrCurv2DTOAcc2D = %;

In[«]:=

ouf-l= Kyy = (th -crph r‘v) PLiB
ouf-l= kyy, =-8 rP Py Puit Pupy
ouf-j= Ky = -C b, v+ Iy

- 1= AddEquation@ExtrCurv2DTOAcc2D;
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cd[-Bler[-a]

AddTolList [$Equations2DExtCurv, ExtrCurv2DTOAcc2D];

The last equation is in fact directly é O Ly s

however this quantity will not be deployed directly. It

is still worth a mentions, as this equation is a direct 3D (in fact 2D, as ) 2. f, is an element of

(co)tangent space Z,,;) analogy of

- 1= ExtrinsicKToLieD

outf-]= K

1
. = — Hold[Lnh,,]
2
ExtrCurv2DDeff
% /. MakeRule[{cd[-B]er[-u], h[-B, o]
% /. ApplyRule@hfTOf
ExtrCurv2DDeffhCD = %;

Infe]:=
h[-u, p]

Out[«]= kW == v r‘um
out -k = £, hg' b
ot kyy = 7, by Po;

- 1= AddEquation@ExtrCurv2DDeffhCD;

(D[-oler[-p]}]

AddTolList [$Equations2DExtCurv, ExtrCurv2DDeffhCD];

Now since
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mr- = hrTOP

out[+]= huv Pt = r,

n-1= CD[-Bl@ (h[u, v] xr[-u]) = CD[-B]ler[v]
CDhr = %;
Out[+]= I h ;B+

- 1= AddEquation@CDhr;
AddTolList [$Equations2DNormal, CDhr];

Or

m-1= h[puy, v] xCD[-Bl@r[-u] = CD[-Bler[v] -r[-u] «CD[-B]l@h[u, v]
hCDr = %;

out-= WYy = -y hw;@ * r‘V;B

- 1= AddEquation@hCDr;
AddToList [$Equations2DNormal, hCDr];

- 1= ExtrCurv2DDeffhCD // ScreenDollarIndices
% /. ApplyRule@hCDr // Expand
% /. ApplyRule@hTOg // Expand
% // GradNormalToExtrinsicK // Expand
ExtrCurv2DTOExtrinsicK = %;

outr= Ky = 7, h, Po;
Outle]= — _ B

uf- = Ky =~ 7, Py h
Outf]= =€ -FBV n r

Out[«]=

inf-1= AddEquation@ExtrCurv2DTOExtrinsicK;
AddToList [$Equations2DExtCurv, ExtrCurv2DTOExtrinsicK];

)= K[=py u] = Fluy, v] <k[-p, -v]
ExtrCurv2DTRDef = %;

our- = k= 7k

- 1= AddEquation@ExtrCurv2DTRDef;
AddTolList [$Equations2DExtCurv, ExtrCurv2DTRDef] ;
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nr- = ExtrCurv2DTRDef
%[1] == (%[2] /. ApplyRule@ExtrCurv2DDef)
% /. ApplyRule@ffContrTOf;
% /. ApplyRule@ffContrTOf;
%[1] == (%[2] /. ApplyRule@fTOh // Expand)
% /. ApplyRule @ RGRADRZERO
% // ContractMetric
ExtrCurv2DTOcdDivr = %;

ourer= k= Y kyy
ourr ko= 0, £ e,
our-l= kM = h°% T A L
OutfeJ= kuu = hBa Pais
our-= ko= e
- 1= AddEquation@ExtrCurv2DTOcdDivr;
AddTolList [$Equations3DExtCurv, ExtrCurv2DTOcdDivr];

At this point an equation developed earlier for induced divergence of a 3D entity is needed:

nf-1= ¢d3DDivTOAccCD
%/.V>r

Outf«]= V)M =€ a/3 V/3 + Va;a

A [0
Out[+]= I B = € aB I"B + r -
H

inf- = ExtrCurv2DTOcdDivr /. ApplyRule@ (cd3DDivTOAccCD /. V - r)
ExtrCurv2DToAccCDDivR = %;

04
Out[+]= kM“ =e a” Pt Py

- 1= AddEquation@ExtrCurv2DToAccCDDivR;
AddToList [$Equations2DExtCurv, ExtrCurv2DToAccCDDivR];

Another note about orthogonality. Since k*V is tangent to Xy, it follows that:

np-p= {b[u] < r[-ul, K[-p, =v] <r[v], b[u] <n[-ul, K[-u, -v] xn[v]}
ouf-1= {0, 0, 0, 0}

Lastly, the main result - a correspondence with GradNormalToExtrinsicK has to be found for
2D derivative.

Printed by Wolfram Mathematica Student Edition



64 | Jan_Kriz_Thesis_Priloha_MathematicaNotebook.nb

- 1= ExtrCurv2DTOAcc2D // ScreenDollarIndices
Solve([%, cd[-v]er[-u]] // Flatten
%[1] /. Rule » Equal
Grad2DNormalTO2DExtrCurv = %;

out-l= Ky = =8 by Py Py
outf+J= {rulv > kyy +8 by r‘v}
ourj= Py = kyy +8 by 1y,

- 1= AddEquation@Grad2DNormalTO2DExtrCurv;
AddToList [$Equations2DExtCurv, Grad2DNormalTO2DExtrCurv];

- DisplayEQe@$Equations2DExtCurv

Oult[» J//MatrixForm=
o

'y Kua = kuv

B
kpy = £ hy Fasp
. a B B
kuv = € K/3 ., nu ro+ £, r‘MB
U MV
k, = f Kuv

2 o a
k,” =€a ro+r

Pupv = Ky +C b, ry

Induced surface covariant derivative & Riemann tensor

n- 1= $Equations2Dderivative = {};
in/-= DefTensor[B[-u], M, OrthogonalTo » {n[u]l, r[u]l}]

n-1= €2d[-pl@B[-a] = f[-a, u] < f[-B, v] xcd[-v]@B[-u]
cd2DCovector = %;

Out[+]= BO(HB = ‘Fau 'FBV Bu\v
- 1= AddEquation@cd2DCovector;

AddToList [$Equations2Dderivative, cd2DCovector];
nr- = cd2DCovector

%

Out[]= BO(HB == 'Fau 'FB Bu‘v
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n-}= c2d[-B]@B[-a] == cd[-v]@B[-u] «f[-B, v] (f[-a, u] /. ApplyRule@fTOh)
% // Expand
% /. MakeRule[{r[u] ~cd[-v]@B[-u], -cd[-v]@r[u] ~B[-ul}]
% /. ApplyRule@Grad2DNormalTO2DExtrCurv;
% // Expand // ContractMetric
% /. ApplyRule@fkContr
cd2DCovectorTOExtrCurv2D = %;

Out[]= BO(HB == ‘FBV <hau -C ra r‘u> BN‘V

v

ourl- By = 5 Bapy ~C f5' Fa P By,
oul- Boyg = f5 Bajy +E By fg' ra Iy
out )= Bou = C By f5' k'y rat f5' Bayy
ou-J= Boyp = o B, kYB Po * 'FBV Bov

- 1= AddEquation@cd2DCovectorTOExtrCurv2D;
AddToList [$Equations2Dderivative, cd2DCovectorTOExtrCurv2D] ;

Further adjustment is to be made by
nr- = cd3CDCovectorExtrK

ouf-l= Vg = € KYB Ng Vy + héﬁ \r

inf- 1= cd2DCovectorTOExtrCurv2D /. ApplyRule@ (cd3CDCovectorExtrK /. V -» B)
% // Expand
% /. ApplyRule@hfTOf
cd2DCovectorTOCDExtrKExtrCurv2D = %;

Out[«]= BaHB =C B‘f k‘fﬁ rg + 'FBV € Bé Kév Ny, + hY\/ B

a5y

v %

our- Bys =€ By K', 57 ng +C B, k' o+ f50 hY, By,

v

our- By, =€ By K', 57 ng+C By, k'g g+ f75 B,

- 1= AddEquation@cd2DCovectorTOCDExtrKExtrCurv2D;
AddToList [$Equations2Dderivative, cd2DCovectorTOCDExtrKExtrCurv2D];

Vectorial entities abide the very same equations (and they are immidiately accessible due to xAct
pattern matching). For example:

n-1= c2d[B] @B[a] == (c2d[B]@B[a] /. ApplyRule@cd2DCovectorTOCDExtrKExtrCurv2D)

x+ MakeRule: Potential problems moving indices on the LHS.

our- B =e By K%, £ n*+cB, KT %+ £ B

However for divergence terms it is worth expressing these identities (and a few more) explicitly:
n-1= c2d[-a]@B[a] == f[a, ¥] < c2d[-a] @B[-¥]
cd2DCovDivdef = %;

Outf+]= Baua = £ Byuot
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- 1= AddEquation@cd2DCovDivdef;
AddToList [$Equations2Dderivative, cd2DCovDivdef];

inf-}= cd2DCovDivdef[1] == (cd2DCovDivdef[2] /. ApplyRule@cd2DCovector)
(*Make rule problem involving indices is announced,
however this is an artefact deriving in
the fact that xact does not involve 2+1+1 splittingsx)
% /. ApplyRule@ffContrTOf
% /. ApplyRule@ffContrTOf
cd2DDIVTOfcd3D = %;

x+ MakeRule: Potential problems moving indices on the LHS.

é

Out[«]= BO(HO( = 'Fo( 'FOO{ 'FYB 85‘5

Out[«]= BO(HO( = 'FO(Y 'FO(B BB‘Y

o

ouff-j= B o T 'FBO( BOK|B

- 1= AddEquation@cd2DDIVTOfcd3D;
AddToList [$Equations2Dderivative, cd2DDIVTOfcd3D];

1= ¢d2DDIVTOfcd3D /. ApplyRule@fTOh
% // Expand
% /. MakeRule[{r[a] ~cd[-B]@B[-a], -cd[-B]@r[a] ~B[-a]}]
% /. ApplyRule@Acc2Ddef
% // ContractMetric
cd2DDIVTOcd3DDIVAccCov = %;

ouf-j= B4 = (hBa -cr PB) Bas
our- - B%,4 = h*® By - & r” rP Bo s
ouf-]= B” o =& Bg r” r‘B|o<+ h* Bals
our = B, =& b" By + h™® Ba|s

our = B%,, = C b" By + Ba\a

1= AddEquation@cd2DDIVTOcd3DDIVAccCov;
AddToList [$Equations2Dderivative, cd2DDIVTOcd3DDIVAccCov];

inf-}= €d2DDIVTOcd3DDIVAccCov /. ApplyRule@ (cd3DDivTOAccCD /. V - B)
cd2DDIVTOCDDIVAcc2DAcc3DCov = %;

a

our- B, =€ a” B, +Cb" By+ B,

- 1= AddEquation@cd2DDIVTOCDDIVAcc2DAcc3DCov;
AddToList [$Equations2Dderivative, cd2DDIVTOCDDIVAcc2DAcc3DCov];

2D Riemann tensor

The Riemann tensor is given (abstractly) by already defined 2D (albeit introduced as another
(full)spacetime derivative) as
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inf-}= Riemannc2d[a, B, ¥, 6]

ou-j= R[]

1= {PrintAs[Riemannc2d] ~= " ®)R",

PrintAs [Riccic2d] ~= "®R", PrintAs[RicciScalarc2d] ~= "¥R"}

our = { ¥R, PR, @R}

1= {Riemannc2d[-a, -B, -¥, -6], Riccic2d[-pu, -v], RicciScalarc2d[]}

2
our = { @ Rupys s PRy s DR}

The 2D-Riemann tensor definitions is given by:

m/-1= Riemannc2d[-u, -v, -x, =A] *B[u] = c2d[-A]@c2d[-k]@B[-v] -c2d[-x]@c2d[-A] @B[-V]
Riemann2DCommutatordef = %;

_ M -
ouf]= B <2>R/_1VK7\ - BV\\/\HK + BVHKH)\

- = AddEquation@Riemann2DCommutatordef;
AddToList [$Equations2Dderivative, Riemann2DCommutatordef] ;

Albeit, as 2y is a surface, it’s Riemann tensor is given by a single component (corresponding Ricci
Scalar) as:
inf-}= Riemannc2d[-pu, -v, -k, -] ==
RicciScalarc2d[] (f[-u, -k] <« f[-v, =A] =F[-u, -A] «f[-v, -x]) / 2
Riemann2DRicci2Ddef = %;

1
outf+J= <2)RIJV’<)‘ - E <_ 'Fu/\ foxt 'FMK 'Fv)\> @R

- 1= AddEquation@Riemann2DRicci2Ddef;
AddToList [$Equations2Dderivative, Riemann2DRicci2Ddef] ;

mi1= BLul « F[-u, A] = B[]
ContractVecf = %;

A A
our = B* £," =B

- 1= AddEquation@ContractVecf;
AddToList [$Equations2Dmetric];

Hence
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inf-}= Riemann2DRicci2Ddef » B[u]
% // Expand
% /. ApplyRule@ContractVecf
% /. ApplyRule@Riemann2DCommutatordef
cd2DCommutTORicci = %;

1
2
our- 1= BY @IR,, = 5 BY (= fuu Fux* fue Fuu) 'R

1
ouf = B (2)me = - B Fo o (2)R+£ B Foe Foa (2R

NTlRr NPk
[E=Y

ouy-1= B* @R yan = -

- (2) (2)
ouf-J= = By xux * Byixua = 7; By fux R+£ Bx fua R

- 1= AddEquation@cd2DCommutTORicci;
AddToList [$Equations2Dderivative, cd2DCommutTORicci];

Obtaining the lost relations

For this chapter no list will be created, as it is desired to make all yet unobtained rules automatic.

In this chapter we have to “cover” for what xAct lacks - full 2+1+1 formalism. We have already
introduced a metric, derivative and all the curvature tensors and “2D” 4-velocity. However now we
have to instruct xAct on several important relations:

Following is:

* How metrics f,,, act on any of the developed tensors

» What are all the orthogonal relations of all said developed tensors with respect to r* & n®
We will take inspiration from the 3+1 case, as the geometrical setup is the exact same.

The 2D metric
We have already obtained some rules previously
« f,, &thenormalvectors r¥, n” are orthogonal.
* how the metrics acts on itself and the 3D metric

nr- = FFContrTOf

hfTOf

fTOhf
our = £%, F° = £7°
our-l= £%, hfy = £,

our-= £, = £, h",
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Metric action on the 2D extrinsic curvature tensor

1= h[u, v] « ExtrinsicKh[-pu, -a]

v

out-l= Ky

= Flus v] < k[-py —a] =k[v, -a]
MA2DExtrCurv = %;

v _ v

our= £ Kyn o

- 1= AddEquation@MA2DExtrCurv;

inf- 1= AutomaticRules [k, ApplyRule @MA2DExtrCurv]

Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpValues for k.
And a test:
1= Fluy, v] ~k[-a, -u]

Out[«]= kva

The action on “2D” 4-Acceleration

m-1= h[u, v] » Accelerationn[-v]

Out[-]= a H

nf-1= Fluy v] xb[-v] = b[u]
MA2DAcc = %;

our-= b, 7 = p"

- 1= AddEquation@MA2DAcc;

inf-= AutomaticRules[b, ApplyRule@MA2DAcc]

Rules {1, 2, 3, 4} have been declared as UpValues for b.
And a test:

1= F[-my, v] xb[u]

v

ouf-J= b

How the metric acts on the 2D Riemann tensor
mf-1= Riemanncd[-u, -v, -x, -] ~h[u, a]

Outf«]= (3)RO(VJ<)L

mn/-1= Riemannc2d[-u, -v, -x, -A] « f[u, a] = Riemannc2d[a, -v, -k, -A]
MA2DRiemannl = %;

our - £ @R y0 = 2R

- 1= AddEquation@MA2DRiemannl;
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In[«]:=

In[«]:=

Outf«]=

Inf+]:=

Outf[«]=

In[«]:=

Out[»]=

InfJ:=

In[«]:=

Out[»]=

In[«]:=

Out[~]=

In[«]:=

Out[»]=

In[«]:=

Out[~]=

Inf+]:=

In[«]:=

out[+]=

In[«]:=

Out[»]=

AutomaticRules [Riemannc2d, ApplyRule@MA2DRiemann1]
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpValues for Riemannc2d.
Riemannc2d[-a, B, -¥, 6] < f[-B, ul

_ (2)Ruo¢y6

However the Ricci tensor is not produced:
Riemannc2d[-a, -B, -¥, -6] « f[a, ¥]

Y
(2)R BYS

Riemannc2d[-a, -, -¥, -6] « f[a, ¥] == Riccic2d[-B, - 5]
MA2DRiemann2 = %;

Y
(2)R pys = (2>R66

AddEquation@MA2DRiemann2;
AutomaticRules [Riemannc2d, ApplyRule@MA2DRiemann2]

Rules {1, 2, 3, 4} have been declared as DownValues for Riemannc2d.
Again a quick test:
Riemannc2d[-a, -8B, -¥, -6] « f[a, ¥]

(2) Rgs

Riemannc2d[-a, -B, -6, -¥] « fla, ¥]

_ (Z)RBé

2D Ricci tensor contractions:
Riccicd[-u, -v] ~h[u, a]

3)R v

Riccic2d[-u, -v] « f[u, a] == Riccic2d[a, -V]
MA2DRiccil = %;
19 @Ry, = @R%,

AddEquation@MA2DRiccil;
AutomaticRules[Riccic2d, ApplyRule@MA2DRiccil]

Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpValues for Riccic2d.
Again a quick test:
Riccic2d[-u, -v] < flu, -a]

(Z)RO(v

Yet again the Ricci scalar does not arise:
Riccic2d[-u, -v] =« flu, v]

(2)R",
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1= Riccic2d[-u, -v] « f[u, v] == RicciScalarc2d[]
MA2DRicci2 = %;

Outf«]= (Z)Rv == (Z)R

v

- 1= AddEquation@MA2DRicci2;
AutomaticRules[Riccic2d, ApplyRule@MA2DRicci2]

Rules {1, 2} have been declared as DownValues for Riccic2d.
Test:
1= Riccic2d[-a, a]

Outf«]= )R

Orthogonality relations w.r. to normal fields:

Again getting inspiration from 3+1 split.
Already obtained relations are:
n-1= Accelerationn[a] »n[-a]

outf-]= @

n-= blal xr[-a]

outf-]= @

mn-1= n[a] « ExtrinsicKh[-a, -]

outf-]= @

In[«]:= r‘[a] k[—a_v _B]

outf-]= @

- 1= NGRADNZERO

out[]= N n ==

- = RGRADRZERO

Out[-]= I

Considering now that every tensor existing co/tangent bundle of Z; is already orthogonal to n®.
Decomposition of Z; into Zs & r® direction should not change the orthogonality obtained.

m= rl-a] »nl[a]

outf-]= @

nj= Fla, Bl »n[-B]

outf-]= @

For example the three main decomposition equations:
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The gauss equation:

n- 1= GaussEquation

M __
ouf<]= hg hy hs RLK)\H =€ Kw{ﬁ Ksa = € Kya Kéﬁ + (3)R6y5a

n-)- Riemanned[-u, -v, -x, -A] «n[u]

out/-]= @

imn-1= ExtrinsicKh[y, B] » n[-pB]

out[-]= @

Which was already obtained.

The Codazzi equation

- 1= CodazziEquation

A a

Out[+]= hB hY hé n RO(LK)L == - KBé‘Y + KB‘K‘é

nf-1= cd[-y] @ExtrinsicKh[-8, -6] “ n[¥]

out[-]= @

Was not yet obtained in 2D, let’s develop it now.

1= c2d[-y] @k[-B, -6] «r[y] =
rc2dgradk = %;

ou-]= ¥ Kasuy = 0

- 1= AddEquation@rc2dgradk;
AutomaticRules [k, ApplyRule@rc2dgradk]

x+ MakeRule: Potential problems moving indices on the LHS.

Rules {1, 2} have been declared as generic Rules.

1= $Rules
outf+J= {HoldPatter‘n[ (n% n%) } - Module[{}, €], HoldPatter‘n[ (ng n%) J - Module[{}, €],
HoldPatter‘n[ (r\% r‘%) } - Module[{}, Z], HoldPatter‘n[ (rg r‘%) ] - Module[{}, €],

s
HoldPatter‘n{ pL kg:” ] > Module[{}, @], HoldPatter‘n[ r kéé“g]

> Module[{}, 01}

[1<
[1<

ng= {r[-y] ©c2d[y]ek[-B, -5],
ri-y] <c2d[y]ek[-B, 6]}
% /. $Rules

5”7}

Out]+J= {r‘Y kgs 2 My kg

Out[+]= {0, @}
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The Ricci equation

/- 1= RicciEquation2

L K a Y L

ouf-l= hg" hs® n® T Ry, =-€ag as- K" Ks o+ ags - hg” hs' ont K,

n1= h[-B, @] ~h[=6, ¥] ~n[L] ~CD[- L] @ExtrinsicKh[-a, -¥] ~ n[B]

outf-]= @

npr= F[-By a] < F[-6, y] ~r[c] ~cd[-c]@k[-a, ¥] < r[B]

outf-]= @

m-1= n[8] »cd[-6] @Accelerationn[-}]

outf-]= @

m-1= n[B] »cd[-6] @Accelerationn[-}]

outf-]= @

m-1= c2d[-8]@b[-B] xr[8] ==
rc2dgradb = %;

5
ouf-j= 1" bg,s = 0

inf-1= AutomaticRules [b, ApplyRule@rc2dgradb]
x+ MakeRule: Potential problems moving indices on the LHS.
Rules {1, 2} have been declared as generic Rules.
n-j3= r[-6] ~c2d[6] eb[-]
% /. $Rules

ouf-j= g me

outf-]= @

n-1= c2d[-6]1@b[-B] » r[B] =
c2dbrcontr = %;

B

ouf-j= r” bg,s = 0

- 1= AutomaticRules [b, ApplyRule@c2dbrcontr]
+«+ MakeRule: Potential problems moving indices on the LHS.

Rules {1, 2} have been declared as generic Rules.

n-1= r[-B] »c2d[6] @b[B]

% /. $Rules
Outf+]= r‘B bB”(5
Out[»]= 7]
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And finally, every (already) 3D tensor should remain orthogonal to n

m-j= n[B] {b[-B], r[-B], fl[a, -B], Riccic2d[-v, -B], Riemannc2d[-a, -B, -¥, -6], k[a, -B]}

outf+J= {0, 0,0, n? 2Rz, n® ) Rapys 2 9}

m-1= n[B] »Riccic2d[-a, -B] ==
nRiccic2dl = %;

B

outf-]= N <2>RO(/3 =0

inf-}= AutomaticRules [Riccic2d, ApplyRule@nRiccic2dl]

Rules {1, 2, 3, 4} have been declared as UpValues for Riccicad.

m-1= n[-B] »Riccic2d[-a, B]
Out[»]= 0
mn-}= n[a] «x Riemannc2d[-a, -, -¥, -6] ==

nRiemannc2dl = %;

our-]= n% (Z)Raﬁ‘m =0

/- }= AutomaticRules [Riemannc2d, ApplyRule@nRiemannc2d1l]

Rules {1, 2, 3, 4} have been declared as UpValues for Riemannc2d.

n-1= n[B] » Riemannc2d[-a, -B, -¥, -&]

outf-]= @

nf-]= n[-a] * Riemannc2d[a, -B, -¥, - 6]

outf-]= @

mn-1= n[y] »Riemannc2d[-a, -B, -¥, -6] == 0
nRiemannc2d2 = %;

Y

ouf-l= Y (2)Ryg.s = ©

inf- = AutomaticRules [Riemannc2d, ApplyRule@nRiemannc2d2]
Rules {1, 2} have been declared as UpValues for Riemannc2d.
nf-}= n[8] » Riemannc2d[-a, -, -¥, -6] ==

nRiemannc2d3 = %;

outf+]= n® <2)Ra/37(6 =0

- }= AutomaticRules [Riemannc2d, ApplyRule@nRiemannc2d3]

Rules {1, 2} have been declared as UpValues for Riemannc2d.

n-1= {n[a]l, n[-B], n[-8], n[¥]} Riemannc2d[-a, B, -, 6]
ouf-1= {0, 0, 0, 0}
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2+1 decomposition of the 3D Riemann tensor:

In[«]:=

In[«]:=

Out[ = ]=

Outf«]=

In[«]:=

Out[=]=

Out[~]=

In[«]:=

$EquationsRiemann2DDeco = {};

Since f,,, has not been introduced as an induced metric (again running to problems with the

absence of 2+1+1 split in xAct), GaussCodazzi function cannot be used in the previous manner. That
does not matter, however, as the structure between Spacetime and it’s 3+1 induced split, and 3+1
splitand it’s corresponding induced 2+1 split is in terms of geometry (and indeed all relations
concerning the decomposition - Gauss, Codazzi, Ricci equations) are exactly the same, only with
substituting all the corresponding 3D « 2D entities such as the Riemann tensors, Extrinsic curva-
ture tensors, accelerations, normals and their norms. And of course, the derivatives.

Keeping in mind the structure of substitution, some substitutions have to come prior to other, due
to orthogonality and symmetries of tensorial quantities involved in the decomposition expressions.
An example of a poorly done substitution is:

CodazziEquation
% /. f->h /. RiemannCD - Riemanncd /. ExtrinsicKh - k
(*RHS vanishes due to orthogonalityx)

X A a

h\{ hs™ N7 Ry = — K/35\Y + KBY\CS

0=~ kps|y * Kpys

And yet another example of poor usage:

GaussEquation

GaussEquation /. RiemannCD - Riemanncd /. Riemanncd - Riemannc2d
(*Note that RiemannCD is switched for 3D Riemann in RHS,

then both 3D Riemann tensors are switched for 2D Riemann tensors -
the correct order is the exact oppositex)

H __
hy hé RLK)W =€ K)(/S Kéo( - € Kyot Ké[} + (3)R67{/3a
@ Rsypa = € Kypg Koo =€ Kya Ksg + P Rsypa

Defining a general function to perform the substitution:

CorrespondenceRules [expression_] :=
(expression) /. n-»r /. Accelerationn-b /. h->f /. cd>c2d/.CD->cd /.
Riemanncd - Riemannc2d /. Riccicd -» Riccic2d /.
RicciScalarcd -» RicciScalarc2d /. € » £ /. Extrinsickh - k /.
RiemannCD - Riemanncd /. RicciCD - Riccicd /. RicciScalarCD - RicciScalarcd

And deploying this function to previously obtained Gauss, Codazzi & Ricci equations for 3+1 split-
ting of spacetime Riemann, Ricci and Ricci scalar tensors:
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Gauss, Codazzi & Ricci equations for the 3D Riemann tensor

In[#]:=

Outf«]=

Out[+]=

InfJ:=

In[«]:=

Out[«]=

out[+]=

Infe]:=

In[«]:=

Outf«]=

Out[~]=

Inf+]:=

out[+J=

Outf«]=

In[#]:=

out[+]=

Out[~]=

Gauss equation

GaussEquation
CorrespondenceRules@GaussEquation
Gauss2DEquation = %;

hy héu Rudu =€ K\/B Kéa -€ Kya K6/3 + (B)Réyﬁa
f5' BRLow = C kys koo~ & Kya ksg + P Rsysa

AddEquation@Gauss2DEquation;
AddToList [$EquationsRiemann2DDeco, Gauss2DEquation];

Codazzi equation

CodazziEquation
CorrespondenceRules@CodazziEquation
Codazzi2DEquation = %;

K A a
hs” N Royia =~ KB@\Y + KBY\CS

A a
'Fé r (B)RO(LK)L = - kf)éHY + k[jyué

AddEquation@Codazzi2DEquation;
AddToList [$EquationsRiemann2DDeco, Codazzi2DEquation];

Ricci equation

RicciEquationl
CorrespondenceRules@RicciEquationl
Ricci2DEquationl = %;

K a Y o

_— Y
h/3 hs n n RaLyK =n n Rﬁaé‘a’
‘FBL 'FcSK re or? <3)RO(LYK =rtor’ (B)RBO@Y
RicciEquation2

CorrespondenceRules@RicciEquation2
Ricci2DEquation2 = %;

IS a Y L

hg” hs” n® n" Ry, = -€ag as - Kg" KéLw—aBlé—fhﬁa hs' n° Ky
'F/3L 'FéK r,Ot r‘Y <3>R0(Lw< =-C b/3 bé - k/3L kéL + ané - 'Ffja 'FéY rL koo/\L
RicciEquation3

CorrespondenceRules@RicciEquation3
Ricci2DEquation3 = %;

K a Y

hs™ N " Ry = € a5 a5+ K" Ky, + 355 —LnKpgs

I a Y

fs rr <3)RO(LYK =-C b@ bs + kBL ks, + b/5“5 - L k55

Printed by Wolfram Mathematica Student Edition



Jan_Kriz_Thesis_Priloha_MathematicaNotebook.nb | 77

- 1= AddEquation@Ricci2DEquationi;
AddEquation@Ricci2DEquation2;
AddEquation@Ricci2DEquation3;

AddToList [$EquationsRiemann2DDeco, Ricci2DEquationi];
AddToList [$EquationsRiemann2DDeco, Ricci2DEquation2];
AddToList [$EquationsRiemann2DDeco, Ricci2DEquation3];

in- 1= DisplayEQ@$EquationsRiemann2DDeco

Oult[» J//MatrixForm=

foo 5 'Fy}\ fs5' PIRuow = € kyp koo =€ kya ksg + D Rsysa
'F/SL fv{K 'Fé}\ r* B Roxa = ~ Kasiy * Kpyis
F5o s Y T GIRg e = rT P BIRgsy
fso fs P T BRuye = -Cbg bs kg ks * bais — F5 Fs' P Kay.
f5° s rY P BIRy e = -Cbg bs+ kg ks + bgs — LrKps

Gauss, Codazzi & Ricci equations for the 3D Ricci tensor

n-1= $EquationsRicci2DDeco = {};
A quick reminder how to proceed without GaussCodazzi function is due.
Simply realizing that @R, = & R,z he hS =® Rop(F2 +Er®r,) (ff +&rP rv) and expanding each term,
accounting for symmetries gives us:

)= Riccicd[-v, -A] = Riccicd[-a, -B] (h[a, -v] «~h[B, -A] /. ApplyRule@hTOf) // Expand
Ricci2DDecodef = %;

B B

ouf-J= (3R, = -FO[v fBA (3>Roz[3+§ -FO(v reor, (3)Ra/3+§ -FBA r® r, (3)RQB+ r¢ p r, r, (B)Raﬁ

Then, we would, again, need to decompose every term & deploy already stored equations. Let us
not repeat this process in full detail.

Gauss equations:

- 1= AddEquation@Ricci2DDecodef;
AddToList [$EquationsRicci2DDeco, Ricci2DDecodef] ;

/- 1= CorrespondenceRules@ (-RicciGaussEquationl)
Ricci2DGaussEquationl = %;

a

oufej= § 'F/ga 'Féy (3>RO‘Y =-C b/j bé - kaa k/_gé +C (2>R/35 + b/g‘,é - 'FBY 'F,5L r k‘{L\O(
- 1= CorrespondenceRules@ (-RicciGaussEquation2)

Ricci2DGaussEquation2 = %;
our - € F55 F5T BIRey = = k% Kas * kg kea & @Rps + F5T Fs° rT T R, .

- 1= AddEquation@Ricci2DGaussEquationl;
AddEquation@Ricci2DGaussEquation2;
AddToList [$EquationsRicci2DDeco, Ricci2DGaussEquationl];
AddToList [$EquationsRicci2DDeco, Ricci2DGaussEquation2];
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Codazzi equation:

- 1= RicciCodazziEquation
CorrespondenceRules@RicciCodazziEquation
Ricci2DCodazziEquation = %;

[0 o

out-]= hg nB RBQ == Kéa‘a - K alé
[ed B . a a
ouf-}= f5 P (3)R/3a = Ks o = K aus

in-1= AddEquation@Ricci2DCodazziEquation;
AddToList [$EquationsRicci2DDeco, Ricci2DCodazziEquation];

Ricci equation:

inf-}= RicciRicciEquationl
CorrespondenceRules@RicciRicciEquationl
Ricci2DRicciEquationl = %;

our- n* P Ry =—ea, a® - K. Ko+ alt - h n® K,

ou-l= P pB (3>RaB =-C b, b - kaB kch + baua _ g B koq(\B

inf-}= RicciRicciEquation2
CorrespondenceRules@RicciRicciEquation2
Ricci2DRicciEquation2 = %;

o= n® Ry =€ a, a® v K KO a,® - h™ (LaKyg)

our = Pt PP BIRys = -C by BT+ ke k%5 + by - £ (Lrkag)

mnf-}= RicciRicciEquation3
CorrespondenceRules@RicciRicciEquation3
Ricci2DRicciEquation3 = %;
a a B a

B B a
ouf= N7 N Rep = - Koo Kig+at,, - nt K,

a LB

Out[-]= I r e

__ B o B a
(3>Rg5*’_ka k[j‘*’bm‘r‘ kam

- AddEquation@Ricci2DRicciEquationil;
AddEquation@Ricci2DRicciEquation2;
AddEquation@Ricci2DRicciEquation3;

AddToList [$EquationsRicci2DDeco, Ricci2DRicciEquationl];
AddToList [$EquationsRicci2DDeco, Ricci2DRicciEquation2];
AddToList [$EquationsRicci2DDeco, Ricci2DRicciEquation3];

Ricci scalar & 3D Ricci tensor & 2D Ricci scalar relation

- 1= $EquationsRicciScalar2DDeco = {};

And similarly 2D Riemann tensor is fully determined by 2D curvature scalar
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m/- 1= Riemann2DRicci2Ddef

1
. (2)
ouf«J= <2>RUVK)‘ - ; <7 'Fu/\ fux t 'FHK 'Fv)\> R

Thus the 2+1 decomposition reduces to relations between 3D Ricci tensor & 2D curvature scalar (!)
For the 3D Ricci scalar we obtain:

m-1= —RicciScalar3DDecoEquationl
CorrespondenceRules@-RicciScalar3DDecoEquationl
RicciScalar2DDecol = %;

a

ouf-- €R =~ Koy K - K% Ky +e PR+2 aa;a -2n KBB;Q

our-- € IR = - Kas k™ - kaoz kB/S +¢PR+2 ba\a -2r" kﬁﬁla
- 1= AddEquation@RicciScalar2DDecol;
AddToList [$EquationsRicciScalar2DDeco, RicciScalar2DDecol];

mn-}= -RicciScalar3DDecoEquation2
CorrespondenceRules@%
RicciScalar2DDeco2 = %;

a

out- - €R = Kp K- K% KPg+2n® nf R y+e PR

oup-- € BIR = B KB - kaa kB/3 +2 p% pP BG)Ryp + & (2)R

- 1= AddEquation@RicciScalar2DDeco2;
AddToList [$EquationsRicciScalar2DDeco, RicciScalar2DDeco2];
To summarize the obtained 3D - 2D Ricci scalar decompositions read:

n-- DisplayEQ@$EquationsRicciScalar2DDeco

Oult[» J//MatrixForm=
[0

PR =~k kK- k% Kg+C PRe2p% -2 0% Ky,
TR =k kK- K K20 PP GR,, T PR

2+1 decompoisition of the 3D Kretschmann scalar:

1= $EquationsKretschmann2DDeco = {};
We wish to obtain the decomposition as:
- 1= KretschScal3DIndepComp

2
oul- )= BIR,, AR =4 3R, R - PR

Thus we need to find the decomposition of @R, ¢ R
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The decomposition of ®R,, ¥ RKA

Obtaining simplification of (¥ R,
First let us look at two important pieces of information. Firstly

1= Fl-py p] ==
metric2Dtrace = %;
AddEquation@metric2Dtrace;
AddToList [$Equations2Dmetric, metric2Dtrace];

Out[« ]= -Fu“ ==

Secondly:

m/- 1= Riemann2DRicci2Ddef

1
. (2)
ouff«J= <2>RUVK)‘ B ; <7 'Fuk fux * 'FLJK fv)) R

mf- 1= Riemann2DRicci2Ddef
flu, x] *%
% // Expand;
% /. ApplyRule@ffContrTOf;
% /. ApplyRule@ffContrTOf;
% /. ApplyRule@metric2Dtrace
Ricci2DToRicciTensor2DIndepComp = %;

1

2
Outf+ = (Z)RMVK)\ = E (7 'Fu)\ foxt 'FuK fv)) ( )R

1
Outf<}= <2)RvA = 5 'FHK <_ 'Fu)L 'FvK + ‘FuK 'FvA) (Z)R

ouf-]= ()R, = — F,» IR
2

Obtaining simplification of ® R, © R

In[]:= h[K, Y] h[A, 6] == (h[K, Y] h[l, 5] /. ApplyRule@hTOf)
h2FullExpansion = %;

our-= WY h'e = (;KY s r‘K> (fzé s e po r‘A)

- 1= AddEquation@h2FullExpansion;
AddToList [$Equations2Dmetric, h2FullExpansion];
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nf-1= Times [h2FullExpansion, Riccicd[-x, -A]]
% // ToCanonical;
Times[%, Riccicd[-vy, -6]1;
% // ToCanonical
Ricci3DsqFullDeco = %;

o= BIRT = (£ wc e 2 (£ 420 rt) GR,,

Out[+]= <3)R7(6 3R ==

_Fyé _FK)\ S

BGIRy BIRsy +28 £ GIRyx BIRsa * r’or® P B3 Rys ®IRxa

in-}= AddEquation@Ricci3DsqFullDeco;

This approach does not promising, however further simplifications can be done using previously
obtained relation between 2D Ricci tensor & 2D Ricci scalar. We need to prepare every term sepa-
rately, as with the decomposition of the 4D Kretschmann scalar, and then rearrange the terms
correctly.

Starting by terms 2 & 3, as term 1 will be worked upon much more deeply:

;= (ProjectWith[f] [Riccicd[-¥, -x] =« r[¥]]) * f[x, A]
% /. ApplyRule@Ricci2DCodazziEquation
% // Expand;
% /. MakeRule[{f[x, A] xc2d[-a] @k[-x, a], c2d[-a]@k[A, a]}];
% /. MakeRule[{f[x, A] v c2d[-x]@k[a, -a], c2d[A] @k[a, -a]}];
Times[ (%), (ProjectWith[f] [Riccicd[-6, -A] «r[&6]1])]1]
% /. ApplyRule@Ricci2DCodazziEquation
Ricci3DsqTerm2 = %;

Outf«J= -FKO( £ Y <3)R7roz

KA a a

out[-]= F <kK na k O(HK)

x+ MakeRule: Potential problems moving indices on the LHS.

x+ MakeRule: Potential problems moving indices on the LHS.

e} Ao B H/\)

outf«]= -FAY r (S)Réy (k o~k 3

out = (K3 1y = K yua) (kmua - kBBM>

m-1= (Riccied[-y, -x] »r[¥] »r[x]) (Riccicd[-6, -A] «r[6] »r[A])
% /. ApplyRule@Ricci2DRicciEquationl
% /. ApplyRule@Ricci2DRicciEquationl
Ricci3DsqTerm3 = %;

Y ¢} K A

ouf-}= rtorT rt rt BIRy, (3IRg,

a

ourj= Pt Pt BGIRgy (75 bo b - koz/3 kO(BJr borm - f7 et kyK\L)

a S K A K K o) v
-k Kb -

our-= (- by b k% b = £ % Ky s) (FE b b

- ko kuo\V)

Now for the first term:
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In[«]:=

Out[«]=

Outf[«]=

Out[«]=

Out[~]=

Out[«]=

In[«]:=

Outf[«]=

Outf[«]=

Out[ = ]=

Out[«]=

Inf+]:=

Outf«]=

(ProjectWith[f] @Riccicd[-vy, -k])

% /. ApplyRule@ (£ Ricci2DGaussEquationl) ;

% /. ApplyRule@Ricci2DToRicciTensor2DIndepComp

Times[%, f[¥, x]]

% // Expand;

% /. ApplyRule@ffContrTOf

% /. MakeRule[{f[y, k] < c2d[-x]@b[-¥], c2d[-x]@b[x]}];
% /. ApplyRule@ffContrTOf;

% /. ApplyRule@metric2Dtrace

tmpl = %;

[0

-FY 'FKB (3) RO(B

1
- b, b, - C k% s =5 Fo PR+ b - £ £ P Kesia

1
L R L R % PR+C by - FS £ P Kespa

K

Y [ed 1 ¥ (2) YK B Y6 L
—be—§kakK+£fY R+Z ™ by —CF° 7 17 Kpsia

++ MakeRule: Potential problems moving indices on the LHS.

- by bY -C kag kKK+ (2)R+§ baua7§ 'FBY r’ kBYIO‘

(ProjectWith[f] @Riccicd[-6, -A])

% /. ApplyRule@ (£ Ricci2DGaussEquationl);

% /. ApplyRule@Ricci2DToRicciTensor2DIndepComp;

Times[%, f[6, A]]

% // Expand;

% /. ApplyRule@ffContrTOf

% /. MakeRule[{f[y, x] » c2d[-x]@b[-¥], c2d[-x] @b[x]}];
% /. ApplyRule@ffContrTOf;

% /. ApplyRule@metric2Dtrace

tmp2 = %;

‘Féa 'FAB <3)RC(B

SA

1
f - bs by — & ksa kLL*E for PR4C by, -C S £ Kay|a

1
~bs b7 - K%, k3+£ £s° PR+C £ o - £ £ Y kg e

x+ MakeRule: Potential problems moving indices on the LHS.
~bs b” - K% K+ PTRC BT - Y ks,

Ricci3DsqTerml = tmp2 » tmpl

a

(b, b -k K'Y+ PR+C D, - T ke )
(- bs b”-C k" K+ PR -7 P ko)
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m-}= Riccicd[-v, -A] «Riccicd[v, A] == Ricci3DsqTerml + 2 £ Ricci3DsqTerm2 + Ricci3DsqTerm3

ouf-j= IR, BGIRT =

2¢C (kxyw - kYT{H)\) (k/\aua - kBBM> + <_§ bu b” - koz/3 kaB + bam - r’ kYt\é)
(b b -k Ko+ b - e k)
(7 b, bY - ¢ kKK kuu + (2>R+§ bv”v7§ fBL P& kBL\ot)

(-bs b7 -C k" K+ PR+ -7 P ko)

n/-1= Ricci3DsqFinalDecomposition = %;
in-1= AddEquation@Ricci3DsqFinalDecomposition;
- 1= AddToList [$EquationsKretschmann2DDeco, Ricci3DsqFinalDecomposition];

Which is the final result of this chapter.
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